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Abstract 

Three-dimensional  constitutive  equations  are  developed  for  the  time-dependent 
(transient)  creep  behavior  of  metal-matrix  composites  reinforced  by  continuous  elastic 
fibers.  The  composite  model  is  developed  in  two  steps:  i)  one  in  which  shear  loads 
relative  to  the  fibers  are  applied  and  the  response  is  matrix-dominated,  and  ii)  einother 
in  which  the  composite  is  subjected  to  axisymmetric  loads  relative  to  the  fibers  emd 
the  response  is  fiber-dominated.  The  predictions  of  the  model  are  compared  with  the 
solutions  of  a  number  of  ‘unit  cell’  problems;  periocfic  boundary  conditions,  consistent 
with  the  requirements  of  homogenization  theory,  are  imposed  on  the  unit  cell,  and  the 
solutions  are  obtained  by  using  the  finite  element  method.  A  method  for  the  numerical 
integration  of  the  developed  constitutive  equations  is  presented  and  the  materiail  model 
is  implemented  in  general-purpose  finite  element  program. 
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1  Introduction 


Metal-matrix  composites  reinforced  by  continuous  fibers  have  attracted  a  lot  of  attention 
recently,  in  view  of  their  potential  as  high-temperature  structural  materials.  Several  one¬ 
dimensional  models  that  can  be  used  to  predict  the  creep  behavior  of  fiber-reinforced  com¬ 
posites  under  simple  types  of  loading  are  already  available  in  the  literature;  we  mention 
amongst  these  the  work  of  Mileiko  (1970),  Kelly  and  Street  (1972),  McLean  (1985,  1988, 
1989),  Goto  and  McLean  (1991a,b),  and  McMeeking  (1993a,b).  However,  little  progress  has 
been  made  in  the  development  of  three-dimensional  constitutive  equations  for  the  behavior 
of  metal-matrix  composites  at  high  temperatures. 

When  both  the  matrix  and  the  fibers  axe  capable  of  creeping,  the  composite  exhibits 
steady-state  creep.  Three-dimensional  constitutive  equations  for  such  composites  have  been 
developed  by  Johnson  (1977),  and  more  recently  by  Aravas  et  al.  (1995). 

When  the  fibers  do  not  creep,  transient  creep  of  the  composite  is  observed  (Weber  et 
ai,  1993).  When  such  a  composite  system  is  subjected  to  uniaxial  tension  in  the  fiber 
direction,  the  creeping  matrix  relaxes,  and  load  is  transferred  continuously  from  the  matrix 
to  the  fibers.  Therefore,  when  the  applied  macroscopic  stress  is  constant,  the  axial  strain 
rate  decreases  with  time;  eventually,  when  the  matrix  stress  is  completely  relaxed,  all  of  the 
applied  load  is  carried  by  the  fibers  and  the  strain  approaches  a  constant  value  limited  by 
the  elastic  deformation  of  the  fibers.  McLean  (1985,  1988,  1989)  developed  a  model  for  the 
response  of  such  composites  under  uniaxial  tension. 

In  this  paper,  we  develop  t/iree-dimensfona/ constitutive  equations  for  the  time- dependent 
(transient)  creep  of  metal-matrix  composites  reinforced  by  continuous  elastic  fibers.  The 
macroscopic  response  of  the  composite  is  assumed  to  be  transversely  isotropic,  with  the  axis 
of  transverse  isotropy  defined  by  the  direction  of  the  fibers.  The  composite  model  is  developed 
in  two  steps;  i)  one  in  which  shear  loads  relative  to  the  fibers  are  applied  and  the  response 
is  matrix  dominated,  and  ii)  another  in  which  the  composite  is  subjected  to  axisymmetric 
loads  relative  to  the  fibers  and  the  response  is  fiber  dominated.  The  predictions  of  the  model 
axe  compared  with  the  solutions  of  a  number  of  ‘unit  cell’  problems;  periodic  boundary 
conditions,  consistent  with  the  requirements  of  homogenization  theory,  axe  imposed  on  the 
unit  cell  problems,  and  the  solutions  are  obtained  by  using  the  finite  element  method.  A 
method  for  the  numerical  integration  of  the  developed  constitutive  equations  is  presented. 
The  ‘linearization  moduli’  associated  with  the  integration  algorithm  are  computed,  and  the 
proposed  new  constitutive  model  is  implemented  in  a  general-purpose  finite  element  program. 

The  effects  of  fiber  failure  on  behavior  of  the  composite  are  discussed  in  detail  in  Part  II 
of  this  paper,  where  a  constitutive  model  that  eiccounts  for  ‘material  damage’  is  developed. 

Standard  notation  is  used  throughout.  Boldface  symbols  denote  tensors  the  order  of 
which  is  indicated  by  the  context.  AU  tensor  components  axe  written  with  respect  to  a  fixed 
Cartesian  coordinate  system,  and  the  summation  convention  is  used  for  repeated  indices, 
unless  otherwise  indicated.  A  superposed  dot  indicates  the  material  time  derivative,  and  a 
superscript  T  the  transpose  of  a  matrix.  Let  a  and  b  be  vectors,  A  and  B  second-order 
tensors,  and  C  and  D  fourth-order  tensors;  the  following  products  are  used  in  the  text: 
(ab)jj  =  Ojftj,  (A  •  a){  =  AijOj,  (a  •  A)j  =  ajAji,  (A  •  B)jj  =  AikBkj,  A  :  B  =  AijBij, 
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(5A/5B)yfci  —  dAij/dBki,  (AB)ijfci  —  AijBki,  (C  :  A)ij  —  CijkiAku  and  (C  :  = 

Cijmn  Dmnkl  ■ 


2  Description  of  the  material  system 


We  consider  a  metal-matrix  composite  reinforced  by  continuous  aligned  fibers.  The  matrix 
is  considered  to  exhibit  power-law  steady-state  creep,  plus  elastic  response,  such  that  the 
tensile  strain  rate  is 


e=  —  +  Ba-, 


(1) 


where  e  and  a  are  the  uniaxial  strain  and  stress  respectively,  Em  is  the  Young’s  modulus,  and 
{B,  n)  axe  the  creep  constants  of  the  matrix.  The  fibers  behave  elastically  and  the  uniaxial 
stress-strain  relationship  is 


(2) 


where  Ej  is  the  Young’s  modulus  of  the  fibers.  The  corresponding  three-dimensional  version 
of  the  above  equations  is 


k  =  C^:&  +  -Ba„ 


.n— 1  _/ 


for  the  matrix. 


(3) 


and 

e  =  Cj^  :  <T  for  the  fibers,  (4) 

where  e  and  <r  are  the  strain  and  stress  tensors.  Cm  and  C/  are  the  fourth-order  tensors  of 
the  elastic  moduli  for  the  matrix  and  the  fibers  respectively,  a  prime  denotes  the  deviatoric 
part  of  a  tensor,  and  =  (1.5  is  the  von  Mises  equivalent  stress. 

It  is  a  well  known  result  that,  when  the  macroscopic  deformation  of  the  composite  is 
uniform  with  e  and  <t  being  the  corresponding  uniform  macroscopic  fields,  then  the  average 
stresses  and  strains  in  the  matrix  and  the  fibers  are  such  that 


o’  =  /^/  +  (l-/)o’m  and  e  = /e/ -h  (1  - /)  e^,  (5) 


where  the  subscripts  m  and  /  refer  to  the  matrix  and  the  fibers  respectively,  a  caret  indicates 
volume  average  over  the  phase,  and  /  is  the  volume  fraction  of  the  fibers. 

In  the  following,  we  let  the  13  coordinate  axis  coincide  with  the  direction  of  the  fibers,  so 
that  the  Xi  and  X2  axes  are  on  the  transverse  plane.  An  arbitrary  macroscopic  stress  state 
<T  can  be  written  as 


(T'll 

<7i2 

<7i3 

2  {<^11  —  <722) 

<7i2 

<7i3 

<712 

<722 

<723 

=Z 

<7i2 

1(0-22-^11) 

<723 

4- 

<7i3 

<723 
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<7i3 

<723 
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2(<7i1  +  <722) 

0 
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+ 
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2(<7i1  +  <722) 

0 

0 
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<733  . 
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The  first  term  on  the  right  hand  side  of  the  above  equation  corresponds  to  shear  loading 
relative  to  the  fibers,  and  the  last  term  is  the  superposition  of  lateral  pressure  and  uniaxial 
loading.  Therefore,  it  is  always  possible  to  choose  the  orientation  of  the  Xi  and  axes  (say 
Xj  and  Xj)  so  that  an  arbitrary  stress  tr  can  be  represented  by  the  superposition  of  the  two 
states  shown  in  Fig.  1.  In  terms  of  the  components  of  the  arbitrary  stress  state  of  equation 
(6),  the  quantities  Cp,  and  Tp  shown  in  Figs,  la  and  lb  are  given  by 

c^n  =  (^33,  Op  =  -{an  +  £722),  =  £7^3  +  £7^3,  =  i(£7ii  -  (722)^  +  £7^2.  (7) 

and  are  independent  of  the  orientation  of  the  Xi-  and  x^-axes. 

The  behavior  of  the  composite  is  expected  to  be  substantially  different  under  shear  (Fig. 
la)  and  axisymmetric  (Fig.  lb)  loading.  In  particular,  the  response  to  the  shear  loads  shown 
in  Fig.  la  will  be  matrix  dominated  ,  and  the  composite  is  expected  to  experience  'steady- 
state’  creep,  i.e.,  the  creep  strain  rate  is  constant  under  constant  applied  shear  loads;  on  the 
other  hand,  when  constant  axisymmetric  loads  are  applied,  the  corresponding  creep  strain 
rate  will  be  time-dependent  due  to  matrix  relaxation  and  load  transfer  from  the  matrbc  to 
the  fibers  (Weber  et  ai,  1993).  In  the  following  two  Sections  3  and  4,  we  analyze  the  behavior 
of  the  composite  under  the  two  types  of  loading  shown  in  Fig.  1,  and  the  results  are  then 
combined  in  the  constitutive  model  presented  in  Section  5. 


3  The  matrix  dominated  behavior  for  shear  loading 

The  creep  response  of  the  composite  under  the  shear  loading  shown  in  Fig.  la  is  dominated 
by  the  matrix  behavior.  The  elasticity  of  the  matrix  and  the  fibers  are  not  expected  to  have 
a  significant  influence  on  the  steady-state  creep  characteristics  of  the  composite  under  shear. 
Therefore,  for  the  rest  of  Section  3,  we  assume  that  the  fibers  are  rigid  and  that  the  matrix 
deforms  by  creep  only,  i.e.,  =  0  and  =  0.  Referring  to  Fig.  la,  we  assume 

that  the  only  non-zero  stress  components  are  £731^  =  £71-3  =  t„  cos  0,  a32'  =  £72-3  =  r„  sin  d>, 
and  £71^2'  =  O’z'i'  =  Tp,  where  the  angle  d*  is  as  shown  in  Fig.  la. 

In  the  following,  we  discuss  first  a  model  developed  by  deBotton  and  Ponte  Castaneda 
(dB-PC)  (1993)  for  fiber-reinforced  nonlinear  composites,  and  then  develop  a  simple  model 
based  on  statically  admissible  stress  fields  and  a  set  of  ‘unit  cell’  calculations  with  periodic 
boundary  conditions. 


3.1  The  model  of  deBotton  and  Ponte  Castaneda 

deBotton  and  Ponte  Castaneda  (1993)  have  presented  recently  a  constitutive  model  for 
nonhnear  composite  materials  reinforced  by  continuous  aligned  fibers.  The  derivation  of  the 
model  is  based  on  a  variational  principle  that  enables  the  expression  of  the  effective  energy 
functions  of  nonlinear  composites  in  terms  of  optimization  problems.  For  the  case  of  rigid 
fibers  and  a  power-law  creeping  matrix  and  with  respect  to  the  coordinate  axes  (x'i,X2,X3) 

4 


4 


shown  in  Fig.  1,  their  model  can  be  written  as 

0  Tp  T„  cos  (f) 

Tp  0  Tn  sin  4> 

Tn  cos  (f>  Tn  sin  (j)  0 

where  =  3  (r^  +  r^).  For  an  arbitrary  orientation  of  the  xi  and  X2  coordinate  axes  on  the 
transverse  plane,  the  above  equations  become 

o  (o’!!  ~  Cr22)/2  (712  O’lS 

[e]  = -B  {1  —  f)  {1  + f)  ^  (7i2  {(^22  —  <^n)/2  ,  (9) 

<713  <723  0 

where  now  and  =  <712  +  {an  —  <722)^/4,  so  that 

-  <7-22)^  +  3(^12  +  afs  +  (T23).  (10) 

According  to  this  model,  constant  applied  stresses  cause  constant  strain  rates  (steady-state 
creep).  Also,  the  predicted  response  of  the  composite  is  identical  under  longitudinal  ((731  or 
<732)  or  transverse  (<712)  shear. 

An  alternative  Reuss-type  of  model  is  presented  in  the  following  Section  3.2  and  com¬ 
parisons  with  unit  cell  calculations  are  presented  in  Section  3.3. 

3.2  A  simple  Reuss  model 

We  assume  that  the  stress  tensor  in  the  matrix  is  uniform  and  equal  to  the  macroscopic 
stress,  i.e.,  tTm  =  <7.  The  corresponding  uniform  strain  rate  in  the  matrix  is 

Cm  =  ^  B  cr^"^  <7'.  (11) 

In  view  of  equation  (5b),  the  macroscopic  streiin  rate  e  is  now 

i=(l-/)«m  =  |B(l-/)<Tr‘<''.  (12) 

or 

o  r  ®  Tp  T„  cos  (^  ' 

[e]  =  2  ^  r„  sin  ,  (7^  =  (tI  =  3  (r^  +  r^),  (13) 

[  Tn  cos  ^  Tn  sin  ^  0 

with  respect  to  the  coordinate  axes  (x^ ,  Xj,  X3)  shown  in  Fig.  1.  When  the  orientation  of  the 
Xi  and  X2  coordinate  axes  on  the  transverse  plane  is  arbitrary,  the  above  equation  for  the 
macroscopic  strain  rate  can  be  written  as 

o  (<^11  —  <7'22)/2  (7i2  <7i3 

[e]  =  -  B  (1  -  /)  <712  (<722  -  <7ii)/2  <723  ,  (14) 

<7i3  <723  0 
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where 


=  ^(^11  -  (^22)^  +  3(4  +  4  +  4).  (15) 

It  is  interesting  to  note  that  the  form  of  equation  (14)  is  identical  to  that  of  (9),  the  only 
difference  being  the  multiplicative  constant  (1  +  /)-("+i)/2  <  1  in  (9). 

3.3  Unit  cell  solutions 

The  predictions  of  the  analytical  models  discussed  in  the  previous  subsections  are  compared 
with  the  results  of  periodic  homogenization  theory  (Sanchez-Palencia,  1980;  Bakhvalov  and 
Panasenko,  1989).  A  number  of  ‘unit  cell’  problems  with  periodic  boundary  conditions, 
consistent  with  the  requirements  of  homogenization  theory,  are  solved  by  using  the  finite 
element  method.  The  distribution  of  the  fibers  is  assumed  to  be  periodic,  with  the  fibers 
arranged  in  a  hexagonal  array.  A  detailed  description  of  the  formulation  of  the  unit  cell 
problems  can  be  found  in  Aravas  et  al.  (1993)  and  Cheng  (1996)  and  will  not  be  repeated 
here. 

The  macroscopic  applied  loads  are  combinations  of  transverse  and  longitudinal  shear. 
Figure  2  shows  the  assumed  hexagonal  arrangement  of  the  fibers  in  the  matrix,  and  Fig.  3 
shows  the  finite  element  mesh  used  in  the  two-dimensional  calculations.  The  dark  and  white 
regions  in  Fig.  3  represent  the  fibers  and  the  matrix  respectively.  A  similar  mesh  is  used 
in  the  three-dimensional  calculations  that  involve  longitudinal  shear  (Aravas  et  al,  1993). 
Calculations  are  carried  out  for  several  values  of  the  matrbc  creep  exponent  n  and  for  different 
values  of  the  fiber  volume  fraction  /.  The  numerical  solution  is  practically  independent  of 
the  values  of  the  elastic  constants  of  the  fibers  and  the  matrix.  It  is  found  that  the  results 
of  the  unit  cell  calculations  agree  very  well  with  a  constitutive  equation  of  the  form 

3  (<711  ~  <722)/2  ai2  (713 

[e]  =  ^^12  (<722-c7n)/2  ajs  ,  (16) 

<7i3  (723  0 

where  x  —  S'lid  the  orientation  of  the  Xi  and  X2  axes  on  the  transverse  plane  is 

arbitrary.  Note  that  x  =  (1  +  /)-(”+i)/(2n)  in  the  dB-PC  model,  and  x  =  1  in  the  Reuss 
model  of  Section  3.2. 

It  is  noteworthy  that  the  unit  cell  calculations  predict  that  the  response  is  identical  under 
longitudinal  and  transverse  shear  as  well.  The  results  of  the  finite  element  solutions  indicate 
that,  for  values  of  n  and  /  in  the  range  l<n<10and0</<  0.70,  the  quantity  x"^  can 
be  approximated  by  an  equation  of  the  form: 

=  1  +  a(n)  /  +  6(n) /2 -H  c(n) /®  ,  (17) 

where  a{n)  is  given  by 
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b{n)  =  - - 0.248  -  0.009  n,  c(n)  = —^  +  1.132  +  0.248  n .  (19) 

n  n 

For  composite  materials  with  a  statistically  isotropic  (as  opposed  to  period)  microstruc¬ 
ture,  Ponte  Castaneda  (1996)  obtained  the  following  exact  result  for  the  dilute  limit  (small 
/): 

X  ^  =  1  +  a{n)  f .  (20) 

For  small  values  of  /,  the  interaction  between  neighboring  fibers  is  very  weak,  and  equation 
(20)  is  also  valid  for  composites  with  a  periodic  microstructure.  Note  that  the  expression  for 
X~^  in  equation  (17)  is  consistent  with  the  exact  result  (20)  in  the  limit  of  small  /. 

For  the  case  of  transverse  macroscopic  shear  loading  ((Ti2  =  r),  the  above  model  predicts 

where  7  =  2ei2,  and  tq  is  an  arbitrary  reference  stress.  Figure  4  shows  the  results  of  the  unit 
cell  calculations  together  with  those  of  equations  (17)-(21)  for  f  =  0.32  and  n  =  3.  The 
predictions  of  the  analytical  model  agree  well  with  the  results  of  the  finite  element  solutions. 


4  The  fiber  dominated  behavior  for  axisymmetric  load 
ing 

In  the  case  of  the  axisymmetric  loading  shown  in  Fig.  lb,  the  elasticity  of  the  fibers  is  of 
major  importance.  In  the  following,  we  discuss  first  a  simple  model  developed  by  McLean 
(1985,  1988)  for  uniaxial  tension  in  the  direction  of  the  fibers,  and  then  develop  a  three- 
dimensional  version  of  it  for  the  case  of  the  axisymmetric  loading  shown  in  Fig.  lb. 


4.1  McLean’s  model  for  uniaxial  tension  in  the  direction  of  the 
fibers 

The  macroscopic  applied  load  is  tensile  in  the  direction  of  the  fibers,  i.e.,  <733  =  a.  Let  £33  =  e 
be  the  corresponding  macroscopic  axial  strain  component. 

McLean  assumes  that  the  stresses  take  constant  values  in  the  fibers  and  the  matrix  and 
that  the  only  non-zero  components  are  <7/33  =  <7/  and  amss  =  o’m-  He  also  assumes  that  the 
corresponding  uniform  axial  strain  in  the  fibers  and  the  matrix  equals  the  macroscopic  axial 
strain  e.  With  these  assumptions,  equation  (5a)  implies  that 

<7  =  /«^/  +  (l-/)<5^m,  (22) 


and  the  axial  strain  rate  can  be  written  as 


(23) 
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Using  the  last  two  equations  we  can  readily  show  that  McLean  model  can  be  written  in  the 
following  form: 


e  =  ^  +  B'ia-ar  and  1  +  b' {a  -  a^,  (24) 

where  the  ‘back  stress’  a  =  /  ct;  is  the  part  of  the  total  axial  stress  carried  by  the  fibers  (see 
equation  (22)),  E  =  f  Ef  +  (1  -  f)  Em,  and  B' =  B  Em/[{1  -  /)""'£;].  The  initial  values  of 
the  strain  (cq)  and  the  back  stress  (ao)  at  the  start  of  the  loading  history  (time  t  =  O''')  are 

eQ  =  a{Q'^)IE  and  ao  =  fEf€o.  (25) 

The  first  term  on  the  right  hand  side  of  (24a)  defines  the  elastic  strain  rate  in  the  composite 
(e®),  and  the  second  term  defines  the  macroscopic  creep  strain  rate  Equation  (24a)  for 
the  composite  has  a  form  similar  to  that  of  the  matrix  (23b)  or  (1),  where  now  Em  is  replaced 
by  E  in  the  elastic  part,  and  B  and  <j  by  B'  and  c  -  a  respectively  in  the  creep  part  of 
e.  The  back  stress  a  is  a  measure  of  the  stress  carried  by  the  fibers  and  accounts  for  the 
strengthening  effects  of  the  fibers;  i.e.,  whereas  the  creep  strain  rate  is  proportional  to  a"  in 
the  absence  of  fibers,  is  proportional  to  (a  —  a)"  when  f  ^  0. 

For  the  case  of  a  ‘creep  test’  in  which  a  constant  stress  a  is  applied  in  the  direction  of  the 
fibers,  equations  (24)  make  it  clear  that  the  strain  rate  varies  with  time  due  to  the  evolution 
of  the  back  stress  a  (transient  or  non-steady-state  creep).  In  this  case,  equations  (24)  can 
be  integrated  to  give 


e{t)  = 
e(t)  = 


('-?) 

l-b(n-l)( 

1 

,  / 

^  €oN 

\ 

(  B'a^t 

fc/  ec 

J 

1  exp 

€c  /  \  Cc 

r 

)  for  n  =  1, 

for  n  >  1,(26) 
(27) 


and 

a{t)  =  f  Ef€{t),  (28) 

where  eo  =  O’/E,  and  Cc  =  a/(/  Ej).  In  the  uniaxial  creep  test,  as  the  matrix  creeps,  the 
corresponding  stress  am  relaxes,  load  is  transferred  from  the  matrix  to  the  fibers  and,  as  a 
consequence,  the  back  stress  a  increases  with  time.  The  long  time  response  of  the  system  as 
t  — >  00  is  such  that 


£  ^  0)  c  *'  Cc>  Om  ^  0,  and  o;  —  fof  — ^  o,  (29) 


i.e.,  eventually  the  strain  approaches  the  limiting  value  Cc,  the  matrbc  is  completely  unloaded 
and  the  whole  load  is  carried  by  the  fibers.  Figure  5  shows  the  variation  of  the  normalized 
strain  e  with  normalized  time  t  for  values  of  n  =  3  and  eo/cc  =  0.6,  where 


e  a  ~  B'a^t 

e  =  —  =  —  and  t  = - 

€c  O  Cj. 


(30) 
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4.2  A  three-dimensional  version  of  the  McLean  model 

We  consider  next  the  case  in  which  the  applied  macroscopic  load  is  axisymmetric  of  the  form 
shown  in  Fig.  lb,  i.e.,  avy  =  =  (^p  aiid  <733  =  an-  Note  that  this  macroscopic  stress 

state  maintains  its  form  for  an  arbitrary  orientation  of  the  Xi-  and  xj-axes  on  the  transverse 
plane,  i.e.,  it  is  always  true  that  an  =  a^i  =  ap. 

Assumptions  similar  to  those  of  McLean  are  used  for  this  type  of  loading  as  well;  i.e.,  it 
is  assumed  that 


1.  the  stresses  teike  constant  values  in  the  fibers  and  the  matrix,  i.e.. 


■ 

0 

0  ■ 

■  ap 

0 

0  ■ 

0 

ap 

0 

and 

[o’m]  — 

0 

ap 

0 

0 

0 

. 

0 

0 

(31) 


where  the  transverse  normal  stresses  are  taken  to  be  equal  to  the  macroscopic  load  ap, 
and 


2. 


the  corresponding  axial  strain  in  the  fibers  and  the  matrix  is  equal  to  the  axial  macro¬ 
scopic  strain  €33  =  e,  i.e., 

e/33  =  ^mZZ  =  (32) 


In  view  of  equation  (5a),  the  axial  components  ct/  and  a^.  axe  such  that 


=  fcrf  +  {l- f)arn.  (33) 

RecaUing  equation  (5b)  we  write  e  =  /  e/  -h  (1  -  /)  Cm,  and  using  the  constitutive  equations 
(3)  and  (4)  for  the  matrix  and  the  fibers  respectively  we  find 


’  eu 
<  €22 
.  ^33 


4- 


_f_ 

Ef 


1-/ 

Em 


1 

-Uf 

-Uf  ■ 

-Uf 

1 

-Uf 

< 

ap 

-Uf 

-Uf 

1 

1 

'  <^P 

1 

< 

•• 

1 

in~l 


{(Tjn  ^v)\ 


-1 

-1 

2 


(34) 


Our  goal  is  to  eliminate  the  ‘local’  stresses  a-m  and  a j  from  the  above  equation  and  arrive  at 
an  expression  for  e  in  terms  of  the  macroscopic  stresses  an,  ap  and  a  back  stress  a.  This  is 
achieved  as  follows. 

As  before,  we  introduce  the  back  stress  a  =  faf,  and  using  (33)  we  write 

=  -----  and 
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Next,  we  use  the  strain  continuity  equation  6^33  —  £^33  together  with  the  constitutive  equa¬ 
tions  for  the  fibers  and  the  matrix  and  equations  (35)  to  determine  a  in  terms  of  &n,  ap,  ct„, 
Gp,  and  a: 


^  1  0/1  f 

w, = W' 


a 


1-/ 


-  (Tr. 


n-1 


where 

Si  =  £  =  /£,  + (1  - /)£„  (37) 

U  -  /  j 

Finally,  substituting  equations  (35)  into  (34)  and  using  the  expression  for  d,  we  obtain  the 
following  equation  for  the  macroscopic  strain  rates: 


where 


and 


1 

'  €22  1 

>  = 

>  ^33  J 

+  B 

1 

1-/ 

Ex 

Em 

1/Et  —vt/Et  —i'l/Bi 
—vx/Et  ^/Ex 


>  + 


n-1  /  V 

'  K'  ' 

an -a 

[Tl 

1-f 

U-/  ‘’'Jj 

Ux 

w 


=  (l-/)^4-/  „  . 

T  £'m  •C'/ 


I'L  =  fl'f  +  i'i-  -  f)l^n 


[si  (""  2)  D 

The  initial  value  of  the  back  stress  ao  is 


(38) 


(39) 

(40) 

(41) 


ao 


Lh 

El 


an{0^)-2{l-f)Em 


(42) 


The  first  term  on  the  right  hand  side  of  (38)  defines  the  elastic  part  e'  of  the  total  strain 
rate  and  the  second  term  defines  the  macroscopic  creep  strain  rate  e'^.  In  order  to  make 
connection  with  equation  (16)  for  in  the  case  of  shear  loading,  we  note  that  the  second 
term  on  the  right  hand  side  of  (38)  can  be  also  written  as 


[e-]  =  ^B(l-/)|5r-^ 


and 


K  = 


2^ 

3  El 


KS  0  0 

0  KS  0 
0  0  LS 


where  S  = 


1-/ 


tTp, 


{-h  ^  5) -(‘'^- Dll- 


2^ 

3  El' 


(43) 


(44) 
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4.3  Unit  cell  solutions 


The  predictions  of  the  model  developed  in  the  previous  section  axe  now  compared  with  unit¬ 
cell  finite  element  calculations.  Periodic  boundary  conditions,  similar  to  those  described  in 
Section  3.3,  are  imposed.  The  material  properties  used  in  the  calculations  are  Ej  =  360 
GPa,  Uf  =  0.3,  Em  =  65  GPa,  Um  =  0.3,  n  =  3,  and  B  =  4.125  x  10~^®  MPa“"s~^.  The 
volume  fraction  of  the  fibers  is  /  =  0.32. 

Figure  6  shows  the  results  of  the  finite  element  calculations  together  with  the  predictions 
of  the  model  (38)-(42),  when  a  constant  axial  macroscopic  load  (7„  =  500  MPa  is  applied. 
The  corresponding  results  for  a  constant  axisymmetric  transverse  macroscopic  load  cXp  =  100 
MPa  are  shown  in  Fig.  7.  The  results  of  the  unit  cell  calculations  agree  well  with  the 
predictions  of  the  analytical  model. 


5  A  proposed  new  model 

The  results  derived  in  Sections  3  and  4  for  shear  and  axisymmetric  loadings  respectively 
are  now  combined  and  constitutive  equations  for  general  t5q)es  of  loading  are  developed. 
Clearly,  in  view  of  the  non-linearity  of  the  problem,  the  equations  developed  for  shear  and 
axisymmetric  loadings  can  not  be  superposed.  Instead,  our  results  are  combined  in  such  a 
way  that  the  proposed  general  constitutive  equations  for  reduce  to  equations  (16)  and 
(43)  when  the  apphed  loads  are  shear  or  axisymmetric  respectively. 

The  detailed  description  of  the  proposed  model  is  presented  in  the  following  two  sub¬ 
sections.  The  macroscopic  response  of  the  composite  is  transversely  isotropic,  and  the  unit 
vector  n  in  the  direction  of  the  fibers  is  used  to  define  the  axis  of  rotational  symmetry.  The 
total  macroscopic  strain  in  the  composite  is  written  as  the  sum  of  the  elastic  and  creep  parts: 

e  =  e'  +  €‘=".  (45) 


Constitutive  equations  for  e®  and  e®'  are  presented  in  the  following. 


5.1  Elasticity 

The  elastic  strain  is  written  in  terms  of  the  stress  tensor  (t  as 

e®  =  :  (T,  (46) 

where  C®  is  the  fourth-order  elasticity  tensor  for  the  homogenized  transversely  isotropic 
composite.  When  the  fibers  are  aligned  with  the  X3  coordinate  direction  (i.e.,  n  =  63), 
equation  (46)  can  be  written  in  matrix  form  as 

{e®}  =  [CrH<r},  (47) 
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where  {e®}^  —  {eii,e225  ^33i')'i2i7i3>7l3}>  —  {<^11  )0'22,o'33,  (712,(713,(723}, 

I/E't’  —uxfE'j'  —I'll  El  0  0  O' 

—ut/Et  ^IEt  —i^i/Ei  0  0  0 

fpei-i  _  —vl/El  -vijEi  l/Ei  0  0  0 

^  ^  0  0  0  \/Gt  0  0 

0  0  0  0  \/Gl  0 

0  0  0  0  0  l/Gi  . 

Ely  Et,  Gl,  vl  and  vt  are  the  five  independent  elastic  constants  of  the  composite,  and 


Gt  — 


2(1  +  Ux) 


The  constants  Ei,  Et,  ul  and  ut  are  defined  by  equations  (37a),  (39),  and  (40),  and  the 
shear  modulus  is  estimated  as  (Christensen,  1979,  p.  84) 

r  =r  (1  +  /)  +  Gm (1  - /)  ,  . 

^  ^'"G/(l-/)  +  G^(l  +  /)’ 

where  Gj  and  Gm  are  the  shear  moduli  of  the  fibers  and  the  matrix  respectively. 


5.2  Creep 

The  general  form  of  the  constitutive  equations  during  creep  is 

=  g{cr-a,s),  d  =  h(cr  -  a,  cr,  s),  (50) 

where  a  is  the  back  stress  tensor,  g  and  h  are  tensor-valued  isotropic  functions,  and  s  is  the 
collection  of  material  parameters,  s  =  {Ef,Vf,Em,Vm,B,n,f}.  In  the  present  model,  the 
back  stress  tensor  a  is  assumed  to  be  in  the  direction  of  the  fibers,  i.e.,  a  =  ann;  it  should 
be  noted,  however,  that  more  complicated  forms  may  be  necessary  when  effects  such  as  the 
primary  (transient)  creep  of  the  matrix  must  be  accounted  for. 

In  the  following,  we  combine  the  results  of  Sections  3  and  4  and  develop  constitutive 
equations  for  general  types  of  loading.  The  proposed  model  is  such  that  equations  (16) 
and  (38)  are  recovered  as  special  cases,  when  the  apphed  loads  are  shear  or  axisymmetric 
respectively.  With  respect  to  the  coordinate  axes  shown  in  Fig.  1  and  for  an  arbitrary 
orientation  of  the  X1-X2  axes  on  the  transverse  plane,  we  write  the  following  equations  for 
the  creep  strain  rate: 

o  f  X  («^n  -  <^22)72  + /C  5  X<^i2  X(^n' 

[€-]  =  -5(l-/)Er'  X<ti2  x{(^n-(^n)l2  +  KS  x<rn  ,  (51) 

X^li  X^2Z  . 
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where  Eg  =  5^  +  (X  (^sY-  For  convenience,  we  repeat  the  definition  of  the  quantities  entering 
the  above  equation:  =  <733,  cTp  =  {au  +  cr22)l‘2‘, 


S 

K 


(^s  =  7(<^n  -  ^22)^  +  3(a?2  +  afs  +  (7^3), 


(II 

■  Em 


(-D-(--l)]}' 


T  Em 

3  El' 


(52) 

(53) 


and  recall  that  x(7^i  /)  is  defined  by  equations  (17)-(19).  The  evolution  of  the  back  stress  is 
given  by 


a 


'E, 


fEj  El 


=  ^  +  2{l-f)  ^uf-um  ^  +  5'(1-/)"S; 


\n  vn-1  I  ^ ^ 


El 


1-/ 


-  o-f 


p  ’ 


(54) 


where  El  and  B'  are  defined  by  (37),  and  the  initial  value  of  ao  of  the  back  stress  is  given 
by  equation  (42). 


5.3  Unit  cell  solutions 

The  predictions  of  the  proposed  new  model  are  compared  with  the  results  of  finite  element 
calculations,  in  which  a  unit  cell  is  subjected  to  a  combination  of  axisymmetric  and  shear 
macroscopic  loading.  The  material  constants  mentioned  in  Section  4.3  are  used  in  the  present 
calculations  as  well.  Figure  8  shows  the  temporal  variation  of  various  strain  components  for 
the  case  where  constant  macroscopic  stresses  an  =  20  MPa,  =  20  MPa,  and  733  =  500 
MPa  are  applied  to  the  unit  cell.  The  results  of  the  numerical  calculations  agree  well  with 
the  predictions  of  the  analytical  model. 


6  Finite  element  implementation  of  the  constitutive 
model 

In  this  section,  we  discuss  the  implementation  of  the  general  form  of  the  proposed  constitutive 
model  in  a  finite  element  program.  In  a  finite  element  environment,  the  solution  of  the  creep 
problem  is  developed  incrementally  and  the  constitutive  equations  are  integrated  niimerically 
at  the  element  Gauss  points.  In  a  displacement  based  finite  element  formulation  the  solution 
is  deformation  driven.  At  a  material  point,  the  solution  (o-^,  e„,  a„)  at  time  as  well  as 
the  strain  €n+i  at  time  t„+i  =  +  At  are  supposed  to  be  known  and  one  has  to  determine 

the  solution  (<Tn+l,  Qln+l)- 

6.1  Numerical  integration  of  the  constitutive  equations 

We  start  with  the  elasticity  equation  (46) 

o-n+i  =  :  6^+1  =  e  :  (€«  +  Ae  -  Ae^)  =  :  Ae^,  (55) 
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where  Ae  —  €„+i  —  €„  and  are  the  total-  and  creep-strain  increments,  and 

O'®  =  <T„  -f  C®  :  Ae  is  the  (known)  ‘elastic  predictor’. 

The  constitutive  equations  (51)  and  (54)  for  e®’’  and  a  are  integrated  by  using  the  back¬ 
ward  Euler  method: 


Ae®"  =  g(o-„+i  -  a„+i)  At,  (56) 

Aa  =  h{<Tn+i-ar^+i,Acr/At)At,  (57) 

where  Aer  =  an+i  —  <Tn- 
Summarizing,  we  write 

G(Ae®",  Aa)  =  Ae®"  -  At  g(o'„+i  -  a„  -  Aa)  =  0,  (58) 

H(Ae®",Aa)  =  Aa  -  At  h  -  a„  -  Aa,  =  0,  (59) 

where 

o'„+i(Ae®")  =  or«-C®:  Ae®".  (60) 


We  choose  Ae®"  and  Aa  as  the  primary  unknowns  and  treat  (58)  and  (59)  as  the  basic 
equations  in  which  <t„+i  is  defined  by  (60).  The  solution  is  obtained  by  using  Newton’s 
method.  The  first  estimate  for  Ae®"  and  Aa  used  to  start  the  Newton  loop  are  obtained 
by  using  a  forward  Euler  scheme,  i.e.,  (Ae®")est  =  g(o'„  -  a„)  At  and  (Aa)est  =  h(o'„  - 
an,  AtTn/ At)  At,  where  Ao-^  =  a n  —  <Tn-\- 

Once  Ae®"  and  Aa  are  found,  equation  (60)  defines  the  stress  an+i  =  a„  -f-  Aa, 
and  this  completes  the  integration  procedure. 

We  conclude  this  section  with  a  brief  discussion  of  the  appropriate  time  increment  used 
in  the  integration  procedure.  Let  (Tmax  be  the  maximum  of  the  absolute  values  of  the  stress 
components  (i.e.,  cr^ax  =  niax|<ry  |n+i)  and  define 

where  El  and  Ep  are  the  elastic  moduli  defined  in  Section  5.1.  The  time  increment  At  is 
chosen  so  that  the  maximum  difference  in  the  creep  strain  increment  calculated  from  the 
creep  strain  rate  based  on  the  conditions  at  the  beginning  and  at  the  end  of  the  increment 
is  always  less  than  CETOL,  i.e., 

-«n+i)-yij(o'n-Q:n)|  At  <  CETOL  for  all  i,j.  (62) 


6.2  Linearization  moduli 


In  an  implicit  finite  element  code,  the  overall  discretized  equilibrium  equations  are  written  at. 
the  end  of  the  increment,  resulting  in  a  set  of  nonhnear  equations  for  the  nodal  unknowns.  If 
a  full  Newton  scheme  is  used  to  solve  the  global  nonlinear  equations,  one  needs  to  calculate 
the  so-called  ‘linearization  moduli’  J 


d^n+l 


(63) 
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For  simplicity,  we  drop  the  subscript  (n  +  1)  with  the  understanding  that  all  quantities  are 
evaluated  at  the  end  of  the  increment,  unless  otherwise  indicated.  Starting  with  the  elasticity 
equation  (55),  we  find 

d(r  =  a  :d€-C^  :  de'^,  (64) 

where  we  took  into  account  that  dAe*^  —  d{e‘^  —  e^)  =  de‘^. 

The  differential  de"'  is  evaluated  from  equations  (56)  and  (57)  as  follows 


ds 

=  At  —  :  {der  —  dot)  where  s  =  <t  —  a, 
as 

da  =  At  ^  :  (dcr  —  da)  +  ^  :  da. 
ds  da 

Eliminating  da  firom  the  last  two  equations,  we  find 


ae""  =  D  :  da, 


where 


D  =  At 


^  . 

ds 


J  -  ( J  +  At^ 
as 


-1 


^  ah  ah 


(65) 

(66) 


(67) 

(68) 


J  being  the  fourth-order  identity  tensor.  Finally,  substituting  equation  (67)  into  (64)  and 
solving  for  da/de,  we  find 


J  =  =  (J  +  C®  :  D)-^  :  C®  =  (C®-^  -b  D)'^ 


(69) 


6.3  The  case  of  plane  stress 

In  this  section,  we  consider  the  case  in  which  the  fibers  are  all  parallel  to  the  X3  =  0  plane 
(i.e.,  n  =  rijei  +  71262)  and  the  applied  loads  are  such  that  <733  =  <731  =  (732  =  0.  The  stress 
and  strain  tensors  are  now  of  the  form 


a  =  8^d  e  =  CapBaB0  -b  6336363,  (70) 

where  Greek  subscripts  range  over  the  integers  (1,2). 

In  such  problems,  one  has  to  integrate  the  constitutive  equations  for  given  values  of  the 
in-plane  components  Aen,  A€22,  and  Aei2;  the  out-of-plane  component  Ae33  is  not  defined 
kinematically,  and  its  value  is  determined  so  that  the  condition  <733  =  0  is  met.  Therefore, 
some  modifications  to  the  method  described  in  Section  6.1  are  needed. 

The  total-strain  increment  is  written  as 


Ae  =  Ae  -b  Ae33e3e3,  (71) 

where  Ae  =  Aeapeae^  is  the  known  part  of  Ae.  The  plane  stress  condition  0-33  =  0  requires 
that 

—  •^f^)  =  0  or  Ae33  =  Ae^  —  ^^ap) I (72) 
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(73) 


Using  the  above  expression  for  Ae^z  in  the  elasticity  equation  (55),  we  find 

Ae^, 


where 


^ijki  —  ^ijki  ~  ^Izki! ^Izzz^  <T®  —  <Tn  +  C®  :  Ae  =  known.  (74) 

In  deriving  equation  (73),  we  took  into  account  that  =  ^tjap  since  =  0 

and  Cijzz  =  0. 

The  integration  procedure  becomes  now  identical  to  that  described  in  Section  6.1,  with 
C®  and  <7®  replaced  by  C®  and  o’®. 

7  An  example:  a  plate  with  a  hole 

The  model  developed  in  Section  5  is  implemented  in  the  ABAQUS  general-purpose  finite 
element  program  (Hibbitt,  1984).  This  code  provides  a  general  interface  so  that  a  specific 
constitutive  model  can  be  introduced  as  a  ‘user  subroutine’.  The  constitutive  equations  are 
integrated  by  using  the  method  presented  in  Section  6. 

Figure  9  shows  a  schematic  representation  of  a  plate  with  a  hole.  The  plate  is  reinforced 
by  continuous  aligned  fibers  in  the  X2  direction.  Let  2w  and  I  be  the  width  and  length 
of  the  specimen,  and  2a  be  the  diameter  of  the  hole;  the  geometry  analyzed  is  such  that 
2w/l  =  6/25  and  a/w  =  1/6. 

The  matrix  material  is  assumed  to  be  a  Ti-6A1-4V  alloy  and  is  reinforced  by  continuous 
aligned  SiC  fibers.  The  fiber  volume  fraction  is  32%,  i.e.,  /  =  0.32.  Typical  values  of  the 
elastic  constants  for  the  matrix  and  the  fibers  are  Em  =  65  GPa  and  i/m  =  0.30  for  Ti-6A1-4V 
at  600‘’C,  and  Ef  =  360  GPa  and  i/f  =  0.19  for  SiC  at  600°C.  The  values  of  the  corresponding 
five  effective  elastic  constants  of  the  composite  are  calculated  firom  the  formulae  provided 
in  Section  5.1;  the  following  values  are  found:  El  =  160  GPa,  ut  =  0.373,  i/l  =  0.259, 
Gt  =  34.5  GPa,  and  Gl  =  40  GPa.  The  effective  elastic  constants  of  the  composite  are 
also  determined  from  the  solution  of  a  series  of  unit  cell  problems  with  periodic  boundary 
conditions;  the  values  foimd  are  in  very  good  agreement  with  those  calculated  ft-om  the 
formulae  of  Section  5.1.  The  creep  constants  of  the  matrix  are  n  =  3  and  B  =  4.125  x  10“^® 
MPa"”  s-^ 

A  tensile  stress  <7app=250  MPa  is  applied  in  the  direction  of  the  fibers.  The  thickness  of 
the  specimen  is  assumed  to  be  small,  so  that  plane  stress  conditions  prevail.  The  load  is 
applied  at  time  t  =  0,  and  is  kept  constant.  The  instantaneous  response  of  the  material  is 
elastic  and  the  elastic  stress  distribution  provides  the  initial  condition  for  the  creep  problem. 

Due  to  the  symmetries  of  the  structure  and  the  applied  loads  only  one  fourth  of  the  plate 
is  analyzed.  The  finite  element  mesh  used  in  the  calculations  is  shown  in  Fig.  10.  Fom-node 
isoparametric  elements  with  2x2  Gauss  integrations  are  used.  The  analysis  is  carried  out 
incrementally  and  the  maximum  size  of  the  time  increment  is  controlled  by  the  formula  in 
equation  (62). 
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Figure  11  shows  the  variations  of  the  axial  stress  0-22  and  axial  strain  €22  ahead  of  the 
hole  along  the  cross-fiber  direction  at  time  t  —  0+,  1,  5,  and  8  hours.  The  maximum  values 
of  axial  stress  and  strain  appear  at  the  root  of  the  hole  (point  A  in  Fig.  9).  The  same 
problem  is  analyzed  in  Part  II,  where  the  possibility  fiber  failure  is  examined;  it  is  found 
that  the  composite  looses  its  load  carrying  capacity  first  in  the  neighborhood  of  point  A, 
and  eventually  fails  along  the  minimum  cross-section,  as  expected.  Figure  12  shows  contours 
of  the  axial  stress  ^22  at  time  t  =  0'^,  and  8  hours.  Contours  of  the  several  transversely 

isotropic  invariants  of  the  total  strain  e  at  time  t  =  O'*"  and  8  hours,  are  shown  in  Figs. 

13-16;  the  invariants  plotted  in  these  figures  are  (deBotton  and  Ponte  Castaneda,  1993): 

€p  =  2  ^  ^  ~  2 

Cn  =  €  :  a  =  €22,  (76) 

7?  =  =  +  (77) 

72  =  £’:a-(£:a)^  =  4  +  4,  (78) 

where  n  =  62,  /3  =  I— nn  =  6161-1-6363,  and  the  Cartesian  components  refer  to  the  coordinate 
system  shown  in  Fig.  9.  The  axial  strain  e„  and  the  transverse  ‘dilatational’  strain  Cp  attain 
their  maximum  values  at  point  A.  Figures  15  and  16  show  that  the  longitudinal  (7n)  and 
transverse  (7p)  shear  strains  reach  their  maximum  values  on  the  surface  of  the  hole;  fiber 
debonding  is  to  be  expected  in  those  locations. 
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Figure  captions 


1.  Representation  of  an  arbitrary  stress  state. 

2.  Hexagonal  array  of  fibers  and  the  corresponding  unit  cell. 

3.  Finite  element  mesh  used  in  the  unit  cell  calculations. 

4.  Shear  solution  for  /  =  0.32  and  n  =  3. 

5.  Uniaxial  tension  solution  for  eo/cc  =  0.6  and  n  =  3. 

6.  Uniaxial  tension  solution  for  /  =  0.32,  n  =  3,  B  =  4.125  x  10"^^  MPa“"s“^,  and 
(Tn  =  500  MPa. 

7.  Biaxial  tension  solution  for  /  =  0.32,  n  =  3,  B  =  4.125  x  10"^^  MPa“”s“^,  and 
CTp  =  100  MPa. 

8.  Combination  of  axisymmetric  and  shear  macroscopic  loading  for  /  =  0.32,  n  =  3, 
B  =  4.125  X  lO"^^  MPa~”  and  an  —  a\-x  =  20  MPa,  ^33  =  500  MPa. 

9.  A  plate  with  a  hole.  The  fibers  are  in  the  12  coordinate  direction. 

10.  Finite  element  mesh  for  the  plate  and  detailed  mesh  near  the  hole. 

11.  Variations  of  the  normalized  axial  stress  a22/(Tapp,  and  the  axial  strain  €22  along  the 
cross-fiber  direction  at  time  t  =  O'*",  1,  5  and  8  hours. 

12.  Contoms  of  axial  stress  (722  at  time  t  =  O'*"  and  8  hours. 

13.  Contours  of  strain  invariant  €„  at  time  t  =  O'*'  and  8  hours. 

14.  Contoms  of  strain  invariant  ep  at  time  t  =  O'*’  and  8  hours. 

15.  Contours  of  strain  invariant  7„  at  time  t  =  0"^  and  8  hours. 

16.  Contours  of  strain  invariant  7p  at  time  t  =  O'*'  and  8  hours. 
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Figure  14 
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Abstract 

A  constitutive  model  that  accounts  for  the  effects  of  fiber  failure  on  the  high  tem¬ 
perature  mechanical  behavior  of  metal-matrix  composites  (MMC)  reinforced  by  long 
brittle  fibers  is  presented.  WeibuU  statistics  is  tised  to  describe  the  strength  of  the 
fibers  and  the  assumption  of  ‘global  load  sharing’  is  used  to  determine  the  average 
stress  in  the  fibers.  The  developed  three-dimensional  constitutive  model  involves  a 
‘damage  parameter’  that  accounts  for  the  accumulated  fiber  failure.  A  method  for  the 
numerical  integration  of  the  constitutive  equations  is  developed.  The  proposed  model 
is  used  together  with  the  finite  element  method  to  predict  the  life  of  a  plate  with  a 
hole  loaded  in  tension  in  the  direction  of  the  fibers  under  creep  conditions. 
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1  Introduction 


A  constitutive  model  for  the  mechanical  behavior  of  metal-matrix  composites  reinforced  by 
elastic  fibers  is  presented  in  Part  I.  In  developing  that  model,  we  assumed  that  the  fibers 
remain  intact  as  the  composite  deforms.  However,  it  has  been  established  that  fibers  in  many 
composites  experience  strength  degradation  during  deformation  (Prewo,  1986;  Thouless  et 
al,  1989).  The  effects  of  fiber  failure  on  the  creep  behavior  of  metal-matrix  composites  are 
examined  in  detail  in  the  present  paper. 

The  material  systems  considered  are  the  same  as  those  of  Part  I.  The  response  of  the 
composite  to  shear  loads  relative  to  the  fibers  will  be  matrix-dominated,  and  fiber  failure  is 
not  expected  to  affect  significantly  the  performance  of  the  composite  under  such  loads.  On 
the  other  hand,  when  axisymmetric  loads  are  applied,  fiber  failure  plays  a  very  important 
role  and  can  lead  eventually  to  failure  of  the  composite. 

When  a  composite  specimen  is  subjected  to  a  uniaxial  stress  in  the  direction  of  the  fibers, 
load  is  continuously  transferred  from  the  matrix  to  the  fibers.  When  the  applied  stress  is  held 
constant  and  if  the  fibers  remain  intact,  the  corresponding  axial  strain  rate  decreases  since 
the  matrix  stress  relaxes  due  to  matrix  creep;  as  time  progresses,  the  matrix  is  completely 
unloaded,  the  whole  load  is  carried  by  the  fibers,  and  the  strain  rate  vanishes  eventually. 
However,  when  fibers  break,  the  fibers  are  locally  unloaded,  load  is  transferred  back  to  the 
matrix,  and  the  strain  rate  increases;  this  can  cause,  in  turn,  more  fibers  to  break,  and  can 
lead  eventually  to  failure  of  the  composite  component.  A  simple  model  that  accounts  for 
fiber  breakage  in  a  uniaxial  tension  test  has  been  presented  by  McLean  (1989).  Theoretical 
studies  on  fiber  failure  stochastics  within  the  framework  of  ‘global  load  sharing’,  whereby 
the  load  shed  from  a  broken  fiber  is  shared  nearly  equally  among  all  intact  fibers,  have  been 
carried  out  by  Curtin  (1991)  for  composites  with  weak  interfaces.  More  recently,  Du  and 
McMeeking  (1995)  made  use  of  Curtin’s  results  and  studied  in  detail  the  effects  of  fiber 
breaks  and  the  consequential  stress  relaxation  in  the  broken  fibers. 

In  this  paper  we  study  in  detail  the  effects  of  fiber  failure  on  the  high  temperatiure  me¬ 
chanical  behavior  of  metal-matrix  composites.  In  a  way  similar  to  that  of  Part  I,  a  three 
dimensional  constitutive  model  for  the  composite  is  developed  in  two  steps:  i)  one  in  which 
shear  loads  relative  to  the  fibers  are  applied,  and  ii)  another  in  which  the  composite  is 
subjected  to  axisymmetric  loads  relative  to  the  fibers.  For  the  case  of  the  shear  loads,  it 
is  assumed  that  equations  (16)— (19)  of  Part  I  that  describe  the  behavior  of  the  composite 
under  shear  loads,  are  valid,  even  when  the  fibers  fail.  When  axisymmetric  loads  are  ap¬ 
plied  to  the  composite,  Curtin’s  (1991)  methodology  is  used  to  account  for  fiber  failure.  In 
fiber-reinforced  metal-matrix  composites,  a  weak  fiber-matrix  bond  has  been  found  to  be 
essential  to  ensure  good  longitudinal  strength  (Jansson  et  al,  1991).  When  a  fiber  breaks, 
the  low  shear  strength  of  the  interface  diminishes  any  local  stress  concentrations,  thus  jus¬ 
tifying  the  assumption  of  ‘global  load  shearing’.  The  developed  constitutive  model  involves 
a  ‘damage  parameter’  u  which  takes  values  in  the  range  0  <  w  <  1  and  accounts  for  fiber 
failure.  WTien  a;  =  0,  there  is  no  fiber  failure  and  the  model  reduces  to  that  of  Part  I. 
Values  of  u  greater  than  zero  account  for  the  fact  that,  as  fibers  fail,  the  average  stress  in 
the  unbroken  fibers  decreases,  which  in  turn  increases  the  stress  carried  by  the  matrix  and 
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the  corresponding  creep  strain  rate.  The  limiting  value  a;  =  1  corresponds  to  the  case  where 
the  local  load-carrying  capacity  of  the  composite  is  reduced  to  zero  and  the  corresponding 
strain  rate  becomes  infinite.  In  deriving  the  model,  we  assumed  that  the  fiber-matrix  sliding 
stress  is  constant  and  ignored  the  effects  of  fiber  relaxation  near  fiber  breaks.  A  method  for 
the  numerical  integration  of  the  proposed  model  is  presented  and  the  developed  constitutive 
equations  are  implemented  in  a  general-purpose  finite  element  program.  The  proposed  con¬ 
stitutive  equations  are  used  together  with  the  finite  element  method  to  study  the  evolution 
of  damage  in  a  plate  with  a  hole  loaded  in  tension  in  the  direction  of  the  fibers  under  creep 
conditions. 

Standard  notation  identical  to  that  of  Part  I  is  used  in  the  present  paper. 


2  The  fiber  dominated  behavior  for  axisymmetric  load¬ 
ing  with  damage 

2.1  McLean’s  model  for  uniaxial  tension  with  damage 

In  Section  4.1  of  Part  I,  we  gave  a  detailed  presentation  of  McLean’s  model  for  the  case 
where  the  fibers  remain  intact  while  the  composite  deforms.  For  the  case  of  uniaxial  tension, 
McLean  assumes  that  the  axial  strain  in  the  matrix  and  the  fibers  equals  the  macroscopic 
axial  strain  e,  and  that  uniform  stresses  develop  in  the  fibers  and  the  matrix  with  the  only 
non-zero  components  being  <7/33  =  and  <7^33  =  am-  In  the  absence  of  any  fiber  failure, 
we  have  that 


^UD  • 

a  =  fa]^  +  {l- f)am  and  e  =  -^  =  ^  +  B<,  (1) 

■t'/ 

where  a^  =  EfC  is  the  stress  in  the  unbroken  fibers. 

Curtin  (1991)  and  Du  and  McMeeking  (1995)  used  WeibuU  statistics  to  describe  the 
strength  of  the  fibers  and  carried  out  theoretical  studies  of  fiber  failure  stochastics  within 
the  framework  of  global  load  sharing,  for  composites  with  weak  interfaces.  When  the  ap¬ 
plied  load  in  the  direction  of  the  fibers  is  such  that  the  corresponding  axial  strain  increases 
monotonically  with  time  (i.e.,  no  load  reversals),  they  concluded  that  the  average  fiber  stress 
O’/  is  a  nonlinear  function  of  the  macroscopic  strain  e: 


Ef  e, 

where 

2  ' 

\  Sc  ) 

J  ' 

^  V  D  y 

So  and  Lq  are  strength  and  length  parameters  of  the  WeibuU  distribution,  m  is  the  WeibuU 
modulus,  and  tq  is  the  frictional  sUding  resistance  between  the  fibers  and  the  matrix.  The 
deri’vation  of  equation  (2a)  can  be  found  in  Du  and  McMeeking  (1995)  (see  their  equation 
(10)  on  page  706)  and  wiU  not  be  repeated  here.  Note  that,  if  fiber  failure  is  ignored,  then 

o/  =  Ef  e.  (3) 


3 


39 


Equations  (2a)  and  (3)  make  it  clear  that  fiber  failure  reduces  the  stress  carried  by  the  fibers. 
The  second  term  in  the  square  brackets  of  equation  (2a)  can  be  viewed  as  a  measure  of  the 
‘damage’  in  the  composite;  in  fact,  equation  (2a)  can  be  obtained  from  (3)  if  the  elastic 
modulus  Ef  of  the  fibers  is  replaced  by  the  secant  modulus  Ef^,  i.e., 


df  =  Ef^e, 


where 


2  \  Sj 


m+l 


Ef. 


(4) 


Using  equation  (2a)  we  can  define  the  corresponding  tangent  modulus  as 


£itan  _ 


m  +  2  fEfe\ 


m+l 


Ef. 


(5) 


Summarizing,  we  mention  that,  for  the  case  of  uniaxial  tension  with  monotonically  increasing 
c,  equations  (la,b)  are  replaced  by 


a  =  +  f)(jm  and  e  =  ^  =  ^  + 


when  fiber  failure  is  taken  into  account. 

Using  the  last  two  equations  we  can  readily  show  that 


e  = 


1 


1  —  w 


and 


a 


1 


1-a;  LE 


-  +  B'(a-a)" 


where  a;  is  a  ‘damage  parameter’  defined  as 


-W  =  (-n  +  2)^(f) 


m+l 


(6) 

(7) 

(8) 


the  back  stress  a  is  defined  as  the  part  of  the  stress  carried  by  the  fibers,  i.e.,  a  =  f  gj,  E  = 
/£’/  +  (!  —  /)  Em.,  and  B'  =  B  £'m/[(l  —  /)"“^  E].  The  damage  parameter  ui  is  proportional 
to  the  second  term  in  the  square  braickets  of  equation  (2a)  and  has  been  normalized  in  such 
a  way  that  the  strain  rate  e  approaches  infinity  as  w  1.  When  w  =  0  (intact  fibers), 
equations  (7a,b)  reduce  to  equations  (24a, b)  of  Part  I.  A  discussion  of  the  physical  meaning 
of  uj  is  given  in  the  Appendix. 

The  instantaneous  response  of  the  composite  is  elastic  and  the  corresponding  values  of 
the  strain,  the  back  stress,  and  the  damage  parameter  immediately  after  the  application  of 
the  load  are: 


where 


g{0'^)/Eo,  ao  =  fE^eo, 


Eo  =  fE^  +  {l-f)Em 


and 


and 


Wo  =  (m  + 


ipsec  _ 

^fO  — 


1 

2 
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Note  that  equation  (9a)  is  a  nonlinear  equation  that  defines  eo-  When  the  corresponding 
value  of  u!q  is  greater  than  one,  then  the  composite  fails  instantaneously  (see  Appendix). 
The  response  of  the  system  as  w  — >  1  is  such  that 


e  — >■  ecr,  e  — >  00,  a  — >  ctcr,  and  d  — oo. 


(11) 


where 


Ef  +  2  fEj ) 


and 


acT  =  fEf 


— ■— ) 
m  +  2  f  Ef) 


Ccr- 


(12) 


Equation  (lid)  shows  that,  at  a;  =  1  the  fibers  are  suddenly  unloaded  and  the  load  is 
transferred  instantaneously  to  the  matrix. 

We  consider  next  the  case  of  a  ‘creep  test’  in  which  a  constant  tensile  stress  a  is  applied 
in  the  direction  of  the  fibers.  Equations  (7)  are  integrated  numerically  and  the  evolution  of 
the  solution  is  determined  xmtil  u  reaches  the  value  of  one.  Figure  1  shows  the  temporal 
variation  of  e,  a,  and  u  for  Ef/Em  =  3,  /  =  0.35,  n  =  3,  m  =  5,  and  a /Sc  =  0.25;  the 
normalized  quantities  used  in  Fig.  1  are  defined  as 

e  =  e/ccr,  d  =  a/ttcr,  and  i=tB'EfS^~^.  (13) 

We  conclude  this  section  with  a  discussion  of  the  case  where  the  appHed  uniaxial  stress 
a  is  such  that  the  corresponding  axial  strain  does  not  increase  monotonically  with  time.  In 
such  a  case,  the  fraction  of  broken  fibers  on  any  cross-section  depends  on  both  the  current 
value  of  the  applied  stress  a  and  the  maximum  value  of  a  in  the  loading  history  of  the 
specimen.  Equation  (2a)  is  now  replaced  by  (Cheng,  1996) 


^/(e) 


2  Sc 


(14) 


where  C7““(e)  =  Ef  e,  cr“"niax(e)  is  the  maximum  tensile  value  of  <7“  in  the  loading  history  of 
the  specimen  (o’^“max  >  0),  and 


/?  = 


1  if  e  >  0, 
0  if  e  <  0. 


(15) 


The  conditions  given  in  equation  (15)  above  are  based  on  the  asstimption  that  fiber  breahs 
affect  the  material  response  in  tension  but  have  no  effect  when  the  specimen  is  loaded  in 
compression  along  the  fibers.  The  corresponding  definitions  of  w  and  are 


and 


w(e)  =  (m  -h  2) 


fEfPcTfje) 
E  2Sc 


«7/“'nax(e) 

5c 


pitan  _ 

-IT 


(  \m  +  2  E 


Ef. 


(16) 

(17) 
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Using  the  definition  of  a;,  we  can  readily  show  that 


u  =  (Am  +  l)a; 


af 


where 


A  = 


1  if  and  e  >  0, 

0  otherwise. 


(18) 


In  deriving  equation  (18a),  we  took  into  account  that  Acr^"n,ax  =  Xcr'}^.  Finally,  using  the 
above  results,  we  can  show  that  the  evolution  equations  for  the  axial  strain  and  the  back 
stress  become 


e 


fEf-  El  {l-f)--^EL 


k  -  “I"  '  k  -  “). 


(19) 


where 

E,  =  fEf^  +  (l-f)E„=(l-t^u'jE.  (20) 


Note  that,  when  e  >  0,  =  Efe  =  a]IVax  and  e  >  0,  then  /?  =  A  =  1,  =  (1  -  a;)  E  and 

equations  (19)  reduce  to  (7).  Also,  as  the  damage  parameter  u  approaches  unity  (a;  ->  1), 
A  =  1  and  El  =  {1  -  to)  E  0,  so  that  e  — »  oo. 


2.2  A  three-dimensional  version  of  the  McLean  model  with  dam¬ 
age 

Here,  we  proceed  in  a  way  similar  to  that  used  in  Section  4.2  of  Part  I,  where  there  was  no 
damage.  The  applied  macroscopic  load  is  axisymmetric  of  the  form  shown  in  Fig.  lb  of  Part 
I,  i.e.,  (Tiiy  =  (T2'2'  =  Cp  and  0-33  =  an-  We  assume  again  that  the  stresses  in  the  fibers  and 
the  matrix  are  uniform  and  of  the  form 


<rf]  = 

■ 

0 

0 

CTp 

0  ■ 
0 

and 

Wm\  = 

0 

Cp 

0  ■ 
0 

0 

0 

. 

.  0 

0 

Using  equation  (5a)  of  Part  I,  we  readily  conclude  that 

<’-  =  +  or  a„  =  J  ° 


(21) 


(22) 


where  the  back  stress  is  defined  again  as  a  =  f  df.  It  is  also  assumed  that  the  corresponding 
axial  strain  component  in  the  fibers  and  the  matrix  is  equal  to  the  axial  macroscopic  strain 
C33  =  Cnj  i-G-. 

G/33  =  em33  =  Gn-  (23) 

Equation  (5b)  of  Part  I  implies  that 


1 

^11 

€22 

e4 

•  +  (!-/)- 

^22 

.  ^33  . 

.  ^33  , 

[ 

(24) 
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The  damage  parameter  uj  is  defined  again  as 


CTp)  =  (m  +  2) 


fEf  (3(Tf{en,(Tf) 
E  2Sc 


_ 


m 


(25) 


SO  that 

aT 

d}  =  iXm  +  l)w^,  (26) 

where  now 

cr“"(en,  (Tp)  =  Ef€n  +  2Uf  Op,  (27) 

and  P  and  A  take  the  values  of  1  or  0  according  to  equations  (15)  with  e  =  Cn,  and  (18b) 
with  (7““  defined  by  equation  (27)  above. 

The  average  stress  in  the  fibers  is  given  by  equation  (14),  which  can  be  written  as 


CT/  =  (1  —  c(jj)oY 


where 


1  E 
m  +  2  f  Ef' 


(28) 


Using  an  argument  similar  to  that  used  by  Hild,  Larsson  and  Leckie  (1992),  we  readily 
conclude  that  the  elastic  constitutive  equation  for  the  damaged  fibers  can  be  written  as 


1 


4i 

^22 

^33 


■  1 

-Uf 

-Uf 

-I// 

1 

-Uf 

<  CTp  > 

.  -^f 

-I// 

1/(1 -cw)  _ 

1  . 

(29) 


Since  the  damage  parameter  w  is  a  non-linear  function  of  €„  and  ap  (see  equations  (25)  and 
(27)  above),  the  last  equation  can  be  viewed  as  a  non-hnear  transversely  isotropic  elastic 
constitutive  equation  that  relates  the  average  stress  to  the  average  strain  in  the  fibers. 
Equation  (24)  now  becomes 


>  = 


/ 


-I- 


Ef 

— 

f 

■  0 
0 

Ef 

0 

1- 

/ 

1  -Uf 
-Uf  1 


-I/; 

-Uf 


■  ] 

< 

(7p  . 

1  ^f  J 

-f 


E„ 


0  0 

0  0 

0  cd;/(l  — cw)^ 

1 

1 

-Um  -I'm  1 


I 


Up 

d’m 


B 


(1  -  ^  Wm  -  ^(<^m  -  CFp){ 


r 

-1 

-1 

2 


>. 


(30) 


Using  a  rpocedure  similar  to  that  of  Part  I,  we  substitute  first  the  constitutive  equations 
for  the  fibers  and  the  matrix  in  the  strain  continuity  equation  e/33  =  em33-  Equations  (22b), 
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(26)  and  (27)  are  used  then  to  eliminate  and  w,  and  the  resulting  equation  is  used  to 
determine  a  in  terms  of  dn,  dp,  cr^,  o-p,  and  a.  Finally,  substituting  the  expressions  for  a  into 
(30)  and  using  (22b),  (26)  and  (27)  to  eliminate  cTto  and  u,  we  obtain  the  following  equation 
for  the  macroscopic  strain  rates: 


where 


£22 

-  = 

.  ^33  , 

\/Et  —vx/Ex  —vlIEi 
—vxjEx  llEx  —vlIEi 
—vijEi  —vi/Ex  l/Fi, 


>  + 


+  jBd-/) 


n-l  /  V 

\l\ 

a„- a 

[  L 

l-f 

VI-/  7 

(31) 


and 


El 

_1_ 

Ex 

Vx 

Ex 

^tan 


I'L  =  P/  +  (1  -  f)Vyn, 


E.. 

(1-/) 


Am +  2  E  \  ^  ( 

1 - -^r^U}\Ef,  1/^=1- 


Ej 


m  +  2  fEf 


Am  +  2  E 


m  +  2  f  Ef 


U  Uf, 


E  =  ~ 

3  El 


-5+/ 


The  evolution  equation  of  the  back  stress  (d  =  /d/)  is  found  to  be 

,BEm{l-f)'-  - 


t_2E^ 

3 


^  I  0/1  r'\  f  Em 

=  ¥7+2(1-/) 


O'n  -  a 


1-/ 


-  cr. 


Q 


(32) 

(33) 

(34) 

(35) 

(36) 


1-/ 


(37) 


3  A  proposed  new  model 

The  results  developed  in  the  previous  section  are  now  incorporated  in  a  three-dimensional 
constitutive  model.  As  mentioned  in  the  introduction,  we  assume  that  fiber  failure  does  not 
affect  significantly  the  response  of  the  composite  when  shear  loads  relative  to  the  fibers  are 
applied,  so  that  equations  (16)-(19)  of  Part  I  can  still  be  used  for  such  types  of  loading. 

The  macroscopic  response  of  the  composite  is  assumed  to  be  transversely  isotropic,  and 
the  unit  vector  n  in  the  direction  of  the  fibers  is  used  to  define  the  axis  of  rotational  symmetry. 
The  total  strain  in  the  composite  is  written  as  the  sum  of  the  elastic  and  creep  parts: 

€  =  (38) 

In  the  following,  we  discuss  the  constitutive  equations  for  e®  and  for  the  composite. 
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3.1  Elasticity 

The  elastic  constitutive  equation  can  be  written  in  rate  form  as 

e'  =  :  0-,  (39) 

where  the  fourth-order  tangent  elasticity  tensor  C®(a;,  A)  for  the  homogenized  transversely 
isotropic  composite  depends,  in  general,  on  the  current  value  of  the  damage  parameter  uj 
and  the  direction  of  loading  through  A. 

When  the  fibers  are  aligned  with  the  3:3  coordinate  direction  (i.e.,  n  =  63),  equation  (39) 
can  be  written  in  matrix  form  as  follows 

{£«}  =  Pl-H*},  (40) 


where  {e*}  =  eSs.'ilr.'Via.Tla}.  =  {011,^72,^33,  in, ‘’13,^23),  and 


1/Et 

—vt/Ejt 

-^l/El 

0 

0 

0  ■ 

Vt/  Et 

I/Et 

-vl/El 

0 

0 

0 

i'l/El 

—vl!  El 

I/El 

0 

0 

0 

0 

0 

0 

\/Gt 

0 

0 

0 

0 

0 

0 

VGl 

0 

0 

0 

0 

0 

0 

1/Gl. 

where  El,  Et,Gl,  vl  and  vt  are  the  five  independent  elastic  moduli  of  the  composite,  and 


Et 

2(1  4-  V'l) 


(41) 


The  moduh  El,  Et,  vl  and  ut  are  defined  in  equations  (32)-(35);  the  shear  modulus  Gl  is 
assumed  to  be  independent  of  a;  and  is  estimated  by  (Christensen,  1979,  p.  84) 


_  (1  +  f)Gf  +  {l-  /)  Gm  ^ 
(l-/)G,  +  (l  +  /)G„‘'’ 


(42) 


where  Gm  and  Gf  are  the  elastic  shear  moduh  of  the  matrix  and  the  fibers. 

The  constitutive  equations  developed  here  have  a  form  similar  to  that  of  Part  1.  It  should 
be  emphasized  though,  that  the  effective  elastic  tangent  moduli  are  now  strong  functions 
of  the  damage  parameter  w.  When  w  =  0,  tangentthe  above  equations  reduce  to  those 
presented  in  Part  I;  also,  in  the  limit  as  w  — ♦  1,  the  effective  tangent  modulus  El  approaches 
zero,  and  e®  becomes  infinite. 


3.2  Creep 

The  general  form  of  the  constitutive  equations  that  account  for  fiber  failure  during  creep  is 

€‘^  =  g((r-a,u;,A,s),  (43) 
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where  a  is  the  back  stress  tensor,  w  is  the  damage  tensor,  g  is  a  tensor-valued  isotropic 
functions,  s  is  the  collection  of  material  parameters  s  =  {Ef,i/f,Em,i^m,B,n,f,Sc,Tn}. 

In  the  present  model,  the  back  stress  o:  and  the  damage  tensor  a?  are  assumed  to  be  in  the 
direction  of  n,  i.e.,  a  =  ann,  u  =  cjnn;  it  should  be  noted,  however,  that  more  complicated 
forms  may  be  necessary  when  effects  such  as  fiber  debonding  must  be  accounted  for. 

In  the  following,  we  use  the  results  of  Section  3.3  of  Part  I  for  shear  loads  together  with 
those  of  Section  2.2  in  the  present  paper  for  axisymmetric  loading  and  develop  constitutive 
equations  for  general  types  of  loading.  These  results  are  combined  in  a  way  similar  to  that 
used  in  Part  I.  With  respect  to  the  coordinate  axes  shown  in  Fig.  1  of  Part  I  and  for 
an  arbitrary  orientation  of  the  X1-X2  axes  on  the  transverse  plane,  we  write  the  following 
equations  for  the  creep  strain  rate; 


X{(^n  -  (^22)/2  + K S  x<^i2  ' 

X<7i2  X(o’22  -  (7ii)/2-|- A'S  X(^23  , 

X^13  X<723  LS 


(44) 


where  =  5^-1-  (x<7s)^.  For  convenience,  we  repeat  the  definition  of  the  quantities  entering 
the  above  equation;  an  =  ass,  CTp  =  (an  -f  a22)/2. 


5'-^— y-ap,  —  ^(^11  -  <722)^  +  3(ai2 +  ai3 aja).  (45) 

The  quantity  x(w,/)  is  given  by  equations  (17)-(19)  of  Part  I,  and  K  and  L  are  defined  in 
equation  (36)  in  the  present  paper. 

The  constitutive  equations  developed  here  have  a  form  similar  to  that  of  Part  I.  It  should 
be  emphasized  though,  that  K  and  L  are  now  strong  functions  of  the  damage  parameter  u. 
When  a;  =  0,  the  above  equations  reduce  to  those  presented  in  Part  I;  whereas,  in  the  limit 
as  a;  — ►  1,  the  effective  tangent  modulus  Ei  approaches  zero,  and,  as  a  consequence,  K,  L 
and  become  infinite. 


3.3  The  evolution  of  the  back  stress  £ind  the  damage  parameter 

The  general  form  of  the  constitutive  equations  for  d  and  u;  are 


d  =  h(<7  —  a,<r,a;.  A,  s),  w  =  r(<r,  e,  history,  s),  (46) 


where  h  and  r  are  tensor-valued  isotropic  functions,  and  the  argrunent  ‘history’  in  r  denotes 
dependence  on  the  history  of  deformation. 

As  mentioned  earher,  the  back  stress  a  and  the  damage  tensor  w  are  assumed  to  be  of 
the  form  a  =  a  nn,  and  a?  =  w  nn. 

The  evolution  of  a  is  given  by 


Q 


=  ^  +  2(1-/) 


,  B  E-miy  /)  ^n-1 
El 


where  =  52 -f-(xtT,)2. 


(47) 
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The  damage  parameter  w  is  defined  as 

fEf  l5(Tf{€n,(Jp) 


(^(en,  CTp)  =  (m  +  2)  • 


E 


2  Sc 


max(^n)  ^p) 

5^ 


where 


X  ^  «  ■>  o  f  1  if  >  0, 

f  (cni  ^T'p)  =  Ef  tTi  +  2vf  (Tp,  and  ^  ~  |  q  jf  <  Q. 

The  parameter  A  that  enters  the  expressions  of  Ef^  and  i>f  is  defined  as 


(48) 


(49) 


A  = 


1  _un  _  ^un 

i  II  <Jj  —  Oj  max 

0  otherwise. 


and  e„  >  0, 


(50) 


The  instantaneous  response  of  the  composite  to  apphed  loads  is  ‘purely  elastic’.  The  values 
of  the  strain  eo  =  e^,  the  back  stress  oq,  and  the  damage  parameter  wo  immediately  after 
the  application  of  the  load  are  determined  from  the  integration  of  equations  (39),  (47),  and 
the  use  of  equation  (48)  respectively;  these  values  are  the  three  dimensional  counterparts  of 
the  quantities  in  equation  (9)  for  the  case  of  uniaxial  tension. 


4  Finite  element  implementation  of  the  constitutive 
model 

In  this  section,  we  discuss  the  implementation  of  the  general  form  of  the  constitutive  model 
described  in  the  previous  section  in  a  finite  element  program.  In  a  finite  element  environment, 
the  solution  of  the  creep  problem  is  developed  incrementally  and  the  constitutive  equations 
are  integrated  at  the  element  Gauss  points.  In  a  displacement  based  finite  element  formula¬ 
tion  the  solution  is  deformation  driven.  At  a  material  point,  the  solution  (<Tn,€n,Q:n>‘*^n) 
time  tn  as  well  as  the  strain  €„+i  at  time  tn+i  =  t„  -f  At  are  supposed  to  be  known  and  one 
has  to  determine  the  solution  (<t„+i,  an+i,u;„+i). 


4.1  Numerical  integration  of  the  constitutive  equations 

We  use  the  backward  Euler  method  to  integrate  the  evolution  equations  for  e®,  e‘^,  and  a. 
Starting  with  the  elasticity  equation  (39)  we  write 

o^n+i  =  +  C®(a;„+i,  A)  :  Ae®  =  a’n  +  C®(u;„+i,  A)  :  (Ac  —  Ac'”'),  (51) 

where  Ac  =  c„+i  -  Cn  and  Ac®’’  =  c^+i  -  c^  are  the  total-  and  creep-strain  increments.  The 
other  constitutive  equations  are  written  as 

Ac®’"  =  g(<T„+i -a„+i,a;n+i,A)  At,  (52) 

Aa  =  h((T„+i  —  a„+i,  A<T/At,u;n+i)A)  At,  (53) 

c,j.f_i),  (54) 
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where  Ao-  =  <Tn+i  —  <t„.  The  value  of  A  for  the  increment  is  determined  as  described  in 
the  following.  Let  be  the  maximum  local  non-negative  value  of  c)?"  in  the  history  of 

deformation  up  to  time  at  the  start  of  the  increment.  Then 


A  = 


1  if  (^/")"+i  >  and  Cn+i  > 

0  otherwise 


(55) 


where 


(^/")n+l  —  Ef  (£71)71+1  +2l/f  (ap)n+i, 


(56) 


(£71)77+1  =  n  •  e,j+i  •  n,  (crp),i+i  =  (1/2)  ern+i  :  (I  -  nn),  n  is  the  unit  vector  in  the  direction 
of  the  fibers,  and  I  is  the  second-order  identity  tensor.  Also,  the  function  r{an+i,en+i)  is 
defined  as 


r(<T,7+i,€„+i)  =  (m-l-2) 


fEf  /?(ar)n+i 
2E  Sc 


(57) 


where 


j3  = 


1  if  (£71)77+1  ^  0, 
0  if  (£„),i+i  <  0. 


(58) 


At  the  start  of  an  increment  the  value  of  (crp)„  is  used  in  (56)  instead  of  ((Tp)„+i,  and  A  is 
set  to  either  unity  or  zero  according  to  (55).  At  the  end  of  the  integration  the  determined 
value  of  (<7p)„+i  is  used  in  (56)  in  order  to  check  the  correctness  of  the  used  value  for  A. 
Summarizing,  we  write 


G(A€  ,AQ!,a;,j+i)  —  Ae  At  g(cr„.).i  —  On  ~  Aq:,u^„+j,  A)  —  0,  (59) 

H(Ae=^,Aa,Wn+i)  =  Aa  -  At  h  -  a„  -  Aa,  a)  =  0,  (60) 

E(^€  ,  Aq:, c^Ti+i)  =  ^71+1  ^(^77+1)  £71+1)  ~  0)  (51) 

where 

o’7i+i(A€”',a;7j+i)  =  -l-C'(a;„+i,A)  :  (Ae-Ae"").  (62) 

We  choose  Ae®",  Aa,  and  Wn+i  as  the  primary  unknowns  and  treat  (59)-(61)  as  the  basic 
equations  in  which  iTn+i  is  defined  by  (62).  The  solution  is  obtained  by  using  Newton’s 
method.  The  first  estimates  for  Ae°"  and  Aa  used  to  start  the  Newton  loop  are  obtained 
by  using  a  forward  Euler  scheme,  i.e.,  (A€‘’^)est  =  g(<r„  -  an,u;,7,  A71)  At  and  (Aa)est  = 

h(£T’,i  —  a„,  A<t,i/ At,  Un,  An)  At,  where  A<t„  =  <Tn  —  (Tn-i;  also  the  first  estimate  for  u/n+i  is 

given  by  (a;)est  =  r(<r„,  e„+i). 

Once  Ac"",  Aa,  and  u:„+i  are  found,  equation  (62)  defines  the  stress  atn+i  = 
an  +  Aa,  and  this  completes  the  integration  procedure. 

The  case  of  plane  stress  is  treated  in  a  way  similar  to  that  described  in  Section  6.3  of 
Part  I. 

We  conclude  this  section  with  a  discussion  of  the  numerical  treatment  of  the  hmiting  case 
a;  =  1.  As  O’  approaches  unity,  the  strain  rate  approaches  infinity,  thus  introducing  numerical 
difficulties.  In  our  finite  element  calculations,  the  damage  parameter  a;  was  not  permitted 
to  grow  beyond  a  critical  value,  say  cjcr  =  0.99.  Once  this  critical  value  was  reached  at  an 
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integration  point,  a;  was  kept  equal  to  ujcr  and  the  corresponding  back  stress  a  was  let  to 
evolve  until  the  value  a  =  0,  corresponding  to  complete  fiber  unloading,  was  reached;  the 
calculations  were  continued  beyond  this  point  with  u  =  Ua.  and  a  =  0. 


4.2  Linearization  moduli 


In  an  implicit  finite  element  code,  the  overall  discretized  equilibrium  equations  are  written  at 
the  end  of  the  increment,  resulting  in  a  set  of  nonlinear  equations  for  the  nodal  unknowns.  If 
a  full  Newton  scheme  is  used  to  solve  the  global  nonlinear  equations,  one  needs  to  calculate 
the  so-called  ‘linearization  moduli’  J 


dcTn+i 

dCn+i ' 


(63) 


For  simplicity,  we  drop  the  subscript  (n  -t-  1)  with  the  understanding  that  all  quantities  are 
evaluated  at  the  end  of  the  increment,  unless  otherwise  indicated.  Starting  with  the  elasticity 
equation  (51),  we  find 

dcr  =  ^:  Ac"  du  +  C^:  {de  -  de^),  (64) 

OU! 

where  Ac®  =  c^+j  —  c®.  The  differentials  de^",  da  and  du;  are  evaluated  firom  equations 
(52)-(54)  as  follows; 


de^ 


da 


du 


At 

At 

dr 


ah 


fa  A  ^  1  a  ^^^a 


dr 

:d(r  +  —:de, 
da  de 


(65) 

(66) 

(67) 


where  s  =  <r  —  a.  Using  (67)  to  define  du,  we  cam  solve  (65)  and  (66)  for  da  and  Sc®’’  to 
find 

da  =  A  :  da  +  B  :  de,  (68) 

de^  =  D:da  +  E:de,  (69) 


where 


A 

B 

D 


At 

At 


J  -b  At 


as 


-1 


I  dh  1  ah  ah  dr  X 

\  as  At  a<T  aw  acr  j  ’ 


J  -f-  At 


as 


-1 


ah  dr 
'  du  de' 


At 


ds 


;(J-A)  + 


ag  dr 
du  da 


E  =  At 


I,  as  aw  ac ;  ’ 


(70) 

(71) 

(72) 
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J  being  the  fourth-order  identity  tensor. 

Finally,  substituting  the  expression  for  de'^  into  (64)  and  solving  for  deride,  we  find 


J  = 


J  -h  C'  ;  D 


dC^ 

du) 


:  Ac" 


:E  + 


dC^ 

duj 


(73) 


5  An  example:  a  plate  with  a  hole 

The  model  developed  in  Section  3  is  implemented  in  the  ABAQUS  general-purpose  finite 
element  program  (Hibbitt,  1984).  The  constitutive  equations  are  integrated  by  using  the 
method  presented  in  Section  4. 

The  problem  of  a  plate  with  a  hole  discussed  in  Section  7  of  Part  I  is  analyzed  again, 
using  the  new  constitutive  model  that  accounts  for  fiber  failure.  The  same  geometry,  material 
properties,  and  finite  element  mesh  are  used.  The  fiber  diameter  is  assumed  to  be  =  100 
fim.  The  Weibull  modulus  of  the  fibers  is  m  =  5,  and  the  gauge  strength  is  Sq  =  1.29 
GPa  for  a  gauge  length  Lq  =  1  m  at  600°C.  The  interface  sliding  stress  Tq  is  sensitive  to 
temperature,  decreasing  from  about  120  MPa  at  ambient  temperature  to  about  20  MPa  at 
600°C.  The  value  of  tq  =20  MPa  at  600°C  is  used  in  the  calculations.  Using  equation  (2b), 
we  find  the  characteristic  stress  for  this  fibrous  system  to  be  Sc  =  3.36  GPa  at  600‘’C.  The 
critical  value  of  the  damage  parameter  used  in  the  calculation  is  Wer  =  0.99. 

Plane  stress  conditions  are  assumed,  and  a  constant  tensile  stress  of  cTapp=250  MPa  is 
applied  in  the  direction  of  the  fibers.  The  load  is  increased  linearly  with  time  to  its  final 
value  of  250  MPa  in  20  seconds  and  is  then  kept  constant.  Again,  due  to  the  symmetries 
of  the  structure  and  the  appUed  loads,  we  only  consider  a  quarter  of  the  plate.  Four-node 
isoparametric  elements  with  2x2  Gauss  integrations  are  used  in  the  calculations. 

Figure  2  shows  the  variations  of  the  axial  stress  <722,  the  axial  strain  €22,  and  the  damage 
parameter  u  ahead  of  the  hole  along  the  xi-axis  at  time  t  =20  seconds,  1,  5,  and  8  hours.  The 
stress  concentration  factor  at  the  root  of  the  hole  just  after  the  load  is  fully  applied  {t  =  20 
s)  is  about  3.5,  corresponding  to  a  local  tensile  stress  of  about  875  MPa.  The  value  of  the 
damage  parameter  a;  at  the  root  of  the  hole  is  about  0.10  at  that  instant.  As  discussed  in  the 
Appendix,  the  elastic  strength  of  the  composite  is  about  1090  MPa.  The  damage  parameter 
(jj  increases  with  time  at  the  root  of  the  hole  and  eventually  causes  local  failure.  The  curves 
shown  in  Fig.  2  make  it  clear  that  a  crack  like  defect  is  formed  at  the  root  of  the  hole  and 
propagates  along  the  xi-axis.  The  stress  is  relaxed  in  the  fully  damaged  region  due  to  fiber 
unloading;  the  small  non-zero  value  of  stress  carried  by  the  damaged  region  as  shown  in  Fig. 
2a,  is  due  to  the  fact  that  the  damage  parameter  is  not  let  to  grow  beyond  the  critical  value 
of  Wer  =  0.99. 

Figure  3  shows  contours  of  the  axial  stress  at  time  t  =20  seconds  and  8  hours.  The 
stress  concentration  moves  with  the  ‘crack  tip’  of  the  aforementioned  defect.  Figure  4  shows 
contours  of  the  damage  parameter  u  at  time  t  =  8  hours.  The  extent  of  ‘crack  propagation’ 
is  evident  in  that  figure. 
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Appendix:  The  damage  parameter  uj 


The  physical  meaning  of  the  damage  parameter  u  is  discussed  in  this  section.  The 
response  of  the  composite  is  assumed  to  be  purely  elastic,  i.e.,  both  the  fibers  and  the  matrix 
can  deform  only  elastically.  For  simplicity,  we  consider  uniaxial  loading  in  the  direction  of 
the  fibers  with  a  monotonically  increasing  axial  strain  e. 

Using  the  McLean  assumptions,  we  can  write 


a  =  f  (Tf  +  (1  -  f)am  and  e  = 


Ip  “  ^ 


Equations  (74b)  can  be  written  as 

1 


a/  = 


-  -  (^) 
2\  Sj 


Ef  e  and  cr™  =  Em  e. 


(74) 


(75) 


Using  equation  (74a),  we  find  that  the  miiaxial  stress-strain  relationship  of  the  composite  is 
given  by 

Ee, 


a  = 


/Efty^^' 

2E 

V  5c  J 

where  E  =  f  Ef  +  {1  —  f)  Em-  Recalling  the  definition  of  a?: 

m+l 


U! 


we  can  readily  show  that 


E 


so  that 


^  =  {\—(jj)E  and  =  1 1  — 

cte  at 


fEf 


U!  j  Ef. 


The  <7-€  and  af-t  curves  have  a  maximum  at 


fEf 

u!  =  l  and  a;  =  <  1, 

hf 

respectively.  The  corresponding  maximum  stress  values  are 


•^max  — 


m  +  l 


m  +  2  \m  +  2  f  Ef 


i/(rn+i)  ^  m-l-1/2  \ 

Sc,  and  O/max  „  I  o 

Ef  m  +  2 


f— V 

\m  +  2j 


(76) 

(77) 

(78) 

(79) 

(80) 


Sc, 

(81) 
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and  occur  at  strains 


/  2  S 

and  ^  <  e„,ax,  (82) 

respectively. 

Equation  (80a)  makes  it  clear  that,  when  the  response  of  the  composite  is  purely  elastic, 
the  value  a;  =  1  coincides  with  the  point  of  instability  on  the  a-e  curve. 

Figure  5  shows  the  variations  oi  a,  a  =  faj,  a^,  and  u  with  strain  e,  for  E/fEm  = 
360/65,  /  =  0.32,  and  m  =  5;  the  points  of  maximum  stress  are  marked  on  the  a  and  a 
curves. 

For  the  material  system  used  in  the  finite  element  calculations  of  Section  b  {Ef  =  360 
GPa,  Em  =  65  GPa,  /  =  0.32,  m  =  b,  So  =  1.29  GPa,  Lq  =  1  m,  Tq  =  20  MPa,  D  =  100 
//m),  we  have  Sc  =  3.36  GPa,  and  the  maximum  stresses 


<7max  =  109  GPa 

and 

^/max 

=  2.34  GPa, 

(83) 

occur  at 

respectively. 

Cmax  =  0.0080 

and 

f/max 

=  0.0076, 

(84) 

^m  +  2  fEf 


l/(m+l) 


Ef 
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Figure  captions 


1.  Temporal  variations  of  the  strain  e,  the  damage  parameter  w,  and  the  back  stress  a 
for  uniaxial  tension  test  with  values  of  Ef/Em  =  3,  /  =  35%,  n  =  3,  m  =  5,  and 
a/ Sc  =  0.25. 

2.  Variations  of  the  axial  stress  0-22/o‘app)  the  axial  strain  €22,  and  the  damage  parameter 
uj  along  the  cross-fiber  direction  at  times  t  =20  seconds,  1,  5  and  8  hours. 

3.  Contours  of  the  axial  stress  (T22  at  time  t  =20  seconds  and  8  hours. 

4.  Contours  of  the  damage  parameter  u  at  time  t  =8  hours. 

5.  Variations  of  stresses  a,  a  =  fdf,  Om,  and  the  damage  parameter  lo  with  strain  e,  for 
Ef/Em  =  360/65,  /  =  0.32,  and  m  =  5. 
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MEASUREMENT  OF  THE  CYCLIC  BRIDGING  LAW  IN  A 
TITANIUM  MATRIX  COMPOSITE  AND  ITS  APPLICATION 
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Abstract— The  cyclic  bridging  traction  law  for  a  fiber  reinforced  titanium  matrix  composite  (TMC)  has 
been  measured  using  a  multiple  fiber  pullout  specimen  geometry.  The  test  specimens  were  cut  from  fati¬ 
gued  specimens  containing  a  single  fully  bridged  matrix  crack.  The  two  key  parameters  obtained  from 
such  measurements  are  the  interface  sliding  stress  and  the  fiber  bundle  strength.  The  sliding  stress  was 
found  to  be  considerably  lower  than  the  pristine  values  reported  for  other  TMCs  (by  a  factor  of  ~5),  a 
result  of  wear  of  the  fiber  coatings.  The  fiber  strength  is  also  reduced  following  fatigue,  by  ~25%.  The 
strength  reduction  is  associated  with  the  formation  of  new  surface  flaws,  also  due  to  cyclic  sliding.  Ad¬ 
ditionally,  simulations  of  fatigue  crack  growth  have  been  performed  using  the  measured  sliding  stress 
and  compared  with  experimental  measurements  over  a  range  of  applied  stresses.  Though  excellent  cor¬ 
relations  are  obtained  between  the  experiments  and  the  predictions,  it  is  demonstrated  that  similar  cor¬ 
relations  can  be  obtained  using  sliding  stress  values  that  differ  from  the  measured  one  by  a  factor  of  ~2 
and  by  suitable  adjustment  of  the  Paris  law  parameter  that  characterizes  the  intrinsic  fatigue  resistance 
of  the  composite.  ©  1997  Acta  Metallurgica  Inc. 


1.  INTRODUCTION 

Fatigue  cracks  in  fiber-reinforced  titanium  matrix 
composites  (TMCs)  are  often  bridged  by  fibers  [1- 
5].  The  effect  of  fiber  bridging  on  the  crack  tip 
stress  intensity  can  be  modeled  by  treating  the  fibers 
as  a  distribution  of  tractions  acting  on  the  crack 
faces  [6-10].  The  key  property  governing  the  effec¬ 
tiveness  of  the  bridging  is  the  cyclic  traction  law: 
the  relationship  between  the  bridging  stress  range, 
Acb,  and  the  range  in  the  crack  opening  displace¬ 
ment,  Au.  When  the  interface  sliding  stress,  t,  is 
assumed  to  be  constant  along  the  sliding  length  of 
the  fiber,  the  bridging  law  is  [6]: 

Au  =  ifAae)^  (1) 

where  /.  is  a  bridging  stiflTness  parameter  defined  by 

1  =  £)(1  -ffEllifhEtE-  (2) 

Here  £f  and  £rn  are  the  fiber  and  matrix  Young’s 
moduli,  D  is  the  fiber  diameter,  E  is  the  longitudi¬ 
nal  composite  modules  and  /  is  the  fiber  volume 
fraction.  Of  the  various  quantities  governing  the 

one  that  is  subject  to  the  most  uncertainty  is  the 

sliding  stress,  r.  Moreover,  there  is  experimental 
evidence  indicating  that  t  changes  during  cycling 
[4,11,12]. 
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If  the  applied  stress  is  sufficiently  high,  the  brid¬ 
ging  fibers  begin  to  break  when  the  crack  reaches  a 
critical  length  and  the  crack  growth  rate  sub¬ 
sequently  accelerates  rapidly.  The  onset  of  fiber 
fracture  can  be  viewed  as  a  condition  for  composite 
failure  since  the  remaining  life  is  usually  short. 
There  exists  a  threshold  stress  below  which  no  fiber 
failure  occurs  for  any  crack  length  and  the  fatigue 
life  is  essentially  infinite  [11,13,14].  The  threshold 
stress  depends  on  both  the  sliding  stress  and  the 
fiber  bundle  strength.  Figure  1  shows  trends  in 
the  predicted  threshold  with  the  notch  or  flaw  size, 
2a„.  In  some  instances,  fatigue  loading  degrades 
the  fiber  strength  through  a  fretting  process 
along  the  fiber  surfaces  [15],  thus  reducing  the 
threshold.  Figure  1  illustrates  the  changes  in  the 
threshold  stress  with  the  degradation  in  fiber 
strength,  characterized  by  the  ratio  of  the  current 
and  pristine  fiber  strengths,  S/5o. 

The  main  objective  of  the  present  work  is  to  ex¬ 
perimentally  determine  the  cyclic  traction  law  in  a 
TMC.  The  two  key  characteristics  of  the  law  are 
the  sliding  stress  and  the  fiber  strength.  The 
measurements  are  based  on  cyclic  tension  tests  per¬ 
formed  on  thin  strips  cut  from  within  the  bridged 
zones.  A  secondary  objective  is  to  demonstrate  the 
overall  utility  of  the  crack  bridging  models  by  simu¬ 
lating  fatigue  crack  growth  at  various  levels  of 
applied  stress  using  the  measured  value  of  the  slid¬ 
ing  stress.  In  performing  such  simulations,  it  is 
demonstrated  that  good  correlations  can  be 
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Fig.  1.  Effects  of  the  interface  sliding  stress,  t,  and  the 
fiber  strength  degradation  (characterized  by  the  strength 
ratio  5/So),  on  the  fatigue  threshold  in  TMCs.  (Data 
adapted  from  Ref  [13].) 

obtained  between  the  predictions  and  the  exper¬ 
imental  data  using  only  a  rough  estimate  of  the 
sliding  stress  (within  a  factor  of  two  of  the 
measured  value)  and  using  the  Paris  law  coefficient 
as  a  fitting  parameter  in  the  simulation.  The  analy¬ 
sis  and  modeling  used  to  interpret  the  data  are 
detailed  in  other  papers;  only  the  key  equations  are 
presented  here. 


2.  EXPERIMENTS 

The  material  used  in  this  study  was  a  Ti-6A1-4V 
matrix  reinforced  with  unidirectional,  continuous 
SiC  fiberst,  100  /tm  in  diameter.  The  composite 
panel  was  comprised  of  six  plies,  with  a  total  thick¬ 
ness  of  1 .0  mm.  The  fiber  volume  fraction  was 
32%.  Prior  to  consolidation,  the  fibers  had  been 
coated  with  two  ~0.5  /tm  layers  of  C.  followed  by 
~1  fxm  of  TiB2.  The  TiB:  coating  serves  as  a  diffu¬ 
sion  barrier  between  the  fiber  and  the  matrix. 
During  consolidation,  the  TiBj  reacts  with  the 
matrix  to  form  a  layer  of  TiB  needles,  ~0.7  /tm 
thick.  Upon  fatiguing,  matrix  cracks  deflect  and 
propagate  along  the  C-C  interface.  Some  relevant 
constituent  properties  are  given  in  Table  1. 

Crack  growth  measurements  were  made  up  on 
[0°]  coupons  with  a  center-notch  cut  normal  to  the 
fiber  direction.  The  notches  were  made  by  electro¬ 
discharge  machining  (EDM).  In  all  cases,  the  notch 
length,  lOo,  was  3  mm,  the  specimen  width,  2u-,  was 
15  mm  and  the  notch  width  was  300  fim.  The  long¬ 
est  cracks  were  grown  to  a  length,  2a  ~  9  mm  (a/ 
w  ~  0.6).  The  crack  lengths  were  monitored  opti¬ 
cally  using  a  stereo-microscope,  at  magnifications  of 
60-300X.  The  crack  lengths  on  both  sides  of  the 
notch  were  measured  and  averaged  to  obtain  the 
crack  extension,  Aa.  In  all  cases,  single  cracks 
formed  on  each  side  of  the  notch,  and  grew  in  a 
symmetric  fashion. 


tSigma  fiber,  produced  by  British  Petroleum. 


Table  1.  Summary  of  constituent  properties 


Fiber  volume  fraction 

/=  0.32 

Fiber  modulus 

£„  =  400  GPa 

Fiber  CTE 

ar  =  4.9x 

Matrix  modulus 

£„.  =  ll0GPa 

Matrix  CTE 

=  (9.0-10.4)  X  K"' 

Thermal  misfit  strain  at  20X 

fi„  =  0,44% 

Poisson's  ratio 

V  =  0.2 

The  majority  of  the  fatigue  tests  were  conducted 
at  room  temperature  at  frequencies  of  10-20  Hz. 
The  stress  range.  Act,  was  varied  from  200  to  400 
MPa.  with  a  fixed  stress  ratio,  /?  =  0.1.  A  single 
test  was  conducted  at  300°C,  at  an  applied  stress 
range  of  Act  =  300  MPa.  An  induction  furnace  was 
used  for  heating.  The  temperature  was  controlled 
by  a  thermocouple  located  at  the  crack  plane;  the 
temperature  at  this  location  varied  by  only  +0.5°C 
over  the  duration  of  the  test.  The  temperatures  at 
distances  2  mm  above  and  below  the  crack  plane 
were  also  monitored  and  found  to  remain  within 
±5’C  of  the  crack-plane  temperature. 

In  the  room-temperature  tests,  acoustic  emission 
was  monitored  by  a  transducer  placed  directly  on 
the  specimen.  Events  with  an  amplitude  greater 
than  60  dB  were  counted  as  a  single  fiber  failure  [4]. 
This  threshold  level  had  been  established  from  ten¬ 
sile  tests  performed  on  individual  filaments 
extracted  from  the  composite.  Following  some  tests, 
the  matrix  material  near  the  crack  plane  was  dis¬ 
solved  in  a  concentrated  HF  solution  to  reveal  the 
underlying  pattern  of  fiber  fracture. 

The  cyclic  bridging  law  was  measured  using  fiber 
pullout  specimens.  The  specimens  were  made  up  by 
longitudinally  sectioning  the  fatigue-cracked  speci¬ 
mens  at  the  notch  root  and  at  the  crack  tip, 
as  shown  in  Fig.  2.  The  pullout  specimen  was 
thus  comprised  of  a  single,  fully-bridged  through- 


I  i 


Fig.  2.  Schematic  showing  the  sectioning  of  the  fatigue 
cracked  specimens  to  obtain  specimens  for  the  pullout 
tests. 
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Fig.  3.  Fatigue  crack  growth  in  [0°]  notched  coupons 
(2ao  =  3inni;  2w  =  15  mm).  For  the  simulations,  the  Paris 
law  exponent  is  taken  as  «  =  3.8. 


thickness  matrix  crack  in  an  otherwise  intact  com¬ 
posite  bar.  Pullout  specimens  were  cut  only  from 
fatigued  specimens  in  which  there  had  been  minimal 
fiber  failure  during  crack  growth.  Similar  specimen 
geometries  have  been  used  previously  to  measure 
the  traction  law  associated  with  grain  bridging  in 
ceramics  [16-19]. 

The  pullout  specimens  were  loaded  cyclically, 
starting  at  a  stress  range  A<7  =  400  MPa  and  pro¬ 
gressively  increasing  the  stress  by  50-100  MPa 
increments  until  fracture.  Typically  ~1000  loading 
cycles  were  applied  at  each  stress  level.  The  stress 
ratio  was  fixed  at  =  0.05.  The  tests  were  period¬ 
ically  interrupted  and  the  load— unload  response 
measured  at  a  loading  rate  of  1  MPa/s.  The  displa¬ 
cements  across  the  crack  were  measured  using  a 
in  mm  extensometer  with  a  resolution  of  ~0.1  iim. 
One  of  the  specimens  was  first  cycled  at  ambient 
temperature  at  Aa  =  400  MPa,  and  then  at  tem¬ 
peratures  of  100,  200  and  300°C  at  the  same  stress 
level.  For  the  high  temperature  tests,  the  displace¬ 
ments  were  measured  using  a  12.7  mm  high  tem¬ 
perature  contacting  extensometer.  Once  at  300°C, 
the  stress  level  was  again  incremented  up  to  frac¬ 
ture.  Following  fracture,  the  pullout  specimens  were 
examined  in  a  scanning  electron  microscope  (SEM) 
and  the  pullout  lengths  of  the  fibers  were  measured. 

The  strengths  of  the  individual  fibers  from  within 
the  bridging  zone  were  measured  also,  using  fibers 
that  had  been  extracted  from  one  of  the  pullout 
specimens.  The  fibers  were  extracted  by  dissolving 
the  matrix  in  a  concentrated  HF  solution.  The 
extracted  fibers  were  placed  into  one  of  four 
groups,  according  to  their  position  along  the  crack. 
Each  group  consisted  of  ~20  fibers,  representing  a 
region  along  the  crack  of  ~0.7  mm  length.  The 
extracted  fibers  were  mounted  individually  in  card¬ 
board  tabs  with  a  25  mm  gauge  length.  The  speci¬ 
men  from  which  fibers  were  extracted  had  been  cut 


Fig.  4.  (a)  Matrix  fatigue  crack  and  (b)  underlying  brid¬ 
ging  fibers,  exposed  following  matrix  dissolution.  Fatigue 
test  had  been  conducted  at  Aa  =  400  MPa. 


symmetrically  about  the  fatigue  crack  plane  to  the 
same  total  length  as  the  cardboard  tabs.  In  this 
way,  the  location  of  the  matrix  fatigue  crack  co¬ 
incided  precisely  with  the  mid-point  of  the  fiber 
gauge  length.  The  location  of  fiber  fracture  could 
■be  correlated  subsequently  with  the  location  of  the 
matrix  crack.  The  fibers  were  tested  in  a  dedicated 
fiber  testing  machine.  Approximately  one  half  of 
the  fibers  shattered  during  fracture;  in  these  cases 
the  fracture  origin  could  not  be  identified.  The 
remaining  fibers  were  examined  in  a  SEM.  The 
strength  measurements  were  compared  with  those 
obtained  on  ~80  fibers  extracted  from  the  pristine 
composite  [20). 

3.  FATIGUE  CRACK  GROWTH 

The  results  of  the  room  temperature  [0°]  fatigue 
crack  growth  experiments  are  summarized  in  Fig.  3. 
For  all  stress  levels  used  in  the  present  experiments, 
the  crack  growth  rate  decreased  monotonically  with 
increasing  crack  length  over  the  entire  loading  his¬ 
tory.  This  declaration  is  a  manifestation  of  fiber 
bridging  in  the  crack  wake.  The  presence  of  brid¬ 
ging  fibers  was  confirmed  by  examination  of  the 
specimens  in  the  SEM;  one  such  example  is  shown 
in  Fig.  4.  Similar  results  have  been  reported  pre¬ 
viously  for  other  TMC  systems.  In  the  tests  con¬ 
ducted  at  Ao-  =  300-400  MPa,  a  small  number  of 
fibers  had  failed  (typically  <20).  In  contrast,  in  the 
tests  conducted  at  Ac  =  200  and  250  MPa,  no  fiber 
failures  were  measured.  Consequently,  only  the  lat¬ 
ter  specimens  were  used  for  making  the  pullout  spe¬ 
cimens.  The  results  of  the  fatigue  crack  growth  test 
performed  at  300°C  are  shown  in  Fig.  5.  Fatigue 
cracks  had  been  initiated  at  room  temperature  and 
grown  to  a  length  of  ~0.5mm  prior  to  heating. 
Once  at  300°C,  the  crack  growth  rate  increased  by 


63 


5206 


CONNELL  and  ZOK:  CYCLIC  BRIDGING  LAW 


a  factor  of  ~3.  It  decelerated  slightly  with  further 
growth,  though  its  final  value  (at  Aa  =  2.5  mm) 
was  almost  an  order  of  magnitude  higher  than  that 
at  room  temperature  at  the  same  crack  length. 
Examination  of  the  specimen  following  testing 
revealed  no  fiber  failure  in  the  crack  wake. 
Moreover,  studies  on  the  Ti-alloy  itself  indicate  that 
there  is  no  detectable  change  in  the  fatigue  resist¬ 
ance  of  the  alloy  over  the  range  20-300’C  [21].  The 
inference  from  these  results  is  that  the  increased 
crack  growth  rate  is  due  to  a  reduction  in  the  slid¬ 
ing  stress  and  the  associated  reduction  in  the  effec¬ 
tiveness  of  fiber  bridging. 


4.  SLIDING  STRESS 

A  typical  hysteresis  loop  obtained  from  the  fiber 
pullout  tests  is  shown  in  Fig.  6(a).  The  measured 
displacement,  6,  represents  the  sum  of  the  elastic 
displacement.  of  the  intact  portion  of  the  com¬ 
posite  within  the  extensometer  gauge  length  and  the 
displacement.  S^,  due  to  fiber/matrix  sliding  adja¬ 
cent  to  the  matrix  crack.  Two  different  methods 
were  used  to  calculate  the  bridging  parameter,  /.. 
and,  in  turn,  the  sliding  stress,  r,  from  these  loops. 
The  analysis  is  presented  in  [1  Ij. 


Table  2.  Summary  of  sliding  stress  measurements  at  room  tem¬ 
perature 


Average  sliding 

stress.  T  (MPa) 

No.  of 

Compliance 

Loop  width 

Test 

measurements 

method 

method 

I 

8 

8.9+  1.4 

8.1  -t-3.9 

2 

14 

i:.3±  1.6 

11.6  +  2.2 

Average 

- 

11.0  ±2.2 

10.3  ±3.3 

The  first  method  is  based  on  the  variation  in  the 
instantaneous  compliance.  d^/d<7.  with  the  stress 
difference  from  the  last  load  reversal,  a:  it  is  pre¬ 
dicted  to  follow  the  relation 

d5/d(7  =  22(7  +  C  (3) 

where  C  is  the  specimen  compliance.  The  slope  of  a 
plot  of  di5/d(T  vs  a  gives  /..  Figure  6(b)  shows  a 
representative  plot  of  the  instantaneous  compliance 
vs  applied  stress.  The  linearity  is  consistent  with  the 
assumption  that  the  sliding  stress  is  constant  along 
the  slip  length.  The  second  method  is  based  on  the 
width  of  the  hysteresis  loop.  «|  2,  at  one  half  of  the 
peak  load;  it  is  given  by 

Mi/:  =  ^2  (A(7)-  (4) 

The  sliding  stress  measurements  at  room  tempera¬ 
ture  are  summarized  in  Table  2.  The  two  methods 
of  analysis  yield  similar  results,  with  an  average 
value  T  =  10.7  ±  2.8  MPa.  This  value  is  much  lower 
than  those  obtained  in  pristine  Ti/SiC  composites 
(t  ~  60-80  MPa),  also  measured  by  fiber  pullout 
[22.23].  The  differences  can  be  attributed  to  wear  of 
the  fiber  coatings  following  repeated  sliding.  Similar 
conclusions  have  been  reached  from  comparisons 
based  on  fiber  pushoui  tests  [4,12].  In  the  sub¬ 
sequent  fatigue  crack  growth  simulations,  the  slid¬ 
ing  stress  is  taken  to  be  10  MPa. 

The  effect  of  temperature  on  the  sliding  stress  is 
shown  in  Fig.  7.  In  this  particular  test,  the  sliding 
stress  was  ~9  MPa  at  ambient  temperature  and 
subsequently  decreased  approximately  linearly  with 
temperature  to  ~4  MPa  at  300'C.  This  temperature 
dependence  can  be  rationalized  on  the  basis  of  the 


Fig.  6.  (a)  Hysteresis  loop  and  (b)  instantaneous  compliance  plot,  measured  on  a  pullout  specimen. 
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Fig.  7.  Influence  of  temperature  on  the  sliding  stress. 


relaxation  of  the  thermal  misfit  strain  through  a 
modified  form  of  the  Coulomb  friction  law,  as 
detailed  in  the  Appendix.  An  analysis  of  the  data 
yields  a  friction  coefficient  of  p  ~  0.06.  This  value  is 
considerably  lower  than  the  one  inferred  from  the 
temperature  dependence  of  the  pristine  sliding  stress 
measured  by  fiber  pushout  (n  »  0.4)  [24],  the  differ¬ 
ence  again  being  attributed  to  coating  wear  follow¬ 
ing  repeated  sliding. 


5.  FIBER  STRENGTH 

The  fiber  bundle  strengths,  <7b  and  the  mean  pull¬ 
out  lengths  <L>,  are  plotted  in  Fig.  8.  One  such 
specimen  is  shown  in  Fig.  9  and  typical  fiber  frac¬ 
ture  origins  are  shown  in  Fig.  1.  Also  shown  in 
Fig.  8  are  the  predicted  trends  in  the  bundle 
strength  and  the  pullout  length  with  the  sliding 
stress.  The  predictions  assume  that  frictional  coup- 
lina  exists  between  the  fibers  and  matrix  and  that 
the  fiber  strengths  follow  a  Weibull  distribution. 
The  key  results  are  [25, 26]: 

=  g(m)oc  =  g{fn)  (2<7^tLo/D)  (5) 

and 


{L)  =  h(m)5c  =  h{m)  (co  DLq"' /Izj  (6) 

where  Cc  and  5^  are  the  characteristic  stress  and 
characteristic  length;  m  is  the  Weibull  modulus;  <Jo 
is  the  reference  strength  corresponding  to  a  refer¬ 
ence  length  of  Lo',  and  g{m)  and  h{m)  are  the  func¬ 
tions  plotted  in  Fig.  6(a)  of  [26]  and  Fig.  6  of  [25], 
respectively.  The  calculated  curves  in  Fig.  8  further 
assume  that  the  fiber  strength  distribution  is  the 
same  as  that  of  the  fibers  extracted  from  the  as-pro¬ 
cessed  composite  (Fig.  11).  The  predictions  consist¬ 
ently  overestimate  the  measured  values:  the 
strengths  by  ~25%  and  the  pullout  lengths  by  an 
order  of  magnitude.  These  discrepancies  suggest 
that  the  fiber  strength  has  been  degraded  locally, 
causing  failure  to  occur  preferentially  in  regions 
close  to  the  matrix  crack  plane. 

The  fiber  failure  origins  within  the  bundle  were 
ascertained  by  examination  of  the  test  specimens  in 
the  SEM.  Of  ~80  fibers  that  were  examined,  ~70% 
had  failed  from  flaws  located  in  either  the  W  core 
or  at  the  IF/SiC  interface.  The  remaining  30%  had 
failed  from  surface  flaws.  Examples  of  both  types  of 
fracture  origins  are  shown  in  Fig.  10.  Similar  exam¬ 
inations  were  made  on  a  specimen  that  had  been 
tested  in  monotonic  tension.  In  the  latter  case, 
~90%  of  the  fibers  had  failed  from  interior  flaws 
and  the  remaining  10%  from  surface  flaws.  The  lar¬ 
ger  proportion  of  surface  flaws  found  in  the  fati¬ 
gued  specimen  confirms  that  new  surface  flaws  are 
introduced  during  the  fatigue  process. 

The  results  of  the  individual  fiber  tensile  tests 
provide  further  evidence  of  fiber  strength  degra¬ 
dation.  A  comparison  of  the  strength  distributions 
of  the  fatigued  fibers  and  the  pristine  fibers  is 
shown  in  Fig.  11.  The  mean  strength  of  the  fatigued 
fibers  was  ~30%  lower  than  that  of  the  pristine 
value.  Moreover,  of  the  ~30  fatigued  fibers  that 
had  not  shattered  during  testing,  ~80%  had  failed 
within  ±2  mm  of  the  prior  matrix  crack  plane.  The 
distribution  of  failure  locations  is  plotted  in  Fig.  12. 


Fig.  8.  Trends  in  (a)  fiber  bundle  strength  and 


(b)  pullout  length  with  the  interface  sliding  stress. 
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250  pm 


Fig.  9.  Fractured  pullout  specimen  (300'C). 

Clearly,  a  disproportionately  high  number  of  these 
failures  occurs  near  the  crack  plane.  Had  the  failure 
process  been  truly  random,  only  ~15%  of  fiber  fail¬ 
ures  would  have  occurred  in  this  region. 

The  Weibull  parameters  associated  with  the 
degraded  fibers  were  calculated  from  a  least  squares 
fit  of  the  strength  data,  assuming:  (i)  that  the  fibers 
in  which  failure  was  confirmed  to  occur  near  the 


Fig.  10.  Examples  of  the  two  types  of  fracture  origins:  (a) 
internal  flaw  (at  W  core)  and  (b)  surface  flaw. 


matrix  crack  represent  a  random  sampling  of  the 
distribution  associated  with  the  bridging  fibers  (the 
remaining  fibers  being  excluded  from  the  analysis) 
and  (ii)  that  the  effective  fiber  gauge  length  within 
the  bridging  zone  is  4  mm  (the  length  over  which 
the  failures  occurred). 

The  results  arc  presented  in  Fig.  13.  Evidently, 
the  Weibull  modulus  (5.3)  is  slightly  higher  than 
that  of  the  pristine  fibers  (4.3).  though  the  reference 
strength  is  reduced  by  a  factor  of  ~2  (from  1.30  to 
0.68  GPa  for  Lo=  1  ni). 

There  w'as  no  apparent  effect  of  the  location  of 
the  fibers  with  respect  to  the  crack  tip  on  the  fiber 
strength.  The  average  strengths  obtained  over 
0.7  mm  increments  (each  containing  ~20  fibers)  are 
plotted  against  position  in  Fig.  14.  Also  shown  are 
the  corresponding  number  of  fatigue  cycles  experi¬ 
enced  by  each  group  of  fibers.  The  results  suggest 
that  the  strength  degradation  occurs  in  the  early 
stages  of  fatigue  cycling  (<3  x  10^  cycles). 


6.  CRACK  GROWTH  SIMULATION 

Crack  growth  simulations  were  performed  by  cal¬ 
culating  the  crack  tip  stress  intensity  factor  range 
AAf,.  in  terms  of  the  applied  stress,  the  crack  and 
notch  lengths,  and  the  constituent  properties  that 
govern  the  bridging  law,  and  combining  the  sol¬ 
ution  with  an  empirical  relation  between  AA",  and 
the  crack  growth  rate.  da!6n.  The  solutions  for  AA', 
were  obtained  from  [7].  The  crack  growth  rate  was 
assumed  to  follow  a  modified  form  of  the  Paris  law: 

^  =  /?„(aA/:,)'  =  (7) 

where  aA/f,  is  the  stress  intensity  range  acting  in 
the  mairixiAK^)-  and  y  are  constants  that 
characterize  the  fatigue  resistance  of  the  matrix; 
and  is  a  composite  property  defined  by 

=  (8) 


Fig.  11.  Strength  distributions  of  fatigued  and  pristine 
fibers.  (To  is  the  reference  strength  corresponding  to  a  refer¬ 
ence  length,  Z-o-  and  m  is  the  Weibull  modulus. 
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Fig,  12.  Distribution  of  failure  locations  of  fatigued  fibers. 
The  crack  plane  (x  =  0)  was  located  at  the  middle  of  the 
25  mm  gauge  section.  (Data  based  on  fibers  that  had  not 
shattered  during  testing.) 


For  monolithic  Ti-6A1-4V  alloys  with  microstruc¬ 
tures  similar  to  that  in  the  present  composite, 
V  =  3.8  and  /?„,  ranges  from  ~2  x  10“^^  to 
2  X  10-^'’  m<‘  ^  [24]. 

The  crack  growth  simulations  were  performed 
using  several  different  values  of  t  and  The 
results  are  shown  in  Fig.  3.  In  the  first  case,  the 
sliding  stress  was  taken  to  be  10  MPa  (the  average 
measured  value),  and  the  simulations  were  per¬ 
formed  using  as  a  fitting  parameter.  The  value 
inferred  from  this  fitting  procedure  is 
^5=  7.2  X  10“^^  n/’  Excellent  correlations 

are  obtained  between  the  simulations  and  the  exper¬ 
imental  data  for  all  stress  ranges.  To  assess  the  sen¬ 
sitivity  of  the  model  predictions  to  the  selection  of 
T,  additional  simulations  were  performed  using  slid¬ 
ing  stresses  that  differ  from  the  measured  value  by 
a  factor  of  two  and  again  using  Pc  as  a  fitting  par¬ 
ameter.  Excellent  correlations  were  obtained  using 
T  =  5  MPa  and  ^^  =  2.2  x  10”^^  For 

T  =  20  MPa  and  Pc-2.9  x  ^  the 

correlations  were  reasonably  good  over  most  of  the 
range  of  data,  with  moderate  differences  at  high 
stresses  and  crack  lengths.  Evidently,  the  crack 
growth  simulations  alone  cannot  be  used  to  deter¬ 
mine  uniquely  the  values  of  t  and  Pc,  even  when  ex¬ 
perimental  data  exist  for  several  stress  ranges. 
Conversely,  the  crack  growth  curves  can  be  simu¬ 
lated  quite  accurately  using  a  rough  estimate  of 
either  t  and  Pc  and  using  the  other  as  a  fitting  par¬ 
ameter.  These  features  are  attractive  from  the  (prac¬ 
tical)  viewpoint  of  fatigue  life  prediction  but  not  for 
inferring  the  pertinent  constituent  properties. 

As  a  further  assessment  of  the  bridging  model, 
the  values  of  pc  inferred  from  the  fitting  procedure 
were  compared  with  the  reported  values  of  Pm- 
through  equation  (8),  To  perform  such  compari¬ 
sons,  an  estimate  of  a  is  required.  At  the  simplest 
level,  the  effects  of  the  fibers  at  the  crack  tip  can  be 
neglected,  yielding  a  =  AA'm/AA't  =  1 .  Two  alternate 
approaches  for  evaluating  a  have  been  proposed. 


Fiber  Strength,  S  (GPa) 


Fig.  13.  Comparison  of  the  strength  distribution  of  the 
bridging  fibers  with  the  distribution  measured  on  pristine 
fibers. 

The  first  is  based  on  the  energy  release  rate  within 
the  matrix,  accounting  for  the  area  fraction  of 
matrix  at  the  crack  tip  as  well  as  the  elastic  aniso¬ 
tropy  of  the  composite.  The  result  is  [13,28]: 

a  =  AKrr^/AK,  =  V£™(1  -  v2)/(l  -f)AE  (9) 

where  ,4  is  a  dimensionless  orthotropy  factor.  For 
the  present  Ti/SiC  composite,  A  =  0.925  and  thus 
oc  =  0.94:  similar  to  the  previous  estimate  of  a  =  1. 
The  second  alternative  is  based  on  the  assumption 
that  the  fiber  and  matrix  strains  are  equal  to  one 
another  at  the  crack  tip  [29],  yielding 

a  =  En,/E  =  0.55  (10) 

Strain  compatibility  is  expected  to  be  obtained  at 
distances  ahead  of  the  crack  tip  that  are  greater 
than  the  fiber  spacing.  At  shorter  distances,  strain 
differences  may  be  present,  depending  on  the  mis¬ 
match  in  the  elastic-plastic  characteristics  of  the 
two  constituents  as  well  as  the  debonding  and  slid¬ 
ing  characteristics  of  the  interfaces.  Arguably,  the 
latter  approach  for  evaluating  a  for  TMCs  is  the 
least  plausible.  Typically,  the  amount  of  crack 
growth  per  cycle  and  hence  the  size  of  the  cyclic 

Mean  Number  of  Fatigue  Cycles,  n/1000 


Mean  Distance  from  Crack  Tip  (mm) 

Fig.  14,  Influence  of  number  of  loading  cycles  on  fiber 
strengths.  (Error  bars  represent  the  standard  deviation  of 
the  mean.) 
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plastic  zone  is  of  the  order  I0“^-10“*m.  In  com¬ 
parison,  the  fiber  spacing  is  ~10“^m.  The  vast 
difference  between  these  quantities  suggests  that 
strain  compatibility  is  not  necessarily  obtained  over 
the  distances  relevant  to  the  fatigue  cracking  pro¬ 
cess.  Based  on  these  arguments,  a  is  expected  to  be 
in  the  range  0.94-1.0.  and  /?c  in  the  range  ~(0.8- 
1.0)^c-  The  latter  range  is  considerably  smaller  than 
the  uncertainty  associated  with  obtained  from 
the  fitting  exercise,  and  for  practical  purposes.  /?c 
and  /?m  can  be  assumed  to  be  the  same.  Indeed,  the 
inferred  value  of  Pc  using  a  sliding  stress  of  10  MPa 
falls  within  the  range  of  values  of  P^  reported  for 
the  neat  matrix  (2  x  1 0“^^-2  x  1 0“^'' "'/A" ) 
[28]. 

Simulation  of  fatigue  cracking  at  300'C  was  per¬ 
formed  assuming  that  the  matrix  figure  resistance 
remains  unchanged  (which  is  consistent  with  the 
reported  data  for  the  Ti-6A1-4V  alloy  [21]),  and 
using  T  as  a  fitting  parameter.  The  value  of  pc  was 
taken  to  be  the  one  obtained  from  the  simulations 
for  the  room  temperature  tests  with  r  =  10  MPa 
/?;.=  7,2  X  10~^^  )•  Good  correlation 

with  the  experimental  data  is  obtained  for  r  =  4.5 
MPa  (Fig.  5).  This  value  is  essentially  identical  to 
the  one  measured  in  the  fiber  pullout  test  at  the 
same  temperature  (Fig.  7),  confirming  that  the  re¬ 
duction  in  fatigue  resistance  with  increasing  tem¬ 
perature  is  due  to  the  reduction  in  r. 


7.  CONCLUDING  REMARKS 

The  present  study  demonstrates  that  the  interface 
sliding  stress  pertinent  to  crack  bridging  under  fati¬ 
gue  loading  is  considerably  lower  than  that 
obtained  on  pristine  material,  a  result  of  cyclic  slid¬ 
ing  and  wear  of  the  fiber  coatings.  Moreover,  the 
sliding  stress  decreases  with  increasing  temperature, 
by  a  factor  of  ~2  over  the  range  20-300'’C.  This 
change  can  be  rationalized  on  the  basis  of  the  relax¬ 
ation  in  the  thermal  misfit  strain.  The  fatigue  crack 
growth  behavior  at  20'C  and  300’C  is  consistent 
with  the  measured  sliding  stresses  and  the  reported 
parameters  characterizing  the  fatigue  resistance  of 
the  matrix,  and  can  be  simulated  using  the  crack 
bridging  model. 

During  cycling,  the  fiber  strength  is  reduced,  a 
result  of  new  surface  flaws  introduced  by  the  slid¬ 
ing.  This  is  manifested  in  a  reduction  in  the 
measured  strengths  of  the  individual  fibers  as  well 
as  preferential  fiber  failure  in  the  regions  near  the 
matrix  crack  plane.  The  implication  is  that  the  fati¬ 
gue  threshold,  based  on  the  onset  of  fiber  failure,  is 
diminished  with  cycling.  However,  the  degradation 
appears  to  occur  in  the  early  stages  of  cracking.  It 
is  envisaged  that  the  measured  fiber  strengths  fol¬ 
lowing  fatigue  might  be  used  with  the  predictions  of 
Fig.  1  to  identify  the  allowable  flaw  or  notch  sizes 
and  fatigue  stresses  to  obtain  infinite  life. 
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APPENDIX 


Analysis  of  sliding  stress 

The  temperature  dependence  of  the  sliding  stress  can  be 
rationalized  on  the  basis  of  a  modified  Coulomb  friction 
law.  In  the  pristine  material,  the  friction  law  can  be  writ¬ 
ten  as 

T  =  li{p^+PT)  (Al) 


where  yt  is  the  coefficient  of  friction,  pj 's  the  thermal  re¬ 
sidual  stress  acting  normal  to  the  interface  (compression 
being  positive)  and  pa  is  the  additional  pressure  that 
develops  as  a  result  of  asperity  mismatch  during  sliding. 
Using  a  concentric  cylinder  model,  the  thermal  stress  can 
be  related  to  the  misfit  strain,  £2,  by  [30] 


Pt  =  - 


(1  ~/)  .Ef 
_£r  +  £(l  -2u). 


n  =  -t/fi 


(A2) 


where 

n  =  (jcr  -  am)  {T  -  Tp)  (A3) 

Here  scf  and  am  are  the  thermal  expansion  coefficients  of 
the  fibers  and  the  matrix,  and  Tp  is  the  minimum  stress 
free  temperature.  Assuming  that  the  asperity  pressure  is 
independent  of  temperature,  equation  (Al)  can  be  re-writ¬ 
ten  as 

(A4) 


where  £Jo  is  the  misfit  strain  at  ambient  temperature,  To, 
and  AT  is  the  temperature  difference  from  ambient  T-  To¬ 
ll  has  been  demonstrated  previously  that  the  fiber  coatings 
undergo  wear  during  cyclic  sliding  [4, 1 1, 12].  The  removal 
of  material  during  wear  reduces  the  normal  stress  by  an 
amount 

p„.se -2£fA/£»  (A5) 

where  A  is  the  thickness  of  material  removed.  Equation 
(A4)  can  be  modified  accordingly  to  read: 

r  =  p[PA  +  -  (“f  -  “m)AT)  -  2£f  A/D]  (A6) 

An  assessment  of  equation  (A6)  was  made  in  the  following 
way.  The  friction  coefficient  was  obtained  from  the  slope 
of  the  T  -  T  curve  (Fig.  7);  the  two  are  related  by 

p  =  - TTF 

rt{ar-Xm)aT 

From  the  linear  regression  analysis  of  the  experimental 
data  and  the  constituent  properties  summarized  in  Table  1, 
the  result  is  p  =  0.06.  This  value  is  much  lower  than  the 
one  obtained  from  the  temperature-dependence  of  the  slid¬ 
ing  stress  in  the  pristine  material,  measured  using  fiber 
pushout  tests:  p  a;  0.4.  The  sum  of  the  contributions  from 
asperity  mismatch  and  coating  wear  was  obtained  from 
the  sliding  stress  at  ambient  temperature,  t^  =  9  MPa, 
along  with  the  measured  value  of  p.  The  result  is 
PA-t-pw»-80  MPa.  The  asperity  pressure  in  the  pristine 
material  has  been  estimated  from  pushout  tests  to  be 
Pa =£^5*50  MPa  [24].  Thus,  the  contribution  due  to  wear 
is  inferred  to  be  p„~-130  MPa.  This  change  can  be 
effected  through  only  a  small  amount  of  material  removed: 
A  =  —  py,-D/2Efii0.02  pm. 


T  =  p[pA  +  tl(£2o  -  (ar  -  am)Ar)] 
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Power-law  matrix  creep  in  fiber  composites 
due  to  transverse  stress  gradients 

Z.-Z.  DU  *  \  A.  C.  F.  COCKS  **  and  R.  M.  McMEEKING  *** 


Abstract.  -  This  paper  extends  the  recent  work  of  Du,  McMeeking  and  Schmauder  ( 1 995)  on  transverse  yielding 
when  stress  gradients  are  developed  in  metal  matrix  composites  to  include  the  effects  of  power-law  creep  of  the 
matrix.  The  composites  considered  have  a  strongly  bonded  interface.  A  characteristic  repeating  cell  is  identified. 
Creep  potentials  in  terms  of  transverse  stress  and  stress  gradient  are  calculated  from  the  analysis  of  the  response  of 
a  single  cell  for  composites  with  different  matrix  creep  properties  and  fiber  volume  fractions.  A  general  constitutive 
relationship  accounting  for  matrix  yielding,  creep  and  flow  past  the  fibers  is  developed. 


1.  Introduction 

Metal  matrix  composites  (MMCs)  reinforced  by  continuous  fibers  are  increasingly 
used  for  the  fabrication  of  turbine  rings  in  the  aerospace  industry.  These  components 
are  generally  operated  in  high  temperature  environments  and  subjected  to  a  complex 
multiaxial  stress  state.  Since  these  components  are  circumferentially  reinforced  and 
subjected  to  centrifugal  loading,  transverse  stress  gradients  will  develop  in  them.  This 
loading  could  cause  the  matrix  to  yield,  creep  and  perhaps  to  flow  past  the  fibers.  The 
fibers  deform  elastically  only  and  therefore,  unless  they  break,  they  are  anchored  in  place 
relative  to  a  matrix  which  can  flow  past  them.  The  radial  stress  gradients  in  the  matrix 
are  therefore  balanced  by  shear  drag  from  the  fibers.  The  resulting  loading  of  the  fibers 
generates  circumferential  tension  in  them. 

Previous  modeling  of  the  transverse  behavior  of  metal  matrix  composites  has  not 
accounted  for  the  effects  of  stress  gradients.  Instead,  emphasis  has  been  placed  on  the 
roles  of  interface  and  interphase  properties  between  the  fibers  and  the  matrix  (Nimmer 
et  al,  1991;  Gunawardena  et  ai,  1993;  Du  and  McMeeking,  1994).  Other  modeling  has 
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addressed  the  effects  of  fiber  arrangement,  fiber  volume  fraction  and  loading  direction  on 
the  transverse  strength  (Brockbrough  and  Suresh,  1990;  Zahl  et  al,  1994). 

Recently,  Du  et  al.  (1995)  have  examined  plastic  flow  behavior  in  an  elastic  perfectly 
plastic  matrix  reinforced  by  continuous  fibers  when  stress  gradients  are  developed.  Results 
were  given  for  the  influence  of  the  fiber  volume  fraction,  fiber  arrangement  and  stress 
gradient.  The  yield  surfaces  in  terms  of  mean  stress  and  stress  gradient  were  calculated. 
In  addition,  a  constitutive  relationship  accounting  for  matrix  plastic  straining  and  matrix 
flow  past  the  fibers  was  developed.  It  was  found  that  the  transverse  limit  strengths  are 
sensitive  to  the  stress  gradient  across  the  cell.  The  presence  of  the  stress  gradient  in  the 
composite  reduces  the  transverse  strength.  In  addition,  a  tensile  stress  can  also  develop 
in  the  fibers,  which  is  required  from  overall  equilibrium  considerations,  to  balance  the 
transverse  stress  gradient.  When  the  stress  in  the  fibers  is  above  the  effective  strength  of 
the  fibrous  system,  fiber  failure  occurs,  leading  to  a  further  reduction  of  the  transverse 
strength  as  well  as  the  longitudinal  strength. 

In  the  present  work,  we  extend  the  work  of  Du  et  al.  (1995)  to  include  the  effects 
of  creep  of  the  matrix  when  stress  gradients  are  developed  in  the  composite.  As  before, 
plane  strain  cell  models  are  used.  The  repeating  cells  are  subjected  to  unequal  tractions 
at  the  top  and  bottom  as  shown  in  Figure  1 .  The  fibers  are  treated  as  rigid  and  stationary 
and  the  matrix  is  characterized  by  power-law  hardening  behavior  of  the  Ramberg-Osgood 
type.  The  resulting  stress  field  is  equivalent  to  that  developed  in  a  power-law  creeping 
material.  This  equivalence  is  used  here  to  develop  constitutive  laws  when  the  matrix 
creeps.  Equilibrium  of  the  cells  is  depicted  in  Figure  1 .  A  strong  bond  is  assumed  between 
the  fibers  and  the  matrix.  As  discussed  in  Du  et  al.  (1995),  plane  strain  is  used  to  avoid 
the  complications  of  diverging  flow  occurring  in  a  ring  geometry  which  would  depend  on 
the  diameter  of  the  ring.  In  a  ring  with  a  large  diameter  compared  to  the  fiber  diameter, 
plane  strain  is  a  good  model.  In  such  a  ring,  the  shear  forces  depicted  on  AD  and  BC 
in  Figure  1  would  be  replaced  by  tensile  circumferential  stresses  in  the  fibers  providing 
a  component  of  reaction  in  the  radial  direction.  If  the  diameter  of  a  given  fiber  ring  is 
not  large  compared  to  the  fiber  cross-sectional  diameter,  the  plane  strain  model  becomes 
suspect.  Axisymmetric  analysis  rather  than  planar  calculations  would  become  necessary. 
Although  the  range  of  validity  of  the  plane  strain  results  is  not  known,  we  suspect  that 
most  turbine  rings  will  have  a  large  diameter  compared  to  the  fiber  diameter  so  that  our 
plane  strain  model  becomes  valid.  A  hexagonal  fiber  arrangement  with  a  circular  cross 
section  is  considered.  Such  a  fiber  arrangement  has  been  found  to  be  nearly  isotropic  in 
terms  of  transverse  strength  (Zahl  et  al,  1994)  so  that  the  direction  of  loading  in  this  case 
is  chosen  arbitrarily  and  is  shown  in  Figure  1.  Analyses  are  conducted  for  composites 
with  a  wide  range  of  fiber  volume  fractions  and  matrix  creep  properties.  The  results  of 
these  calculations  are  used  to  develop  the  constitutive  relationship. 

When  developing  constitutive  models,  it  often  proves  convenient  to  express  the 
constitutive  response  using  scalar  stress  and  strain-rate  potentials.  If  the  potentials  for 
the  matrix  materials  are  convex  then  equivalent  convex  potentials  can  be  obtained  for 
the  macroscopic  response,  which  are  functions  of  suitably  defined  macroscopic  stress  or 
strain-rate  quantities  (see  for  example  Hill,  1967).  Cocks  and  Leckie  (1987)  and  Cocks 
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total  shear  force  on  AD 


equals 

Fig.  1 .  -  Schematic  of  the  cell  model. 

(1989,  1994)  have  examined  the  general  structure  of  constitutive  laws  for  the  situation 
where  power-law  creep  is  the  dominant  mechanism  of  deformation.  The  potentials 
governing  the  power  law  creep  response  of  heterogeneous  materials  are  often  obtained 
from  consideration  of  regular  repeating  structure  and  the  response  of  a  representative 
cell  of  the  microstructure  is  analyzed.  This  approach  has  been  adopted  by  Duva  (1986), 
Cocks  (1989)  and  Sofronis  and  McMeeking  (1992)  to  determine  constitutive  relationships 
for  porous  materials  and  by  Bao  et  al.  (1991)  for  metals  reinforced  by  ceramic  particles. 
Cocks  (1989)  demonstrated  that  the  strain-rate  potential  in  general  can  be  expressed  in 
terms  of  a  macroscopic  effective  stress.  Surfaces  of  constant  effective  stress  nest  inside 
each  other  in  stress  space  (Cocks,  1994;  Calladine  and  Drucker,  1962),  in  order  of 
increasing  n,  with  the  surface  for  n  ->  oo  forming  the  inner  surface. 

In  the  present  work,  we  analyze  the  response  of  the  repeating  cell  of  Figure  1  using 
the  finite  element  method.  Macroscopically,  a  zone  of  the  material  is  considered  to  be 
subject  to  boundary  velocities  in  the  t/-direction  given  by 

(1)  v  =  v^  +  Ey 
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where  is  a  uniform  velocity  and  .E  is  a  uniform  strain  rate.  These  velocities  are 

supposed  to  be  applied  to  the  matrix,  so  the  boundary  of  the  macroscopic  element 
being  discussed  must  be  drawn  through  the  matrix.  The  fibers  are  required  to  be 
immovable  in  the  y-direction,  but  are  free  to  move  with  the  matrix  in  the  x-direction. 
Therefore,  the  velocities  given  by  Eq.  (1)  will  force  the  matrix  to  flow  vertically  past  the 
fibers,  given  that  many  fibers  will  occupy  the  macroscopic  region  under  consideration. 
The  boundary  conditions  of  the  macroscopic  element  for  the  x-direction  should  be 
chosen  to  preserve  incompressibility  of  the  matrix  material  during  creeping  flow  and, 
for  the  situation  considered  here,  to  avoid  any  average  normal  or  shear  stresses  in  the 
x-direction.  Arguments  of  Hill  (1967)  then  permit  us  to  assert  that  in  the  core  interior 
of  the  macroscopic  element,  the  response  of  the  matrix  will  be  free  of  influence  from 
the  constraints  imposed  on  the  boundary  of  the  macroscopic  element  except  that  the 
response  will  conform  to  the  requirement  that  there  be  a  net  velocity  and  a  net  strain 
rate  in  the  y-direction  as  invoked  by  Eq.  (1).  Let  the  actual  velocity  in  the  core  interior 
of  the  macroscopic  element  be 

(2)  V  =  +  Ey-i-  V 

where  v  (x,  y)  is  the  perturbation  of  the  velocity  from  the  long  range  net  velocity  and 
strain  rate.  Since  the  fibers  are  stationary  in  the  y-direction.  v  in  Eq.  (2)  must  be  zero 
on  the  boundary  of  the  fibers  due  to  the  no-slip  condition  imposed  there.  Unfortunately, 
V  is  in  general  unknown,  and  would  only  be  determined  by  a  full  analysis  of  the 
macroscopic  element.  However,  the  statement  in  Eq.  (2)  applies  algebraically  to  the 
lower  and  upper  matrix  boundaries  of  the  repeating  unit  cell  shown  in  Figure  1  and, 
tessellated  by  finite  elements,  in  Figure  2.  Periodicity  and  the  conditions  in  the  core 
interior  of  the  macroscopic  element  permit  us  to  deduce  that  the  sides  of  the  repeating 
unit  cell  parallel  to  the  y-axis  remain  straight,  free  of  shear  tractions  and  on  average  free 
of  load  in  the  x-direction.  A  fiber  will  displace  in  the  x-direction  at  the  same  rate  as  the 
cell  boundary  to  which  it  is  attached  and,  of  course,  has  zero  velocity  in  the  y-direction. 

With  the  macroscopic  element  recreated  by  joining  together  such  deforming  unit 
cells,  no  two  unit  cells  will  experience  the  same  conditions  of  distortion.  Therefore,  the 
problem  under  consideration  is  somewhat  different  from  the  usual  one  of  determining 
the  behavior  of  a  heterogeneous  material  from  the  characteristic  response  of  a  single  cell 
which  represents  all  repeating  units  of  the  material.  However,  for  the  problem  tackled 
in  this  paper,  each  cell  subjected  to  the  conditions  described  in  the  previous  paragraph 
will  deform  compatibly  with  its  neighbors  since  they  will  be  joined  at  boundaries  with 
common  values  of  velocities  as  given  by  Eq.  (2).  We  argue  therefore,  that  the  response 
of  the  unit  cell  subject  to  boundary  conditions  given  by  Eq.  (2),  provides  information 
relevant  to  the  macroscopic  constitutive  response  of  a  zone  of  the  composite  material 
experiencing  conditions  around  its  perimeter  given  by  Eq.  (1),  but  with  the  many  fibers 
within  the  zone  immobilized  in  the  y-direction.  We  propose  that  the  constitutive  law 
developed  from  our  calculations  can  be  used  for  coarser  scale  analysis  of  the  response 
of  the  composite  material  when  the  fibers  are  so  held  fixed,  even  though  the  stress 
gradients  predicted  will  occur  on  a  scale  of  the  fiber  spacing  and  diameter.  Indeed,  the 
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behavior  we  anticipate  in  components  like  turbine  rings  will  inevitably  involve  stress 
gradients  on  this  scale  and  methods  must  be  developed  which  recognize  this.  It  is  an  open 
question  whether  higher  order  terms  beyond  the  strain  rate  in  Eq.  (1)  become  important 
in  such  components  or  whether  they  may  be  safely  neglected  in  the  way  that  Hill  (1967) 
demonstrated  for  heterogeneous  materials  not  having  immobile  reinforcements.  We  leave 
the  study  of  such  deeper  questions  of  constitutive  theory  to  future  research. 

A  question  which  we  must  face  to  pursue  our  analysis  is  the  form  which  v  should 
take  on  the  upper  and  lower  boundaries  of  our  unit  cell  {Fig.  2).  This  point  is  similar 
to  the  issue  which  arises  in  any  unit  cell  calculation  where  the  constraint  imposed  on 
the  boundary  must  be  decided.  In  the  problem  we  examine,  it  is  not  possible  to  equate 
the  velocities  on  the  upper  boundary  to  the  velocities  on  the  lower,  as  is  often  done  in 
the  unit  cell  analyses.  The  equivalent  to  that  approach  would  be  to  make  u  at  a:  on  the 
top  equal  to  u  at  a;  on  the  bottom  through  appropriate  constraints  on  the  finite  element 
equations  and  then  ensure  that  the  top  and  bottom  velocities  dilfer  according  to  Eq.  (2). 
Such  an  approach  has  not  been  used  for  this  paper,  but  should  be  investigated  in  the 
future.  Instead,  we  use  a  mdimentary  technique  and  set  u  =  0  at  the  nodes  attached  to  a 
fiber  on  the  upper  and  lower  boundaries  and  set  i)  =  0  at  every  other  node  on  the  upper 
and  lower  boundaries.  This  has  the  advantage  of  ensuring  compatibility  between  the  unit 
cells  representing  a  macroscopic  zone  of  the  material;  it  is  also  simple  and  numerically 
efficient  and  the  results  allow  us  to  provide  an  exposition  of  our  ideas.  The  disavantage 
is  that  the  elements  at  the  upper  and  lower  boundaries  of  the  unit  cell  adjacent  to  the 
fiber  are  forced  to  have  an  excessive  shear  strain  rate.  This  is  not  a  serious  difficulty  for 
high  values  of  the  creep  exponent  since  a  fairly  uniform  flow  through  the  center  of  the 
gap  between  fibers  can  be  expected  with  shear  strain  rate  concentrations  in  the  elements 
bordering  the  fibers.  When  the  creep  exponent  has  a  low  value,  a  non-uniform  flow  of 


Fig.  2.  -  Typical  finite  element  model  for  a  cell  which  has 
a  fiber  volume  fraction  of  0.35  in  the  hexagonal  arrangement. 
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matrix  material  through  the  gap  between  the  fibers  can  be  expected  and  setting  v  to  zero 
over  most  of  the  gap  is  not  appropriate  and  only  very  approximate. 


2.  Creep  potential 

The  strain-rate  of  an  element  of  matrix  material  is  given  by 


(3) 

where 


£ij  — 


d<l> 

doij 


(4)  4>  =  - —  £0  o-Q  — 

n  +  1  \(7qJ 

£o  is  the  strain  rate  at  a  stress  <7o  ,  n  is  the  power-law  creep  exponent  and  is  the 
tensile  equivalent  effective  stress.  For  the  problem  of  Figure  1 ,  there  are  two  macroscopic 
measures  of  the  applied  load:  the  mean  stress  Um  and  the  stress  gradient  which  we 
have  multiplied  by  the  fiber  diameter  D  to  provide  a  quantity  with  the  dimensions 
of  stress.  We  will  refer  to  these  quantities  are  generalized  macroscopic  stresses.  The 
conjugate  generalized  strain-rates  are  then  the  mean  strain-rate  £,„  and  the  velocity  in  the 
direction  of  flow  v,  which  is  normalized  by  the  fiber  diameter  D  to  provide  a  quantity 
with  the  dimensions  of  strain-rate.  Following  Hill  (1967)  and  Duva  and  Hutchinson 
(1984)  we  can  define  a  macroscopic  strain-rate  potential  such  that 


(5) 

In  addition, 
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V  is  the  total  volume  of  the  macroscopic  element  and  V,„  is  the  volume  of  matrix  material. 

Combining  Eq.  (3),  (4)  and  (7)  and  making  use  of  the  principle  of  virtual  power 
we  obtain 
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Cocks  (1989)  demonstrated  that  the  macroscopic  potential  $  can  be  expressed  in  terms 
of  a  macroscopic  effective  stress  E,  which  is  a  homogeneous  function  of  degree  one  in 
the  macroscopic  generalized  stresses  am  and  D  such  that 


(9) 


$  =  — —  £0  <^0 
n  +  1 


n-Fl 


Comparing  Eq.  (8)  and  (9)  we  obtain 


(10) 


T,  =  ao 


CTm  £m  +  -P  ^  ^ 

<T0  £0 


1 

n-fl 


Use  of  Eq.  (10)  requires  a  knowledge  of  the  exact  solution  to  the  problem  of  Figure  1.  In 
the  current  paper  we  generate  this  solution  by  identifying  a  characteristic  repeating  cell 
within  the  macroscopic  element  and  use  the  finite  element  method  to  obtain  am  and  D  ^ 
for  prescribed  value  of  im  and  The  parameter  im  is  the  mean  strain  rate  in  the  unit 
cell  and  can  be  identified  with  E  of  Eq.  (1).  The  velocity  v  is  the  mean  velocity  in  the 
y-direction  and  is  equivalent  to  +  P  pm  from  Eq.  (1)  where  pm  is  the  j/-coordinate  of 
the  center  of  the  unit  cell.  The  results  of  a  series  of  calculations  can  then  be  conveniently 
presented  as  contours  of  constant  macroscopic  effective  stress  in  generalized  stress  space, 
with  the  generalized  strain-rate  normal  to  the  surface.  The  details  of  these  calculations 
are  described  in  the  following  sections. 

In  the  limit  as  n  ^  oo,  £  is  the  same  as  the  flow  potential  for  a  perfectly  plastic 
material.  For  a  material  obeying  the  von  Mises  yield  criterion,  a  limit  surface  in  stress 
space  is  therefore  given  by 


(11)  F  =  S-ao  =  0 

where,  now,  ctq  is  the  uniaxial  yield  strength  of  the  material.  Following  the  procedures 
employed  by  Cocks  (1994)  it  can  be  shown  that  surfaces  of  constant  E/ao  nest  inside 
each  other  in  order  of  increasing  n,  with  the  limit  surface  for  n  — »  oo  forming  the 
inner  envelope.  The  solution  in  this  limit  is  provided  by  Du  et  al.  (1995),  which  can  be 
compared  directly  with  the  current  results  when  the  above  representation  is  employed. 


3.  Numerical  model 

A  typical  finite  element  grid  used  to  discretize  the  problem  of  Figure  1  is  shown  in 
Figure  2  for  the  hexagonal  arrangement  of  fibers  for  a  fiber  volume  fraction  of  0.35. 
Except  for  nodes  attached  to  a  fiber,  all  straight  edges  of  the  cell  are  required  to  remain 
straight  and  parallel  to  their  original  orientations  and  free  of  shear  tractions  during 
deformation.  Deformation  is  induced  by  displacement  boundary  condition  applied  to  the 
top  and  bottom  edges  of  the  cell.  The  sides  of  the  cell  are  allowed  to  move  in  such  a 
way  that  the  average  normal  traction  is  zero.  The  fibers  move  in  the  ^-direction  with  the 
side  boundary  to  which  they  are  attached.  The  finite  element  nodes  on  the  surfaces  of  the 
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fibers  are  not  permitted  to  move  relative  to  the  fiber,  simulating  a  strong  bond  between 
the  matrix  and  the  rigid  fiber.  The  deformation  is  plane  strain.  The  resulting  average 
normal  stress  is  cr^  at  the  top  of  the  cell  and  ai,  at  the  bottom,  as  shown  in  Figure  1 . 

Rather  than  employ  the  creep  constitutive  law  of  Eq.  (3),  in  the  computations  it  proves 
more  convenient  to  use  a  plasticity  model  with  a  power-law  hardening  relationship  of 
the  Ramberg-Osgood  type,  such  that  in  uniaxial  tension 


(12) 


a 

- ho 


n 


In  the  computations  presented  in  this  paper,  the  coefficient  a  was  taken  to  be  3/7  and  the 
yield  strain  eq  was  set  equal  to  ao(E,„  =  1.5  x  10“^,  where  E„,  is  Young’s  modulus 
for  the  matrix.  A  value  of  u  =  0.33  for  Poisson’s  ratio  of  the  matrix  material  was  used 
in  all  the  computations.  Eq.  (12)  was  generalized  to  multiaxial  stress  states  using  small 
strain  J}  flow  theory.  For  deflections  much  greater  than  the  elastic  distortion  of  the  body, 
the  stresses  and  strains  at  a  material  point  increase  in  proportion  to  each  other  and  the 
resulting  solution  is  equivalent  to  that  for  J2  deformation  theory.  As  demonstrated  by 
Odqvist  (1966),  the  resulting  strain-field  is  then  the  same  as  the  strain-rate  field  for  a 
creeping  material  with  the  same  power-law  exponent  n.  We  use  this  equivalence  here  to 
obtain  the  solution  for  the  creep  law  of  Eq.  (3). 

The  two  generalized  stress  measures,  the  mean  stress  a,„  and  stress  gradient  Dda/dy, 
are  given  by 


(13) 


<rt  +  (7h 
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and  the  corresponding  generalized  strains  are 


(15) 
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where  ut  and  Ub  are  the  vertical  displacements  at  the  top  and  bottom  of  the  cell 
respectively  and  L  is  the  height  of  the  cell,  which  equals  1.65^  for  the  hexagonal 

Vf 

fiber  arrangement. 

In  the  results  presented  in  the  next  sections,  attention  is  centered  on  the  situation  where 
both  (T„,  and  Aa  are  positive,  i.e.  at  >  \ai,\.  However,  symmetry  arguments  can  be  used 
to  obtain  the  solution  in  the  other  quadrants  of  stress  space. 

The  commercial  finite  element  code  ABAQUS  (1993)  was  used  to  carry  out  the 
computations  on  a  Convex  mainframe.  Isoparametric  second  order  hybrid  elements  with 
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reduced  integration  were  used  in  order  to  avoid  the  problem  of  mesh  locking  associated 
with  incompressible  deformation. 


4.  Results 

First  we  consider  the  situation  where  there  is  no  stress  gradient  and  the  top  and  bottom 
surfaces  of  the  cell  are  subjected  to  the  same  stress.  In  this  limit,  since  there  is  only  one 
generalized  stress,  S  is  proportional  to  Om  for  a  power-law  creeping  material.  For  a  given 
value  of  (Tm,  S  can  be  determined  by  calculating  the  generalized  mean  strain  from  the 
finite  element  analysis  using  Eq.  (15),  interpreting  this  as  a  strain-rate,  and  substituting 
the  result  into  Eq.  (10).  The  resulting  variation  of  E  with  Om  is  plotted  in  Figure  3  a  for 
a  matrix  creep  exponent  of  3  and  a  range  of  fiber  volume  fractions.  It  is  evident  that  there 
is  not  a  linear  relationship  between  E  and  Om  as  required  by  the  homogeneity  condition. 
This  is  because,  at  small  strains,  elastic  deformation  dominates  the  response  and  the 
analogy  between  flow  theory  and  deformation  theory,  and  hence  power-law  creep,  is  not 
valid.  It  is  only  at  large  strains,  when  the  effects  of  elastic  deformation  can  be  ignored, 
that  the  results  of  the  computations  can  be  used  to  predict  the  power-law  creep  response. 
It  is  evident  from  Figure  3  a  that  for  values  of  am  in  excess  of  about  2cro  the  plots  are 
linear.  We  use  the  slope  of  this  linear  portion  of  the  curve  to  determine  the  homogeneous 
relationship  between  E  and  am  for  the  creeping  matrix. 


a  b 

Fig.  3.  -  Macroscopic  effective  stress-transverse  mean  stress  curves  when  A(7  =  0  for  (a)  materials  with 
different  fiber  volume  fractions  when  n  =  3  and  (b)  materials  with  different  creep  exponents  when  /  =  0.35. 


EUROPEAN  JOURNAL  OF  MECHANICS,  A/SOLIDS.  VOL.  16,  N"  3,  1997 


454 


Z.-Z.  DU.  A.  C.  F.  COCKS  AND  R.  M.  McMEEKING 


The  effect  of  varying  the  creep  exponent  n  is  shown  in  Figure  3  b,  where  the  value 
of  S  determined  from  the  computations  is  plotted  against  u,,,  for  n  in  the  range  2  to 
9  and  a  fiber  volume  fraction  of  0.35.  Taking  the  slope  of  the  linear  portions  of  these 
and  similar  curves  for  a  range  of  creep  exponents  and  fiber  volume  fractions,  we  can 
determine  an  appropriate  relationship  between  E  and  a: 


(17) 


h{n,  f) 


where  h{n,  f)  is  a  dimensionless  function  of  n  and  /.  This  function  is  plotted  in 
Figure  4  for  the  range  of  conditions  considered  in  the  computations.  These  results  are 
well  approximated  by  the  relationship 


(18) 


h  (n,  f)  =  exp 


2(1  +  0.26/) 

v/3 


®fn 

t 


Fig.  4.  -  Normalizing  parameter  h  (n.  /)  as  a  function  of  the  creep 
exponent  for  different  fiber  volume  fractions. 


which  differs  from  the  numerical  results  by  no  more  than  8%  for  /  <  0.6.  In  the  limit 
n  — t  00  the  power  law  creep  response  is  equivalent  to  that  of  a  perfectly  plastic  material 
of  yield  strength  cro.  The  limit  strength  of  the  composite  is  then  given  by 


(19) 


^  m 

h{oc,  f) 


=  CTO. 


This  limit  has  been  analyzed  by  Du  et  al.  (1995)  and  Eq.  (18),  although  slightly  different 
to  the  relationship  that  they  propose,  also  fits  their  results  with  an  error  of  less  than  8%. 
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It  should  be  noted  that  in  previous  studies  by  Bao  et  al.  (1991)  and  Zhal  et  al.  (1994) 
on  composites  with  a  power-law  hardening  matrix,  an  asymptotic  reference  stress 
was  often  introduced  to  describe  the  deformation  response  of  the  material  in  the  absence 
of  stress  gradients.  The  reference  stress  was  obtained  by  normalizing  the  composite 
stress,  (7m  with  respect  to  the  stress  in  the  pure  matrix  at  the  same  strain.  This  reference 
stress  On  can  be  related  to  the  quantity,  h  (n,  /)  by  the  following: 


(20)  h  (n,  /)  =  j  a  «+i . 

The  same  procedure  can  be  adopted  to  determine  the  material  response  in  the  other 
extreme  of  zero  mean  stress  and  positive  stress  gradient.  The  unit  cell  was  subjected  to  a 
tensile  stress  along  its  top  surface  and  a  compressive  stress  of  the  same  magnitude  along 
the  bottom.  The  difference  between  the  displacements  of  these  two  surfaces  was  evaluated 
from  the  computations  and  the  macroscopic  effective  stress  was  calculated  using  Eq.  (14), 
(16)  and  (10).  These  calculations  are  summarized  in  Figure  5,  where  S/(7o  is  plotted 
as  a  function  of  ^  ^  for  a  range  of  values  of  n  and  /.  Again,  we  focus  on  the  linear 
portion  of  these  curves  to  determine  an  expression  for  £  for  this  loading  condition: 


(21) 


2  = 


9(».  /) 


do  Ay 
■dyT" 

t 


da  Ay 
"dyF 

t 


a 


b 


Fig.  5.  -  Macroscopic  effective  stress-transverse  stress  gradient  curves  when  (7,„  =  0  for  (a)  materials  with 
different  fiber  volume  fractions  when  n  =  3  and  (b)  materials  with  different  creep  exponents  when  f  =  0.35. 
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do  Ay 
dy2 

t 


Fig.  6.  -  Normalizing  parameter  g  (n.  /).  as  a  function  of  the 
ereep  exponent  for  materials  with  different  fiber  volume  fractions. 


where  g  (n,  /)  is  plotted  in  Figure  6.  These  results  are  well  approximated  by 
(22)  5  (n,  /)  =  8.17  /  -  20.4  f  +  30.8  f  n  <3 


(23)  g(n,  /)=  0.76  + 


1.45  2.2 


n 


(8.17/ -20.4/^ +  30.8/^)  n  <  3. 


The  above  equations  provide  a  fit  to  the  computations  with  an  error  of  less  than  5% 
for  /  <  0.6. 

As  before,  the  limit  strength  of  the  composite  is  given  by 


(24) 


Pda 

d.'/ 

9{oo,  f) 


=  (TO- 


The  expression  for  ^  (oc,  /)  in  this  limit  given  by  Eq.  (24)  is  of  the  same  form  as  that 
given  by  Du  et  al.  (1995),  with  slightly  different  values  of  the  coefficients  to  provide 
the  best  fit  over  all  values  of  n. 

When  using  the  constitutive  law  of  Eq.  (12)  to  determine  the  macroscopic  effective 
stress  a  radial  loading  path  (either  in  load  or  displacement  space)  must  be  followed  when 
performing  the  computations.  For  situations  in  which  there  is  both  a  mean  stress  and  a 
stress  gradient  it  proves  computationally  convenient  to  prescribe  the  displacement  rate. 
Figures  la  and  lb  show  plots  of  E/ao  against  (7„,/ao  and  E/cto  against  ^  ^  for  a 
range  of  values  of  Ub/ut,  the  ratio  of  the  displacements  applied  to  the  top  and  bottom 
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b 


Fig.  7.  -  (a)  Macroscopic  effective  stress-transverse  mean  stress  curves  and  (b)  macroscopic  effective  stress-transverse 
stress  gradient  curves  for  a  fiber  volume  fraction  of  0.35  and  a  creep  exponent  n  =  3.  The  unit  cell  used  for 
the  calculations  is  subjected  to  a  range  of  ratios  of  upward  displacement  u(,  at  the  cell  bottom  to  the  upward 
displacement  ut  at  the  top  of  the  cell. 


of  the  cell.  The  curves  for  a  given  value  of  Uh/ut  in  Figures  la  and  lb  were  obtained 
from  the  same  calculation.  As  in  the  extreme  situations  considered  above,  these  curves 
become  linear  after  an  initial  transient  period,  and  we  use  the  slope  of  these  linear  regions 
to  determine  the  relationship  between  S,  cr„,  and  D  Linear  fits  were  obtained  by 
performing  a  least  squares  linear  regression  analysis  for  each  curve  in  Figure  7  over 
the  range  in  which  the  trend  is  linear.  A  convenient  way  of  presenting  the  results  of 
these  calculations  is  as  curves  of  constant  S/ao  in  space.  These  can  be 

constructed  by  first  translating  the  linear  portions  of  Figures  7  a  and  7  so  that  they  pass 
through  the  origin.  Then,  for  given  values  of  n  and  /  a  value  of  S/ cro  can  be  specified 
and  the  values  of  <7,„  /(to  and  ^  ^  corresponding  to  this  value  read  off  these  plots  for 
a  range  of  values  of  ub/ut.  The  resulting  surfaces  for  S/tro  =  1  are  plotted  in  Figure  8 
for  a  range  of  values  of  n  and  a  fiber  volume  fraction  of  0.35.  Use  of  this  value  of 
S /cto  allows  the  surface  for  n  ^  oo  to  be  plotted  as  the  limit  surface  obtained  by  Du  et 
al.  (1995).  It  is  evident  from  these  curves  that  the  nesting  character  predicted  by  Cocks 
(1994)  is  obtained  for  all  fiber  volume  fractions.  However,  for  states  of  generalized  stress 
with  a  high  stress  gradient,  decreasing  the  value  of  n  does  not  result  in  any  further 
expansion  of  the  surface  for  n  <  3,  implying  that  these  solutions  provide  a  reasonable 
approximation  for  smaller  values  of  n. 
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f  =  0.35 


Oo 

Fig.  8.  -  Constant  macroscopic  effective  stress  contours 
for  materials  with  a  range  of  creep  exponents  when  /  =  0.35. 


n  =  3 


Fig.  9.  -  Constant  macroscopic  effective  stress  contours  for 
materials  with  a  range  of  fiber  volume  fractions  when  n  =  3. 


Surfaces  of  E/<to  =  1  are  plotted  in  Figures  9-11  for  different  fiber  volume  fractions 
when  the  matrix  creep  exponent  equals,  3,  5  and  oo  respectively.  It  is  evident  from  these 
plots  that  the  surfaces  of  constant  effective  stress  expand  away  from  the  origin  as  the 
volume  fraction  of  fibers  is  increased.  This  is  simply  a  reflection  of  the  fact  that  the 
material  becomes  more  difficult  to  deform  as  the  fiber  volume  fraction  is  increased  and 
a  higher  stress  is  required  to  achieve  a  given  strain-rate. 


5.  Constitutive  relationships 

In  the  constitutive  model  development,  it  is  instructive  to  represent  the  effective 
macroscopic  stress  in  terms  of  elementary  functions.  Examination  of  the  results  in 
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Contours  for  which  E  =  o,, 

—  Finite  element  calculations 
-■Quadratic  form  of  eqn(23) 


Fig.  10.  -  Constant  macroscopic  effective  stress  contours  for  materials  with  a  range  of  fiber  volume  fractions  when 
n=5.  The  solid  line  represents  the  finite  element  results  and  the  dash  line  represents  the  quadratic  form  of  Eq.  (25). 


n  =  “> 


Fig.  11.-  Constant  macroscopic  effective  stress  contours  for 
materials  with  a  range  of  fiber  volume  fractions  when  n  =  oc. 


Figures  8-11  reveals  that  the  shape  of  the  curves  can  be  approximately  represented  by 
an  ellipse.  Indeed,  elliptical  forms  for  the  representation  of  E  in  the  absence  of  the 
stress  gradient  have  been  widely  used  (Duva,  1986;  Cocks,  1989,  1994;  Sofronis  and 
McMeeking,  1992)  to  describe  the  response  of  power-law  creeping  materials  containing 
voids.  For  the  problems  analyzed  in  this  paper,  for  length  scales  larger  than  the  fiber 
spacing,  Acr/L  is  the  stress  gradient  da jdy.  In  addition,  the  mean  stress  am  represents 
the  stress  a  averaged  over  scales  larger  than  the  fiber  spacing.  Henceforth,  the  symbol  a 
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will  be  used  instead  a,„.  The  macroscopic  elTective  stress  is  given  by 


where  h{n,  f)  and  g{n,  f)  are  given  by  Eq.  (18)  and  Eq.  (22)  and  (23)  respectively. 
Surfaces  with  the  elliptical  approximation  of  Eq.  (25)  (cr  =  a,,,)  are  superimposed 
on  those  obtained  from  the  finite  element  calculations  in  Figure  10  for  a  range  of  fiber 
volume  fractions  when  n  =  5.  It  is  found  that  the  numerical  results  are  well  approximated 
by  the  quadratic  form  of  Eq.  (25).  Since  these  surfaces  of  constant  S  are  convex,  the 
same  arguments  as  used  to  derive  the  plastic  flow  in  Du  et  al.  (1995)  provides,  from 
Eqs.  (6),  (7)  and  (9). 


(26) 

and 


dt  do 


(27) 


V  _  9E 

D~'^d{D%y 


Combination  of  these  two  equations  with  Eq.  (25)  gives 


(28) 

and 


£  = 


^0 


h'^  (n,  f)  OQ 


2  /  £)  !(£  '  2 


+ 


[\oohin,f)J  \(^09{n,f)J\ 


<iti 


2 


(29) 


V 

D 


£0 

9^  {n,  f) 


D 


da 

(^!J 


(^ogin,  /) 


;)-l 

2 


These  last  two  equations  represent  the  flow-law  for  high  temperature  creep  of  materials 
which  exhibit  motion  of  the  matrix  past  the  fibers.  Note,  that  in  the  limit  do/dy  =  0, 
when  the  stress  gradient  vanishes,  Eq.  (28)  and  (29)  give  the  expected  result  for  the 
transverse  flow  law 


(30) 


£0 


with  u  =  0. 

When  £7  =  0,  the  equations  reduce  to 


(31) 


V  _  eo 

D  ~ 


7? 


with  c  =  0. 
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Another  useful  potential  function  is  the  dual  or  scalar  stress  potential,  The  scalar 
stress  potential  and  the  strain-rate  potential  are  related  as  follows: 


(32) 


$  +  '5'  =  (Tij  iij 


where  is  a  function  of  the  macroscopic  generalized  strain-rate  quantities,  such  that 


(33) 

Cm 

de 

and 

„  da 

d-^ 

(34) 

where 

n 

-r  n-El 

fE\~^ 

(35) 

w  =  .  ,  £0  cn  . 

n+  i 

In  this  expressions,  £  is  a  macroscopic  effective  strain-rate  which  is  a  homogeneous 
function  of  degree  one  in  the  macroscopic  generalized  strain-rates  i  and  v/D.  Similar  to 
the  macroscopic  effective  stress,  the  imcroscopic  effective  strain-rate  can  be  conveniently 
presented  as  contours  of  constant  E/io  in  generalized  strain-rate  space,  with  the 
generalized  stress  normal  to  the  surface.  Combining  Eqs.  (28),  (29)  and  (32)  with 
Eq.  (8)  gives 


(36) 


T  ■ 

^  CTO 

n  -f  1 


(n,  /) 


/  £  Y 
\^o) 


+  9'  {n,  /) 


n+l 

2n 


Comparison  of  Eq.  (35)  with  Eq.  (36)  gives 


(37) 


E 

£0 


{n,  f) 


+  /  {n,  f) 


1 

2 


The  surfaces  for  E/eq  =  1  are  plotted  in  Figure  12  for  a  range  of  values  of  n  and  a 
fiber  volume  fraction  of  0.35.  It  is  evident  from  these  curves  that  surfaces  of  constant 
effective  strain-rate  nest  inside  each  other  in  strain-rate  space,  in  order  of  decreasing  n, 
with  the  surface  for  n  — >  oo  forming  the  outer  surface.  This  result  is  consistent  with  the 
general  results  of  Calladine  and  Drucker  (1962)  on  nesting  surfaces.  A  general  proof  of 
this  nesting  character  is  given  in  the  Appendix. 


6.  Concluding  discussion 

In  this  paper,  the  recent  work  of  Du  et  al.  (1995)  on  transverse  yielding  when  stress 
gradients  are  developed  has  been  extended  to  include  the  effects  of  power-law  matrix 
creep.  Macroscopic  effective  stress  surfaces,  expressed  in  terms  of  the  mean  stress  and  the 
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Contours  for  which  E  = 


io 


Fig.  12.  -  Constant  macroscopic  effective  strain-rate  contours 
for  materials  with  a  range  of  creep  exponents  when  /  =  0.33. 


stress  gradient,  have  been  determined.  Correspondingly,  macroscopic  effective  strain-rate 
surfaces  in  terms  of  the  strain-rate  and  the  velocity  have  also  been  constructed.  The 
transverse  limit  and  reference  stresses  are  found  to  be  sensitive  to  the  stress  gradient 
across  the  cell.  General  constitutive  relationships  accounting  for  matrix  yielding,  creep  and 
flow  past  the  fibers  have  also  been  constructed,  allowing  the  transverse  creep  strain-rate 
and  the  transverse  velocity  to  be  predicted. 

A  feature  of  the  constitutive  relationships  is  that  a  real  length  appears  in  the  laws.  The 
length  appearing  is  the  fiber  diameter  and  therefore,  this  sets  the  scale  for  the  influence 
of  the  stress  gradient  on  the  constitutive  behavior.  Since  stress  gradients  are  involved  in 
the  constitutive  laws,  a  scaling  length  is  an  inherent  feature,  and  therefore,  the  fact  that 
the  fiber  diameter  influences  the  macroscopic  behavior  of  the  material  is  not  surprising. 
This  feature  will  mean  that  large  turbine  rings  with  small  diameter  fibers  will  behave 
differently  from  small  turbine  rings  with  large  diameter  fibers.  The  question  of  which 
is  best  is  an  interesting  design  issue. 

In  this  paper,  it  is  assumed  that  fibers  are  intact  and  stationary  due  to  elastic  constraint 
so  that  the  matrix  flows  past  the  fibers,  eventually,  leading  to  a  steady  state  flow  rate. 
As  noted  previously,  a  tensile  stress  may  develop  in  the  fibers  as  a  result  of  the  stress 
gradient.  When  the  fiber  tensile  stress  is  above  a  critical  (statistical)  value,  the  fiber  fails. 
With  a  sufficient  number  of  breaks,  the  fibers  will  be  able  to  elongate  effectively  and 
therefore  provide  less  constraint  against  radial  matrix  flow.  Therefore,  the  interaction  of 
fiber  failure  and  radial  matrix  flow  should  be  studied. 

Another  issue  which  has  not  been  addressed  in  this  paper  is  that  the  composite  may  be 
subjected  to  a  transverse  multiaxial  stress  state.  In  this  situation,  macroscopic  multiaxial 
deviatoric  stresses  may  develop.  This  will  influence  the  plastic  flow,  creep  and  matrix 
flow  past  the  fibers.  Therefore,  a  multiaxial  generalization  of  the  creep  law  derived  in 
this  paper  is  required.  This  development  will  permit  the  use  of  the  stress  gradient  model 
in  realistic  boundary  value  problems. 
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APPENDIX 


The  nesting  character  of  surfaces  of  constant  E 
in  macroscopic  strain-rate  space 

In  this  Appendix  we  examine  the  nesting  character  of  surfaces  of  constant  E/eq  in 
generalized  macroscopic  strain-rate  space.  We  assume  that  the  body  experiences  a  set  of 
generalized  macroscopic  strain-rates  Ei  and  denote  the  set  of  conjugate  stresses  by  S,;. 
Following  Cocks  (1994)  we  can  identify  a  macroscopic  stress  potential 


(Al)  $  = 

where 


(A2) 


4^  = 


n 


n  +  1 


£0  <^o 


(I) 


n 

n+1 


and  ie  is  the  von  Mises  effective  strain-rate.  Combining  Eqs.  (Al)  and  (A2)  with 
Eq.  (31)  gives 


(A3)  E  = 

The  convexity  condition  for  the  potential  V'  is  given  by  the  inequality  (Cocks,  1994) 
(A4)  {ijj  -  4)  ^  >  0 

where  ijj  and  ijj  are  two  arbitrary  strain-rates  and  and  are  the  associated  stress 
potentials. 

Now  consider  the  situation  where  e\j  is  the  strain-rate  field  for  n  =  n\  and  efj  is  the 
field  for  n  =  n-2,  where  ni  >  n2,  and  that  each  field  results  in  the  same  macroscopic 
strain  rate  E.  Integrating  Eq.  (4)  over  the  volume  and  employing  the  principle  of  virtual 
power  gives 


L 


£e  ‘ 
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(A5)  {Ej  -  Ef )  Ej  -  £0  ^0  F-' 

ni  +  1 


Now,  according  to  Eq.  (A3) 


where  the  inequality  arises  from  Hardy  et  al.  (1934)  “general  properties  of  means”. 
Inequality  (A6)  then  becomes 

(A8)  {E} -E-)E]  >{). 

This  is  simply  a  statement  of  the  fact  that  all  strain-rate  states  E^  corresponding  to 
the  surface  of  constant  E  for  n  =  n2  (<  ni)  lie  inside  the  corresponding  surface  for 
n  =  nj,  i.e.  surfaces  of  constant  E  nest  inside  each  other,  with  the  surface  for  n  — »  oo 
forming  the  outer  envelop. 
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ABSTRACT:  The  effects  of  a  single  Mode  III  loading  cycle  on  the  subsequent  Mode  I 
crack  initiation  and  growth  toughnesses  in  a  cross-ply  [90°/0°l2jTi-6AI-4V/SiC/ compos¬ 
ite  have  been  investigated.  A  Mode  III  cycle  with  AJ,ti  =  8  kJ/m^  was  found  to  have  no 
measurable  effect  on  either  the  initiation  or  growth  toughnesses.  In  contrast,  a  Mode  III 
cycle  with  AJp,  =  14  kJ/m^  resulted  in  a  significant  decrease  in  the  subsequent  Mode  1 
crack  initiation  toughness.  It  also  caused  a  reduction  in  the  crack  growth  toughness  until 
the  crack  had  extended  beyond  the  damage  zone  produced  during  the  Mode  III  excursion. 
The  results  are  rationalized  on  the  basis  of  the  fracture  mechanisms  as  well  as  the  defor¬ 
mation  field  produced  by  Mode  III  loading.  The  Mode  III  damage  effect  has  implications 
for  failure  criteria  for  composites  under  multiaxial  loading. 

KEY  WORDS:  cross-ply  [90°/0°]2.  Ti-6AI-4V/SiC,  composite.  Mode  III  loading  cycle. 
Mode  I  crack  initiation  and  growth  toughnesses. 

1.  INTRODUCTION 

There  has  been  considerable  interest  in  unidirectional  continuous  fiber- 
reinforced  titanium  matrix  composites  (TMCs)  for  use  in  advanced  aero¬ 
space  applications,  motivated  by  their  attractive  specific  properties  in  the  longitu- 
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dinal  direction  at  ambient  and  elevated  temperatures.  However,  these  composites 
exhibit  poor  transverse  properties,  often  being  inferior  to  those  of  the  matrix 
alone.  Cross-ply  composites  are  being  considered  as  a  viable  alternative  for  ap¬ 
plications  requiring  an  increase  in  transverse  properties,  though  the  increase  in 
the  transverse  properties  is  achieved  at  the  expense  of  the  longitudinal  properties. 

The  tensile  behavior  (e.g.,  modulus,  strength)  of  TMCs  is  relatively  well 
understood.  In  contrast,  the  damage  tolerance  behavior  is  less  well  understood. 
An  understanding  of  damage  tolerance  is  essential  for  ensuring  the  reliability  of 
TMCs  in  structural  applications.  Most  of  the  work  in  this  field  has  been  focused 
on  unidirectional  composites  [1-5],  with  smaller  efforts  on  cross-ply  materials 
[6-8].  The  results  indicate  that  the  crack  initiation  and  propagation  mechanisms 
are  strongly  dependent  on  the  fiber  strength,  interfacial  shear  strength  and  matrix 
toughness.  Backuckas  and  Johnson  [9]  have  presented  a  correlation  of  interfacial 
shear  strength  and  crack  growth  in  titanium  matrix  composites.  Crack  splitting, 
interfacial  debonding,  matrix  plastic  deformation  and  multiple  fiber  breal^ge  are 
the  major  mechanisms  operating  within  the  crack  tip  damage  zone  in  such  com¬ 
posites. 

However,  structures  for  aerospace  applications  often  experience  multiaxial 
loading  cycles  which,  in  principle,  could  lead  to  a  mixed  mode  cracking  failure 
or  to  an  influence  of  Mode  II  or  III  loading  on  a  Mode  I  cracking  failure.  In  re¬ 
cent  years,  several  investigations  [10-13]  have  shown  that  the  simultaneous  super¬ 
position  of  Mode  I  and  Mode  III  loadings,  i.e.,  mixed  Mode  I/III  loading,  results 
in  a  substantial  reduction  in  the  crack  initiation  toughness  in  some  ductile 
materials.  Kumar  [14]  has  also  shown  that,  in  a  high  purity  rotor  steel,  an  applica¬ 
tion  of  one  Mode  III  load  cycle  with  A7  =  Jmc  and  =  0  prior  to  a  Mode  I  test 
results  in  a  significant  reduction  in  both  the  crack  initiation  and  growth 
toughnesses:  here  the  J?-ratio  is  displacement  based,  that  is  the  reverse  loading 
restores  the  original  specimen  geometry.  Similar  effects  might  be  anticipated  for 
a  metal  matrix  composite.  Hence,  the  objective  of  the  present  study  was  to  in¬ 
vestigate  the  effects  of  a  single  Mode  III  loading  cycle  on  the  subsequent  Mode 
I  crack  initiation  and  growth  toughness  in  a  cross-ply  [90°/0°]2i  Ti-^l-4V/SiCy 
composite. 

2.  EXPERIMENTAL  PROCEDURE 

The  material  used  in  this  investigation  was  a  cross-ply  [90°/0°]2,  Ti-6A1- 
4V/SiC/  composite.  It  was  obtained  in  the  form  of  1.3  mm  thick  panels.  The  di¬ 
ameter  of  the  sigma  SiC  fiber  was  100  ^m  and  the  volume  fraction  was  32%. 
Prior  to  consolidation,  the  fibers  had  been  coated  with  —  1  /im  of  C,  followed  by 
~  1  /im  of  TiB2 .  The  TiBj  coating  serves  as  a  diffusion  barrier  between  the  fiber 
and  the  matrix.  During  consolidation,  the  TiB2  reacts  with  the  matrix  to  form  a 
layer  of  TiB  needles  ~0.7  /tm  thick.  The  uniaxial  tensile  behavior  of  this  cross- 
ply  composite  has  been  characterized  by  Connell  et  al.  [15].  The  stress-strain 
curve  is  shown  in  Figure  1.  The  curve  does  not  exhibit  a  well-defined  yield  point. 
Deviations  from  linearity  begin  to  occur  at  relatively  low  stresses  ( *200  MPa), 
though  the  changes  in  tangent  modulus  are  initially  small.  The  tangent  modulus 
eventually  reaches  a  saturation  value  at  a  stress  of  *200  MPa,  indicating  that 
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the  matrix  has  completely  yielded  and  all  additional  stress  is  supported  solely 
by  the  fibers  aligned  along  the  loading  direction.  Indeed,  the  saturation  value 
(da/d(  =  60-65  GPa)  is  in  accord  with  the  one  calculated  on  the  basis  of  the 
longitudinal  fibers  alone:  da/de  =  fEfH  =  64  GPa.  In  view  of  these  complica¬ 
tions,  the  yield  point  of  the  composite  is  defined  as  the  intersection  point  between 
the  two  extrapolated  linear  portions  of  the  curve,  as  shown  by  the  lines  in  Figure 
1.  This  yield  point  thus  represents  averages  of  the  stress  and  strain  at  which  yield 
occurs.  The  relevant  tensile  properties  are  summarized  in  Table  I. 

The  commonly  used  parameter  for  characterizing  the  toughness  of  fiber- 
reinforced  composites  is  the  work  of  rupture  which  is  essentially  the  energy  ab¬ 
sorbed  per  unit  area  for  the  entire  fracture  process.  This  parameter  is  unable  to 
distinguish  the  contributions  to  the  total  energy  from  the  initiation  and  propaga¬ 
tion  stages.  The  present  composite  exhibits  slow  stable  crack  growth  and  small 


Table  1.  Tensile  properties  of  cross-ply 
[90  VO  "72,  Ti-6AI-4V/SiC,  Composite. 


Property  Value 


Tensile  strength  925  MPa 

Yield  stress  500  MPa 

Yield  strain  0.4% 

Initial  composite  Young’s  modulus,  E  155  GPa 

Fiber  Young’s  modulus,  Ei  400  GPa 

Poisson’s  ratio  0.19 
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scale  bridging,  i.e.,  the  extent  of  bridging  zone  developed  ahead  of  the  crack  is 
small  [17].  Hence,  a  V-integral  approach  in  accordance  with  the  recommenda¬ 
tions  of  ASTM  standards  E-813  [18]  and  E-1152  [19]  for  monolithic  materials  was 
adopted  in  this  study. 

A  triple  pant-leg  specimen  geometry,  shown  in  Figure  2,  was  employed  to  de¬ 
termine  the  J-R  curve.  The  specimens  were  pre-cracked  by  means  of  wire  cut 
electrical  discharge  machining  (EDM)  which  resulted  in  a  notch  root  radius  of 
1(X)  fim.  As  revealed  in  fractography  presented  subsequently,  the  initial  crack  tip 
position  was  predominantly  in  the  matrix.  The  effects  of  notch  root  radius  on  the 
J-R  curve  for  this  composite  have  been  discussed  in  an  earlier  study  [17].  The  pri¬ 
mary  reason  for  using  a  triple  pant-leg  specimen  is  that  it  is  amenable  to  both 
Mode  I  as  well  as  Mode  III  loading.  When  any  two  adjacent  pant-legs  are  pin- 
loaded  at  holes  A  and  Bor  B  and  C,  as  shown  schematically  in  Figure  3,  the  triple 
pant-leg  specimen  becomes  similar  to  a  compact  tension  specimen  used  for  con¬ 
ducting  pure  Mode  I  tests  [18,19].  However,  if  the  two  outside  pant-legs  are  fixed 
to  a  base  using  holes  A  and  C,  and  the  center  leg  is  pulled,  as  shown  sche¬ 
matically  in  Figure  4,  pure  Mode  III  loading  is  obtained  at  both  crack  tips. 

An  Instron  1361  testing  machine  was  used  for  performing  all  the  tests.  A  pure 
Mode  III  load  was  applied  to  the  specimens,  to  either  Jffr  =  8  kJ/m^  or  14 
kJ/m^.  The  latter  value  was  selected  because  it  corresponds  to  a  load  where  fiber 
cracking  is  audible.  The  loads  were  then  reversed  so  that  the  displaced  legs  were 
restored  to  their  original  undeformed  positions.  This  corresponds  to  essentially 
an  application  of  one  cycle  of  Mode  III  loading,  with  AJ,,,  =  8  kJ/m*  or  14 
kJ/m*,  respectively,  at  a  displacement  based  /?-ratio  =  0.  In  both  cases,  there 
was  no  crack  initiation  as  a  result  of  the  Mode  III  cycle.  These  specimens  were 
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Figure  2.  Triple  pant-leg  specimen  geometry. 


Figure  3.  Schematic  for  applying  Mode  I  loading  to  the  triple  pant-leg  specimen. 


Figure  4.  Schematic  for  applying  Mode  III  loading  to  the  triple  pant-leg  specimen. 
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then  tested  in  pure  Mode  I  loading  to  evaluate  the  efifect  of  Mode  III  cycle  on  the 
Mode  I  fracture  resistance  curve.  For  comparison,  one  specimen  was  also  tested 
in  pure  Mode  I  loading  without  any  prior  Mode  III  loading  (AJ,,,  =  0). 

The  Mode  I  tests  were  performed  by  means  of  a  single  specimen  unloading 
compliance  technique,  as  per  the  recommendations  of  ASTM  E-813  [18]  and 
E-1152  [19]  and  the  details  are  given  in  Reference  [17],  The  broken  specimens 
were  also  examined  in  the  scanning  electron  microscope  to  observe  the  fracture 
features. 


3.  RESULTS 

The  y-Aa  plots  for  the  three  tests  with  AJ,,,  =  0,  8  or  14  kJ/m^  are  illustrated 
in  Figure  5.  A  blunting  line  with  a  slope  of  2a f  =  (Oy,  +  Ours)  was  superim¬ 
posed  on  this  plot  (Oy,  is  the  yield  strength  and  Ours  is  the  ultimate  tensile 
strength).  Exclusion  lines  with  the  same  slope  as  the  blunting  line  offset  by  0.15 
mm,  0.20  mm  and  1.5  mm  were  also  superimposed  on  the  plot.  A  power  law 
equation  was  fit  to  the  data  points  lying  between  the  0.15  mm  and  1.50  mm  exclu¬ 
sion  lines.  The  intersection  of  the  fitted  power-law  curve  with  the  0.20  mm  exclu¬ 
sion  line  was  taken  as  the  crack  initiation  toughness  (Jw)-  For  ail  cases,  the  con¬ 
dition  for  y-dominance 


b,a 


200J,c 


Of 


(1) 


where  b  is  the  ligament  ahead  of  the  crack  and  a  is  the  crack  length,  as  well  as 
the  condition  for  plane  strain 


B  > 


25J.C 

o, 


(2) 


where  B  is  the  specimen  thickness,  were  satisfied. 

The  effect  of  the  prior  Mode  III  excursion  on  the  subsequent  Mode  I  initiation 
toughness  is  shown  in  Figure  6.  The  Mode  I  data  is  for  two  tests  which  agreed 
within  10  percent,  typical  of  tests  of  this  type  [15].  The  other  points  are  for  one 
test.  Hence,  Figure  6  is  presented  as  a  trend  line  to  emphasize  the  drop  in  tough¬ 
ness  with  Ay/;/  =  14  kJ/m^  and  not  as  an  extrapolated  curve.  The  data  show  that 
a  prior  Mode  III  cycle  with  ISJ,,/  =  8  kJ/m^  has  no  effect  on  the  crack  initiation 
toughness  whereas  a  cycle  with  AJui  =  14  kJ/m^  results  in  a  reduction  in  the  in¬ 
itiation  toughness  of  —20%. 

The  crack  growth  toughness  is  characterized  in  terms  of  the  slope  of  the  J-Aa 
curve  idJIda).  The  slope  was  evaluated  by  means  of  a  power-law  fit  to  the  data 
in  Figure  5,  resulting  in  an  equation  that  could  be  differentiated  and  plotted  as  a 
function  of  crack  extension,  Aa.  The  variation  of  dJkia  with  Aa  is  illustrated  in 
Figure  7  for  the  three  tests:  the  data  points  are  arbitrarily  selected  from  the  power 
law  fit  and  therefore  need  not  correspond  to  those  in  Figure  5.  In  all  cases,  the 
crack  growth  toughness  is  high  initially  and  decreases  gradually  with  increasing 
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Crack  Extension  (mm) 


Figure  5.  J-Aa  plots  for  the  three  tests  with  different  prior  Mode  III  cycles. 
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Crack  Extension  (mm) 

Figure  7.  Crack  growth  toughness  versus  crack  extension  for  the  three  tests  with  different 
prior  Mode  III  damage. 


I 


The  Effects  of  a  Single  Mode  III  Loading  Cycle 


1867 


5  |UB 


Figure  8.  SEM  fractographs  for  the  specimen  with  AJm  =  0;  (a)  low  magnification  and  (b) 
high  magnification. 
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Figure  9.  SEM  fractographs  for  the  specimen  with  AJ| 
and  (b)  high  magnification. 


14  kJ/m‘;  (a)  low  magnification 
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crack  extension.  In  the  specimen  with  A7,„  =  8  kJ/  the  crack  growth  tough¬ 
ness  is  marginally  higher  than  that  in  the  specimen  with  ^J,„  =  0,  especially  for 
small  crack  extensions;  however,  the  differences  are  rather  small  ( ~5%).  In  con¬ 
trast,  a  prior  Mode  III  cycle  with  AJ,„  =  14  kJ/m^  results  in  a  reduction  in  the 
crack  growth  toughness  (compared  to  that  in  the  specimen  with  AJ,,,  =  0)  in  the 
initial  stages  of  crack  extension,  by  ~  15%.  However,  beyond  a  crack  extension 
of  ~  1  mm,  the  crack  growth  toughnesses  for  the  two  specimens  become  more  or 
less  the  same.  The  strict  condition  for  yrcontrolled  crack  growth  (20) 


is  not  quite  satisfied  for  any  of  the  specimens  because  b  is  not  large  enough. 
Hence,  the  magnitudes  of  the  crack  growth  toughness  should  be  considered  only 
for  the  purpose  of  qualitative  comparisons. 

Representative  scanning  electron  micrographs  for  specimens  with  AJ,„  =  0 
and  AJ,„  =  14  kJ/m^  are  shown  in  Figures  8  and  9,  respectively.  The  initial  crack 
tip  positions  are  shown  at  the  right  side  of  Figures  8(a)  and  9(a).  In  both  figures, 
a  and  b  correspond  to  low  and  high  magnifications,  respectively.  The  fracture 
features  for  the  specimen  with  AJ,„  =  8  kJ/m  are  so  closely  similar  to  those 
shown  in  Figure  8  for  AJm  =  0  that  a  separate  figure  is  not  included.  Figures 
8(b)  and  9(b)  show  that  the  matrix  alloy  (Ti-6A1-4V)  fails  by  a  ductile  mechanism 
of  void  nucleation,  growth  and  coalescence  in  all  cases  in  the  stable  crack  growth 
regime.  There  are  minor  variations  in  the  matrix  crack  topography  with  regard 
to  the  presence  of  shear  ridges  and  the  degree  of  planarity,  but  these  did  not  vary 
systematically  with  the  different  loading:  the  major  difference  is  in  the  degree  of 
fiber  pullout.  There  is  a  clear  difference  in  the  degree  of  fiber  pullouts  in  Figures 
8(a)  and  9(a),  with  only  a  few  fibers  failing  near  the  crack  plane  for  Figure  8(a) 
while  most  of  those  in  Figure  9(a)  exhibit  little  pullout.  For  specimens  with 
AJiii  =  0  or  8  kJ/m’,  the  SiC  fibers  parallel  to  the  Mode  I  loading  direction  gen¬ 
erally  fail  away  from  the  matrix  crack  plane  and  therefore  undergo  pullout  prior 
to  complete  separation.  The  pullout  length  appears  to  be  of  the  order  of  1-2  fiber 
diameters  on  average.  In  contrast,  in  the  specimen  with  prior  AJ,,,  =  14  kJ/m^ 
most  of  the  fibers  parallel  to  the  Mode  I  loading  direction  are  fractured  in  the 
crack  plane  without  any  apparent  pullout  over  a  distance  of  -  1  mm  from  the 
notch  tip  [Figure  9(a)].  Beyond  1  mm,  more  fiber  pullout  similar  to  that  seen  in 
the  other  specimens  is  evident  [Figure  9(a)].  In  all  specimens,  the  fibers  normal 
to  the  Mode  I  loading  direction  debond  from  the  matrix,  leaving  either  the  entire 
fiber  or  a  corresponding  matrix  trough  on  the  fracture  surface. 

4.  DISCUSSION 

The  effects  of  Mode  III  excursions  on  the  Mode  I  fracture  resistance  can  be  ra¬ 
tionalized  in  terms  of  the  deformation  fields  ahead  of  the  crack  as  a  result  of 
Mode  I  and  Mode  III  loading.  The  shear  strains  ahead  of  a  Mode  I  and  Mode  III 
cracks  have  been  calculated  by  Kumar  [21]  using  the  FEM  stress  distribution 
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results  of  Pan  and  Shih  [22].  The  variation  of  shear  strains  with  the  angular  coor¬ 
dinate  0  is  shown  in  Figure  10.  The  shear  strain  associated  with  Mode  I  loading 
(ex,)  is  spread  out  in  a  fan  inclined  to  the  crack  plane  at  45°  <  6  <  135°  (pro¬ 
ducing  the  traditional  kidney  bean  shaped  plastic  zone).  In  contrast,  the  shear 
strain  (e>,)  associated  with  Mode  III  loading  is  concentrated  in  the  trajectory  of 
the  crack  plane  (6  =  0°).  The  magnitude  of  the  shear  strains  scale  with  the  ap¬ 
plied  J  through  the  relations 


oc 


(4) 


where  N  is  the  strain  hardening  exponent. 

The  fracture  surface  observations  (Figure  8)  for  the  specimen  with  no  prior 
Mode  III  damage  indicated  the  crack  initiation  toughness  is  primarily  governed 
by  the  matrix  ductile  fracture  whereas  the  crack  growth  toughness  is  dependent 
on  the  matrix  ductile  fracture  as  well  as  the  contributions  from  fiber  pullout.  Let 
us  now  consider  the  influence  of  a  Mode  III  cycle  on  the  fracture  process.  When 
a  Mode  III  cycle  is  imparted  on  the  specimen,  a  plastic  zone  is  developed  at  the 
crack  tip.  The  size  of  the  plastic  zone  at  the  maximum  load  is  given  by 


(5) 


where  E  is  the  elastic  modulus,  v  is  the  Poisson’s  ratio  and  t,  =  OfH  is  the  shear 
flow  stress.  The  sizes  of  the  plastic  zones  developed  for  the  specimens  with 
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Figure  10.  Normalized  plastic  shear  strains  plotted  as  a  function  of  angular  coordinate  6. 
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AT///  =  8  kJ/m^  and  14  kJ/m*  are  approximately  0.56  mm  and  1.0  mm,  respec¬ 
tively.  The  localized  shear  strain  (f^,)  discussed  earlier  is  effective  within  this 
plastic  zone  and  can  induce  large  stresses  within  SiC  fibers  in  the  trajectory  of  the 
crack  because  of  strain  incompatibility  [23].  When  the  shear  strain  exceeds  a 
critical  value,  the  stresses  become  sufficiently  large  to  cause  fiber  fracture.  The 
fracture  surface  observations  [Figures  8(a)  and  9(a)]  indicate  that  localized  shear 
strain  resulting  from  the  Mode  III  excursion  is  sufficient  to  cause  fiber  fracture 
for  AZ/h  =  14  kJ/m*  but  not  for  A////  =  8  kJ/m^.  A  second  effect  which  can 
arise  because  of  the  Mode  III  cycle  is  the  development  of  compressive  residual 
stresses  at  the  pre-crack  tip  because  of  the  shrinking  of  the  plastic  zone  on 
unloading.  The  magnitude  of  those  stresses  is  expected  to  scale  with  the  applied 
A  Jill . 

The  mode  III  loading  affects  the  subsequent  Mode  1  fracture  resistance  in  the 
following  way.  For  AJ,„  =  8  kJ/m*,  there  is  no  damage  zone  formed,  and  thus 
the  crack  initiation  and  growth  toughnesses  should  be  similar  to  that  of  the  un¬ 
damaged  specimen  (AJ„,  =  0),  in  accord  with  the  experimental  results  (Figures 
6  and  7).  The  marginally  higher  initiation  and  initial  growth  toughnesses  may  be 
attributed  to  the  compressive  residual  stresses  at  the  pre-crack  tip.  which  cause 
a  small  closure  effect.  In  contrast,  for  the  specimen  with  AJ,„  =  14  kJ/m'.  the 
beneficial  effect  of  the  compressive  residual  stresses  is  outweighed  by  the 
deleterious  effect  of  fiber  fracture  within  the  plastic  zone.  The  fractured  fibers  act 
as  favorable  sites  for  void  initiation  and  should  thus  cause  a  reduction  in  the  crack 
initiation  toughness.  This  is  observed  experimentally  (Figure  6).  The  presence  of 
the  fractured  fibers  should  also  significantly  reduce  the  contributions  of  fiber 
pullout  and  crack  bridging  towards  the  growth  toughness.  This,  too,  is  observed 
experimentally  (Figure  7).  One  would  also  expect,  that  once  the  crack  extends 
beyond  the  Mode  III  damage  zone,  the  growth  toughness  should  match  that  for 
the  undamaged  specimen.  Indeed,  Figure  7  shows  that,  beyond  1  mm  crack  ex¬ 
tension,  the  growth  toughnesses  for  the  two  specimens  become  similar. 

These  results  imply  that  a  prior  Mode  III  cycle  can  cause  a  reduction  in  the 
subsequent  Mode  I  crack  initiation  and  growth  toughness  of  cross-ply  [90°/0°]2. 
Ti-6Al-4V/SiC/  composite  provided  that  the  amplitude  of  the  Mode  III  cycle  ex¬ 
ceeds  a  critical  value.  At  present  this  indication  is  not  quantitative  for  growth 
because  the  condition  for  /-dominance  was  not  satisfied  since  the  requisite 
material  was  unavailable.  In  the  future  one  could  eliminate  this  problem  by  test¬ 
ing  material  with  larger  w  so  that  Equation  (3)  would  be  satisfied. 

5.  CONCLUSIONS 

1 .  A  prior  Mode  III  cycle  with  AJ,„  =  8  kJ/m*  has  only  a  marginal  effect  on  the 
subsequent  Mode  I  crack  initiation  and  growth  toughness  in  a  cross-ply 
[90°/0°]2,  Ti-6Al-4V/SiC/  composite. 

2.  A  prior  Mode  III  cycle  with  A/w  =  14  kJ/m*  results  in  a  reduction  in  the  sub¬ 
sequent  Mode  I  crack  initiation  toughness.  It  also  causes  a  reduction  in  the 
crack  growth  toughness  until  the  Mode  I  crack  extends  beyond  the  damage 
zone  produced  as  a  result  of  the  Mode  III  loading. 
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ABSTRACT 


A  shear  lag  model  is  developed  to  predict  the  stress  recovery  in  a  broken  fiber  embedded 
in  a  ductile  matrix  composite.  The  model  builds  on  the  original  shear  lag  model  of  Cox  (1)  by 
introducing  plasticity  constitutive  behavior  into  the  matrix.  The  matrix  is  assumed  to  be  an 
elastic-perfectly  plastic  material  that  deforms  according  to  flow  theory.  The  use  of  a  flow  mle 
to  govern  the  matrix  deformation  in  this  model  differs  from  previous  attempts  to  represent 
plasticity  in  the  matrix.  A  non-linear  partial  differential  equation  is  obtained  from  the  model. 
Numerical  solutions  to  the  equations  are  obtained  and  compared  to  simpler  shear  lag  models 
which  assume  sliding  at  the  fiber-matrix  interface  controlled  by  a  uniform  shear  stress. 
Axisymmetric  finite  element  calculations  were  done  to  assess  the  validity  of  the  shear  lag  model. 
It  proves  to  be  in  good  agreement  with  the  finite  element  analysis.  Predictions  of  the  shear  lag 
calculations  suggest  that  the  global  load  sharing  strength  model  of  Curtin  (2)  is  valid  for  a 
composite  with  a  yielding  matrix  that  is  elastically  rigid. 
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1.  INTRODUCTION 

Fibrous  composite  materials  utilize  a  weak  matrix  reinforced  by  strong,  elastically  stiff 
fibers.  Predicting  the  mechanical  properties  of  the  composite  requires  a  detailed  understanding 
of  the  stress  and  strain  states  in  the  constituent  materials.  Due  to  the  complex  geometry  of 
composite  materials,  it  is  a  formidable  endeavor  to  solve  the  governing  equations  of  solid 
mechanics  in  closed  form.  Further  complications  arise  when  the  statistical  nature  of  the  fibers  is 
considered.  During  loading  weak  fibers  will  fail  first,  and  an  understanding  of  the  resulting 
stresses  in  the  reinforcements  is  required  to  predict  the  strength  of  the  composite. 

The  term  shear  lag  has  been  used  to  describe  models  that  represent  fibers  as  one 
dimensional  axial  load  carrying  springs.  Other  simplifications  can  be  made,  but  the  universal 
characteristic  of  shear  lag  models  is  that  a  three  dimensional  fiber  or  laminate  is  assumed  to  act 
like  a  one  dimensional  entity.  Shear  lag  models  of  varying  degrees  of  complexity  have  been 
used  to  determine  the  stresses  in  a  broken  fiber.  The  first  model  we  discuss  is  the  simple  shear 
sliding  model  (Kelly  and  Tyson  (3)).  This  version  assumes  that  the  stress  in  the  broken  fiber 
recovers  to  the  far  field  applied  stress  through  the  action  of  a  constant  sliding  stress.  The  slip 


length,  Lj,  axial  stress.  Of,  and  shear  stress,  x,  along  the  fiber  are: 
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where  D  is  the  fiber  diameter,  Ef  is  the  Young’s  modulus  of  the  fiber,  e  is  the  strain  applied  to  the 


composite  in  the  fiber  direction,  Tq  is  the  level  of  the  shear  sliding  resistance,  and  z  is  the  axial 


coordinate  along  the  fiber  with  the  origin  located  at  the  break  as  shown  in  Figure  1 .  This  model 
of  the  fiber  stress  distributions  was  used  by  Curtin  (2)  to  predict  the  strength  of  a  uniaxially 
reinforced  composite  under  the  assumptions  of  global  load  sharing. 

However,  the  first  shear  lag  model  in  the  literature  was  developed  by  Cox  (1),  to 
determine  the  stresses  in  a  fiber  embedded  in  an  elastic  matrix.  The  results  for  the  axial  and 
shear  stresses  along  an  infinite  fiber  are: 


Of  =  Ef8 


1-exp 


-2 


GmP  z' 

EfW 


(4) 


T  =  -iEfej|ffi^exp 

2  ^  EfW  ^  ^ 

where  is  the  shear  modulus  of  the  matrix,  and  w  is  a  measure  of  the  fiber  spacing,  also  as 
shown  in  Figure  1.  The  Cox  model  assumes  that  the  interface  between  the  fiber  and  matrix  is 
well  bonded.  Hedgepeth  and  van  Dyke  (4)  modeled  plasticity  in  a  multiple  fiber  system  by 
limiting  the  allowable  shear  stress  on  a  fiber.  Recently,  Beyerlein  and  Phoenix  (5)  studied 
plasticity  and  debonding  in  a  similar  fashion  in  two  dimensional  composite  systems.  This  type 
of  model  for  plasticity  does  not  require  a  flow  mle  and  we  will  refer  to  it  as  shear  sliding.  Shear 
sliding  can  be  added  to  Cox's  model  by  limiting  the  shear  stress  at  the  interface  to  a  prescribed 

value  of  Xq.  The  results  for  the  slip  length,  and  stresses  for  this  model  are: 
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Note  that  if  e  <  2—  then  L  =0  and  the  axial  stress  and  shear  stress  are  given  by  (4)  and 

Ef  i  G^D 

(5).  While  the  model  does  limit  the  shear  stress  to  a  prescribed  yield  strength,  no  flow  rule  is 
used  to  determine  the  evolution  of  the  deformation.  In  Cox's  model  equilibrium  in  the  matrix 
requires  that  the  shear  stress  in  the  matrix  decreases  with  radial  distance  from  the  fiber.  This 
implies  that  plasticity  occurs  in  a  very  thin  layer  around  the  broken  fiber,  and  that  the  rest  of  the 
matrix  is  elastic. 

Alumina  fibers  in  an  aluminum  matrix  is  an  example  of  a  composite  that  uses  strong, 
brittle  fibers  to  reinforce  a  weak,  ductile  matrix.  During  cooling  from  high  temperatures  after 
processing,  the  thermal  expansion  mismatch  of  the  alumina  fibers  and  the  aluminum  matrix 
causes  the  fibers  to  be  in  a  state  of  residual  compression,  and  the  matrix  to  be  in  tension.  When 
the  composite  is  loaded  no  fibers  will  break  at  least  until  the  residual  compression  is  relieved.  At 
the  applied  strain  when  the  first  fiber  breaks  it  is  very  likely  that  the  matrix  has  yielded  in 
tension.  In  this  system  it  is  unrealistic  to  assume  that  the  matrix  is  elastic,  and  that  yielding  only 
occurs  locally  near  fiber  breaks.  In  order  to  account  for  load  redistribution  around  a  broken  fiber 
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in  the  presence  of  gross  yielding,  a  flow  rule  must  be  introduced  to  govern  the  deformation  of  the 
matrix.  This  work  attempts  to  introduce  such  a  constitutive  behavior  in  the  context  of  the  shear 
lag  framework.  The  model  is  then  compared  to  the  other  shear  lag  models,  as  well  as  to 
axisymmetric  finite  element  calculations. 

11.  SHEAR  LAG  MODELS 

In  this  section  the  basic  shear  lag  governing  equations  are  developed.  The  differences 
between  shear  lag  models  arise  due  to  differences  in  the  assumed  matrix  constitutive  behavior 
(elastic,  plastic,  creeping),  and  the  interface  behavior  (weakly  bonded  vs.  well  bonded).  The 
assembly  of  a  shear  lag  model  results  in  a  governing  differential  equation  for  the  fiber 
displacement,  u,  as  a  function  of  the  distance  from  the  break,  z,  and  possibly  a  time  variable,  t. 

Simplifications  must  be  made  such  that  all  of  the  field  variables,  and  u^,  can  be  related  to 

the  fiber  displacement,  u,  and  other  variables  that  are  parameters  of  the  model. 


2.1  Model  Geometry 

The  derivation  in  this  paper  is  for  a  cylindrical  fiber  system,  but  the  equations  are  easily 
adapted  to  a  two  dimensional  slab  geometry,  representative  of  laminated  composites.  Consider 
the  cell  shown  in  Figure  1.  The  fiber  break  is  located  at  z=0.  For  a  hexagonal  array  of  fibers  the 
cell  is  idealized  to  be  circular  and  cylindrical.  The  outer  surface  of  the  cell  just  touches  the  edges 
of  the  six  nearest  neighbor  fibers.  The  distance  between  fiber  surfaces  can  be  related  to  the  fiber 
volume  fraction,  f,  by 
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w  =  D 


(9) 
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It 


(10) 


2.2  Equations  common  to  all  shear  lag  models 

Equilibrium  of  forces  acting  on  a  differential  element  of  fiber  requires  that 

dz  D 

where  Of  is  the  average  axial  stress  in  the  fiber,  and  t  is  the  shear  stress  acting  on  the  interface 

between  the  fiber  and  the  matrix.  Hooke's  Law  for  the  fiber  gives 

9u 


o  jf  =  Ef 


dz 


(11) 


9u 

where  u  is  the  axial  displacement  of  the  fiber,  and  —  is  the  axial  strain  in  the  fiber.  The 

dz 


standard  shear  lag  statement  that  relates  the  shear  stress  at  the  fiber/matrix  interface,  x,  to  the 


fiber  displacement,  u,  is  obtained  by  substituting  (11)  into  (10).  It  is  given  by 

.  =  -iDE,0.  (12) 

The  fiber  is  considered  to  be  a  one  dimensional  entity  such  that  the  only  quantities  of  interest  are 
the  axial  stress,  strain,  and  displacement.  The  radial,  hoop,  and  shear  stresses  within  the  fiber  are 
not  considered  in  the  model.  Equations  (1 1)  and  (12)  characterize  the  stress  states  of  the  fiber 
and  fiber/matrix  interface  in  terms  of  the  fiber  displacement.  To  complete  the  model,  the  field 
quantities  in  the  matrix  must  now  be  related  to  the  fiber  displacement. 
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The  first  approximation  common  to  many  shear  lag  models  (Cox  (1);  Du  and 
McMeeking(6))  is  that  the  axial  displacement  at  the  outer  boundary  of  the  cell  is  equivalent  to 
the  displacement  that  would  exist  in  an  undamaged  composite  at  the  same  applied  strain.  Taking 
the  fiber  break  to  be  the  origin  of  the  z  axis,  as  shown  in  Figure  1 ,  this  condition  is  given  by 

Uc=ez  (13) 

where  u^  is  the  displacement  of  the  outer  boundary,  and  8  is  the  nominal  composite  strain. 


The  second  assumption  involves  approximating  the  shear  strain  at  the  fiber/matrix 
interface.  The  simplest  approximation,  used  by  Du  and  McMeeking  (6),  is  that 


-u 

y  =  — — 

w 


(14) 


where  Y  is  the  shear  strain  at  the  interface.  Equation  (14)  is  an  excellent  approximation  for  a  two 


dimensional  geometry.  Cox  (1)  accounted  for  the  axisymmetric  geometry  in  an  approximate 
fashion  by  considering  equilibrium  of  the  matrix  in  the  axial  direction.  The  result  is  that  in 


equation  (14),  w  is  replaced  by  —\x\ 


2w  +  D 
D 


.  This  is  a  small  correction  for  high  volume 


fractions.  For  simplicity,  this  correction  has  been  left  out  of  the  model  that  will  be  presented. 

Equations  (9)  through  (14)  are  the  starting  point  for  any  shear  lag  model  that  attempts  to 
describe  the  stress  distribution  in  a  broken  fiber.  The  remaining  pieces  of  information  needed  to 
formulate  a  governing  differential  equation  are  the  matrix  constitutive  law,  and  the  fiber/matrix 
interface  behavior.  When  the  applied  strain  is  high  enough  to  cause  fibers  to  break,  the  matrix 
has  usually  failed  in  tension  by  cracking  or  yielding.  It  is  assumed  therefore,  that  the  matrix  is 
not  able  to  directly  carry  any  of  the  load  shed  by  the  broken  fiber,  but  can  only  transmit  it  by 
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shear  stress  to  other  fibers.  Therefore,  the  purpose  of  the  matrix  constitutive  law  is  to  relate  the 
shear  stress  in  the  matrix  to  the  shear  strain. 

2.3  Shear  Lag  Constitutive  Law  for  a  Well  Bonded  Fiber  in  an  Elastic-Perfectly  Plastic 
Matrix 

The  constitutive  law  used  is  for  an  elastic-perfectly  plastic  material  with  deformation 
governed  by  Jj  flow  theory  (Hill  (7)).  The  Young's  modulus  of  the  material  is  E„,  and  the  yield 

stress  is  Gy  For  simplicity  it  is  assumed  that  the  material  is  always  on  the  yield  surface.  For 

most  systems  of  interest  this  is  a  good  assumption  for  one  of  two  reasons.  First,  residual  thermal 
stresses  can  cause  the  matrix  to  yield  prior  to  any  loading.  Second,  if  it  did  not  yield  upon 
cooling,  the  matrix  has  usually  yielded  in  tension  when  enough  strain  has  been  applied  to  break  a 
fiber.  A  simple  state  of  stress  is  assumed  to  exist  in  the  matrix  near  the  fiber/matrix  interface, 
namely  an  axial  stress  acting  in  the  z  direction  and  a  shear  stress  as  depicted  in  Figure  1.  Again, 
radial  and  hoop  components  of  stress  are  not  considered  in  the  model.  The  yield  condition  is 
therefore, 

Gy  =  -y/a^+3T^  (15) 

where  is  the  axial  stress  in  the  matrix  and  x  is  the  shear  stress  acting  on  the  fiber/matrix 

interface.  The  strain  rates  in  the  matrix  are  given  by  flow  theory  and  elasticity, 

+  06) 

Lm  ^ 

y  =  —+2xX  (17) 

Gm 
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where  £„  is  the  axial  strain  in  the  matrix  at  the  interface,  y  is  the  shear  strain  in  the  matrix  at  the 


interface,  is  a  proportionality  factor  enforcing  normality  of  plastic  strains  to  the  yield  surface, 

and  the  superposed  dot  represents  differentiation  with  respect  to  time.  Note  that  this  time  does 
not  necessarily  correspond  to  natural  time,  but  is  a  loading  parameter. 

Equations  (16)  and  (17)  can  be  combined  to  eliminate  k,  yielding  an  equation  governing 

the  matrix  response 


3'cgm 

Em 


Gm 


—  3T£jj, 


<JmY- 


(18) 


From  (15),  it  can  be  shown  that  With  the  use  of  £„,  =  ^  at  the  interface  and 


dz 


equations  (12)  through  (14),  equation  (18)  becomes  the  governing  partial  differential  equation 
for  u(z,t) 


-D— +-D— ai 
V4  E^  4 


a^u 


au  Cm  /  •  ■  \  ^ 

- 2L(u-£z)  =  0 


az^  az  w 


(19) 


It  is  important  to  note  that  £  is  the  nominal  composite  strain  rate.  At  first  glance  (19)  may 
appear  to  be  a  linear  partial  differential  equation  for  u(z,t).  However,  all  of  the  coefficients  of 

the  derivatives  contain  x  or  a^.  Equation  (15)  relates  to  x,  and  x  is  related  to  u  by  (12).  Thus 


the  coefficients  of  the  derivatives  are  actually  non-linear  functions  of  and  consequently 


^u 

8z^ 


equation  (19)  is  highly  non-linear. 
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Boundary  conditions  are  needed  at  z=0  and  at  z  ->  <» .  At  the  fiber  break  the  axial  stress 
in  the  fiber  is  zero,  and  far  from  the  break  the  fiber  strain  must  be  equal  to  the  applied  composite 
strain.  Mathematically  these  boundary  condition  are: 

Ef^(z  =  0)  =  0  (20) 

dz 

^(z->oo)  =  e.  (21) 

dz 

A  time  history  for  the  applied  strain  must  also  be  specified.  The  key  variables  that  must  be 
specified  in  the  time  history  are  the  strain  at  which  the  fiber  breaks  and  the  strain  to  which  the 
composite  is  extended  after  the  fiber  breaks.  Equation  (19)  is  solved  by  a  finite  difference 
scheme  that  is  described  in  the  Appendix. 

Figures  2  and  3  illustrate  the  stress  profiles  immediately  after  fracture  for  fibers  that  have 

Ef 

broken  at  various  different  composite  strain  levels  with  —^=5,  and  f=0.5.  The  shear  stress 

Em 

versus  distance  from  the  break  plots  of  Figure  2  consist  of  three  regions.  The  slip  zone  is  where 

•  • 

the  shear  stress  is  almost  uniform  at  the  value  x  =  ty  =  ^.  The  non-lmear  recovery  region  is 

where  there  is  a  non-linear  transition  from  the  maximum  plateau  shear  stress  to  nearly  zero  shear 
stress.  Finally,  the  third  region  is  where  the  shear  stress  is  essentially  zero.  The  shear  stress 

approaches  only  asymptotically  near  the  break,  and  approaches  zero  asymptotically  far  from 

the  break.  Therefore,  the  entire  curve  actually  lies  in  the  non-linear  region.  For  practical 
considerations  the  non-linear  recovery  region  is  taken  to  be  finite  with  boundaries  at  the  position 
where  x  =  0.99Xy  and  x  =  0.0  IXy .  Notice  that  the  non-linear  recovery  zone  does  not  change 
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size  or  shape  as  the  applied  strain  when  the  break  occurs  is  increased.  At  higher  strains,  the  non¬ 
linear  recovery  region  is  located  further  from  the  break  and  the  length  of  the  slipped  region 
increases.  Similarly,  the  axial  stress  profiles  of  Figure  3  can  be  broken  into  three  regions,  a 
nearly  linear  region  starting  from  the  break,  a  non-linear  recovery  region,  and  a  nearly  uniform 
region.  As  with  the  shear  stress,  the  axial  stress  approaches  a  uniform  gradient  near  the  break 
and  a  uniform  value  far  from  the  break  only  asymptotically.  The  non-linear  zone  in  the  axial 
stress  distribution  also  changes  location  with  different  breaking  strains  while  its  size  and  shape 
remain  the  same.  The  positions  of  the  non-linear  recovery  zones  for  the  shear  and  axial  stresses 
are  coincident.  For  a  given  moduli  ratio  and  volume  fraction,  the  location  of  the  non-linear 
recovery  region  depends  on  the  composite  strain.  Higher  applied  strain  implies  that  the  region  is 
located  at  a  position  further  from  the  break.  Notice  in  Figure  2  that  if  the  applied  strain  at  which 
the  break  occurs  is  very  low,  then  the  initial  uniform  shear  stress  region  will  not  exist  and  the 
non-linear  recovery  region  will  not  be  fully  developed. 

A  closed  form  solution  of  equation  (19)  is  not  available  so  a  numerical  investigation  was 
used  to  determine  some  of  the  characteristics  of  the  recovery  region.  The  size  and  shape  of  the 
non-linear  recovery  region  does  not  depend  on  the  applied  strain  (as  long  as  the  strain  is 

Ef  w 

sufficiently  high),  but  it  does  depend  on  the  parameters  — ^  and  — .  Three  parameters  were 

Em  E> 

chosen  to  describe  the  non-linear  region:  its  length,  L„,  the  applied  strain  at  which  it  is  fully 
developed,  £„,  and  the  average  axial  stress  in  the  region  when  the  fiber  breaks  at  an  applied 

composite  strain  of  £„,  .  Figure  4  contains  a  schematic  that  illustrates  each  of  these 

parameters.  The  slip  length,  L^,  can  be  obtained  from  the  second  parameter,  £„,  by  the  following 
formula, 
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Ls=2 

'  4 


Ef£  Ef^n 


(22) 


ly  J 


Notice  the  similarity  to  equation  (6).  Figure  4  shows  a  schematic  of  these  parameters.  For  a 


given  value  of  — ,  all  of  these  parameters  can  be  fitted  to  a  power  law  of  the  form 


P  =  A 


(23) 


where  P  is  one  of  the  three  parameters,  A  is  a  constant,  and  n  is  a  power  law  exponent.  The  fits 
for  L„,  8„,  and  have  maximum  errors  between  the  fitted  curves  and  the  actual  data  points  of 
2%,  5%,  and  7%  respectively. 


w 

Figure  4  contains  a  table  listing  values  of  A  and  n  for  values  of  —  between  0.25  and  2. 

Note  that  as  —  or  —  go  to  zero,  L„,  £„,  and  On  also  go  to  zero,  corresponding  to  the  simple 
Em  E) 

shear  sliding  approximation  (equations  2  and  3).  This  becomes  evident  after  careful 

Ef  w 

consideration  of  equation  (19).  As  —  goes  to  zero,  or  —  goes  to  zero  the  only  solution 

Em  E) 

available  for  (19)  with  the  appropriate  boundary  conditions  is  a  step  function  for  the  shear  stress. 

As  —  goes  to  zero,  the  distance  between  fibers  is  zero.  The  description  of  the  shear  strain  in  the 
D 

matrix,  equation  (14),  can  take  on  only  two  values.  Either  the  shear  strain  is  zero  and  the  state  of 
stress  at  the  interface  is  uniaxial  extension,  or  the  shear  strain  is  infinite  and  the  state  of  stress  is 
pure  shear.  This  is  the  physical  origin  for  the  step  function  shape  of  the  shear  stress  distribution 
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W  iJf 

when  —  goes  to  zero.  As  — goes  to  zero  the  physical  reasoning  for  the  step  function  shape  of 
D  Er 


■'m 


the  shear  stress  is  not  as  simple.  However,  mathematically  it  is  clear  that  a  step  function  shape 
for  the  shear  stress,  and  consequently  a  bilinear  distribution  for  the  axial  stress,  is  the  solution  if 
the  matrix  is  elastically  rigid. 

As  noted  above,  the  strain  at  which  the  break  occurs  and  the  strain  to  which  the  fiber  is 
subsequently  loaded  must  be  specified.  Due  to  the  strain  path  dependence  of  Jj  flow  theory, 
different  loading  conditions  result  in  different  stresses  in  the  fiber.  This  has  a  small  effect  on  the 
distribution  of  stress  in  the  fiber,  but  it  is  interesting  since  the  simpler  model  of  equations  (7)  and 
(8)  cannot  predict  it.  Consider  a  fiber  that  is  initially  broken,  i.e.  the  strain  to  cause  the  break  is 
zero.  The  composite  is  then  extended  and  stresses  develop  in  the  fiber.  The  stress  distributions 
can  be  broken  up  into  the  same  regions  that  were  described  for  a  fiber  that  breaks  at  finite  strain. 
The  axial  and  shear  stress  profiles  will  develop  and  then  the  non-linear  region  will  move  along 

Ef  w  HfE 

the  fiber.  For  a  given  set  of  parameters,  — and  — the  length  of  the  non-linear  recovery 

En,  E>  Oy 

zone  for  a  fiber  that  breaks  at  strain  e  will  be  shorter  than  the  same  zone  for  a  fiber  that  is 


initially  broken  in  a  composite  then  extended  to  strain  e.  The  dependence  of  the  shear  and  axial 

stress  distributions  on  the  loading  sequence  arises  from  the  load  path  dependence  of  a  plastically 
deforming  material. 

Returning  to  fibers  that  break  at  finite  strain,  three  parameters  are  needed  to  solve  (19): 

Ef  w  Ef£  3  Ef 

and  (notice  that  v„,  is  taken  to  be  1/3  and  Gjj,  =  -Ejj, ,  otherwise  — —  would  also 


Em  D 
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have  to  be  specified).  Figures  5  and  6  are  plots  that  illustrate  the  influence  of  these  parameters. 
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The  axial  coordinate  normalization  — maps  a  single  simple  shear  sliding  slip  length,  L^,  to 

EfS  D 

one  unit.  The  axial  stress  normalization  in  Figure  6  causes  a  value  of  unity  to  represent  the 

Efe 

far  field  stress  in  the  fiber.  The  shear  and  axial  stress  profiles  of  the  simple  shear  sliding  model 
are  shown  as  a  comparison  in  Figures  5  and  6,  i.e.  equations  (3)  and  (2)  respectively.  Also, 
equations  (7)  and  (8)  give  very  good  approximations  to  the  shapes  of  the  axial  and  shear  stress 

Ef  w  EfS 

distributions  respectively.  As  — — >0, - >0,  or  — — the  shear  and  axial  stress  profiles 

Em  D  Gy 

from  the  solution  of  equation  (19)  approach  the  simple  shear  sliding  curves.  Note  that  the  limits 
— >0  and  —^0  will  create  a  true  step  function  for  the  shear  stress  distribution,  while  the 


limit  causes  the  approach  to  a  step  function  due  to  the  choice  of  the  normalization. 

Gv 


III.  FINITE  ELEMENT  MODEL 

Finite  element  calculations  were  done  to  determine  the  validity  of  the  shear  lag  model 
with  the  elastic/perfectly-plastic  matrix  constitutive  behavior.  The  model  does  not  consider  the 
exact  three  dimensional  geometry  of  the  fiber  composite  system,  but  instead  idealizes  the 
geometry  as  axisymmetric  (Du  and  McMeeking  (8),  He  et  al.  (9),  Nedele  and  Wisnom  (10), 
Tripathi  et  al.  (11)).  Figure  7  is  an  illustration  of  the  axisymmetric  model  along  with  the  actual 
values  used  for  volume  fraction,  moduli  ratio,  and  applied  strain  to  calculate  solutions  for  the 
stresses.  The  model  has  a  broken  fiber  at  the  center,  an  annulus  of  matrix  of  width  w 
surrounding  the  broken  fiber,  an  annulus  of  fiber  material  representing  the  nearest  neighbor 
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fibers,  an  annulus  of  matrix,  and  finally  an  annulus  of  material  that  has  the  averaged  composite 
properties.  The  width  of  the  annulus  of  fiber  material,  denoted  m  in  Figure  7,  is  chosen  such 
that  its  volume  is  equal  to  the  volume  of  the  six  nearest  neighbor  fibers.  The  width  of  the  second 
annulus  of  matrix  material  is  taken  to  be  one  half  of  w,  and  the  thickness  of  the  composite 
annulus  is  2w.  The  length  of  the  model,  L,  is  chosen  such  that  the  shear  stress  at  the  fiber/matrix 
interface  is  approximately  zero  at  z=2/3  L  for  the  listed  applied  strain.  The  fiber  material  is 

elastic  and  the  matrix  material  is  elastic-perfectly  plastic.  The  yield  stress  of  the  matrix,  a^,  is 

taken  to  be  EyiOOO.  The  Poisson's  ratio  of  all  materials  is  taken  to  be  one  third.  The  loading 
conditions  are  for  a  fiber  that  has  broken  at  a  finite  strain.  The  model  is  extended  uniformly  to 
the  strain  at  which  the  fiber  fails.  This  also  causes  the  matrix  to  yield.  Thereafter,  the  tractions 
on  the  end  of  the  broken  fiber  are  removed  incrementally  while  the  displacements  of  the 
remaining  boundary  of  the  model  are  held  fixed.  No  further  strain  is  applied  to  the  model  after 
this  process  is  completed.  The  model  was  computed  with  four  sets  of  moduli  ratios  and  three 
volume  fractions  as  shown  in  Figure  7.  The  commercial  finite  element  package  ABAQUS  was 
used  and  the  results  for  the  shear  stress  at  the  fiber/matrix  interface  are  compared  to  the  shear  lag 
model. 

The  shear  lag  results  are  shown  to  be  in  excellent  agreement  with  the  more  detailed  finite 
element  results.  Figures  8a  and  8b  plot  the  shear  stress  from  the  solution  of  equation  (19)  against 
the  finite  element  results.  Also  shown  are  the  results  from  equation  (8),  which  is  the  shear  lag 
model  combining  Cox's  original  elastic  version  with  a  shear  sliding  interface  zone  near  the  break. 
The  zero  point  on  the  z  axis  is  taken  to  be  where  the  non-linear  recovery  region  begins,  i.e. 
where  x  =  0.99ty.  This  is  done  for  two  reasons.  First  it  is  easier  to  compare  the  different  non¬ 
linear  recovery  zones.  Second,  any  shear  stress  distribution  for  a  higher  strain  than  En  can  be 
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constructed  by  adding  a  uniform  shear  stress  zone  from  z=0  to  z=L,  (where  is  given  by  (22)), 
and  moving  the  beginning  of  the  non-linear  recovery  region  to  z-L^.  The  value  of  £„  is  also 

given  on  Figures  8a  and  8b.  The  composite  properties  represented  were  chosen  such  that  a  wide 
range  of  non-linear  recovery  lengths  would  be  presented.  Figures  8a  and  8b  show  that  there  is 
good  agreement  over  a  wide  range  of  moduli  ratios  and  fiber  volume  fractions  between  equation 
(19)  and  the  finite  element  calculations. 

Equation  (8)  is  also  a  good  approximation  to  the  shear  stress  distribution  for  most  of  the 
material  systems  considered.  Equation  (8)  has  a  sharp  kink  in  the  plots  of  shear  stress  versus 
distance  from  the  break  distributions  where  the  shear  stress  begins  to  drop  off  from  the  plateau 
stress.  Equation  (8)  cannot  predict  differences  in  the  stress  distribution  due  to  different  loading 
conditions,  as  the  solution  of  equation  (19)  is  able  to  do  as  discussed  in  the  previous  section.  In 
general  (7)  and  (8)  give  a  good  approximation  to  the  stresses  in  a  broken  fiber  in  a  plastic  matrix, 
but  (7)  and  (8)  do  not  show  some  of  the  finer  details  of  the  solution  to  (19). 

IV.  DISCUSSION 

Modeling  the  strength  of  composite  materials  requires  an  understanding  of  how  stresses 
are  distributed  around  fiber  breaks.  A  complete  solution  to  the  governing  equations 
(equilibrium,  compatibility,  and  constitutive  behavior)  for  this  complicated  three  dimensional 
system  would  require  a  great  deal  of  numerical  computation.  However,  the  shear  lag 
approximation  has  been  shown  to  compare  well  with  an  axisymmetric  finite  element  model,  and 
is  much  less  onerous  in  computation.  The  shear  lag  approximation  allows  all  field  quantities  to 
be  related  to  the  axial  displacement  of  the  broken  fiber.  Depending  on  the  complexity  of  the 
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matrix  constitutive  behavior,  the  solution  of  the  shear  lag  model  is  either  a  closed  form 
expression  or  requires  minimal  numerical  calculations. 


The  model  developed  was  one  for  continuous,  brittle,  elastic  fibers  well  bonded  to  a 
ductile  matrix  with  elastic-perfectly  plastic  constitutive  behavior.  The  solutions  to  the  model 
were  compared  to  a  simple  version  where  the  shear  stress  is  assumed  to  be  constant  over  a  finite 
slip  region  around  the  break.  Three  parameters  control  the  shape  of  the  stress  profiles  in  the 

fiber,  — — ,  and  The  first  two  parameters  dictate  the  size  and  shape  of  the  non-linear 


region  of  the  shear  stress  and  axial  stress  distributions,  and  the  third  parameter  specifies  where 
the  non-linear  region  is  located  along  the  fiber.  The  simple  sliding  model  for  the  stress  profiles 
in  the  fiber  serve  as  bounds  to  the  stresses  predicted  by  the  shear  lag  model.  For  volume 

Ef 

fractions  where  the  fibers  are  not  in  contact,  as  the  parameter  —  goes  to  infinity,  i.e.  the  matrix 

Em 

material  is  elastically  rigid,  the  stress  profiles  approach  those  of  the  simple  sliding  model. 

This  is  an  interesting  result  when  the  assumptions  of  the  global  load  sharing  (GLS) 
composite  strength  model  are  considered  (Curtin  (2)).  The  GLS  model  assumes  that  the  load 
shed  by  broken  fibers  is  shared  equeilly  by  all  intact  fibers  on  the  plane  of  the  break.  No  load  is 
carried  by  the  matrix.  It  is  also  assumed  that  shear  sliding  occurs  at  a  uniform  sliding  stress  over 
a  finite  distance  around  the  break.  It  has  been  shown  by  the  shear  lag  model  that  the  latter 
assumption  is  true  when  the  matrix  is  elastically  rigid  in  shear  and  yielding  occurs  at  the 
interface.  It  is  interesting  to  note  that  the  former  assumption  also  holds  when  the  matrix  is  rigid 
in  shear.  Hedgepeth  and  van  Dyke  (4)  developed  a  model  to  predict  stress  concentrations  in 
fibers  adjacent  to  a  broken  fiber.  They  showed  that  stress  in  a  fiber  neighboring  a  break  is 
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increased  above  the  applied  stress  over  a  length  proportional  to  ,  i.e.  zero  length  when  the 

matrix  is  rigid.  Therefore  the  GLS  composite  strength  model  is  a  description  of  a  composite 
with  long  brittle  elastic  fibers  embedded  in  a  matrix  that  will  not  carry  axial  loads,  but  is  rigid  in 
shear,  and  "yields"  at  a  prescribed  level  of  shear  stress.  This  "yielding"  can  take  the  form  of 
localized  shear  yielding  for  a  ductile  matrix,  or  interface  sliding  for  a  brittle  matrix. 

The  main  deficiency  of  this  model  is  that  it  does  not  consider  the  stresses  in  fibers 
neighboring  the  break.  While  not  done  in  this  work,  it  is  possible  to  generalize  the  governing 
equations  developed  here  to  include  interactions  with  other  fibers.  In  order  to  truly  understand 
composite  failure  knowledge  of  the  stress  concentrations  in  neighboring  fibers  is  needed.  In 
fumre  work  (Landis  and  McMeeking  (12))  we  will  show  how  the  same  parameters,  specifically 

^  and  that  govern  the  shape  of  the  stress  profile  in  the  broken  fiber,  also  govern  the 

stress  concentrations  in  the  neighboring  fibers.  While  the  model  presented  here  does  not 
increase  our  knowledge  of  stress  concentrations  in  composites,  it  does  develop  the  basic 
mechanics  that  are  necessary  to  understanding  failure  in  ductile  matrix  composites. 

Often  shear  lag  models  are  misconstrued  as  exact  solutions.  Shear  lag  models  make 
many  simplifying  assumptions  to  the  governing  equations  of  solid  mechanics.  The  elastic- 
perfectly  plastic  matrix  response  lends  itself  to  the  shear  lag  description.  It  has  been  shown  here 
that  the  model  is  in  good  agreement  with  more  detailed  numerical  calculations  and  a  simpler 
shear  lag  model  for  a  wide  range  of  composite  properties. 
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APPENDIX:  Finite  Difference  Scheme 


In  this  appendix  the  finite  difference  scheme  that  was  used  to  solve  equation  (19)  of  the 
main  text  is  described.  The  stresses,  strains,  lengths,  displacements,  and  moduli  are  normalized 
as  follows: 


.  X  .  O'm  -  -  Ef£  ^  w  z  ^ 

x  =  — ,  Om  =— ,  cjf  =— ,  e  =  ^,  w  =  — ,  z  =  — ,  u  = 

Gy  Gy  Gy  Gy  D  D  OyD 


E  =  ^,  and  G  = 

Ef  Ef 


Equation  (19)  becomes 


9  la 


in 


4  E  ^4  G 


3^u  ..  9u 


A1 


The  fiber  is  discretized  into  N-1  equal  segments  of  length  Az  =  ^,  where  L  =  and  L  is  the 

total  length  of  the  fiber.  For  the  calculations  done  in  this  paper,  L  is  taken  to  be  sufficiently  long 
such  that  the  solutions  represent  an  infinite  fiber.  The  time  history  of  the  loading  is  then  broken 
into  two  segments.  The  first  segment  is  when  the  fiber  just  breaks  and  the  applied  strain  rate  is 
zero.  During  this  time  segment  the  tractions  at  the  broken  end  of  the  fiber  are  released  gradually 
to  zero.  During  the  second  time  segment  the  applied  strain  rate  is  not  zero,  but  the  strain  at  the 
broken  end  of  the  fiber  is  always  zero.  Each  of  these  time  segments  is  discretized  into  a  finite 


number  of  time  steps  At.  It  is  assumed  that  the  fiber  displacements  are  known  everywhere  along 


the  fiber  at  time  t.  A  centered  finite  difference  scheme  yields 

9^u  _  Uj+i  -  2uj  +  Uj_i 

9z^  Az^ 

^  _  Uj+l-Uj-l 
dz  2Az 


A2 
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u  =  • 


^t+1  _  0t 
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'ti  = 
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1+1 _ 1  1-1 
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Let 
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5j  =  — ^eAtzjAz 
w 

where  the  subscripts  denote  positions  along  the  fiber  in  z  space,  and  superscripts  denote  material 
times  in  t  space.  The  solution  of  (19)  results  in  the  solution  of  a  tridiagonal  matrix  for  each  time 

step.  Notice  that  the  coefficients  a,  P,  y,  and  5  change  after  each  increment  of  time.  The 

difference  equation  for  an  interior  point  on  the  fiber  becomes 

ttiUiS  +  +  YiU-ll  =  ttiU'+i  +  PiU-  +  YiUi_i  +  6i  All 

Equation  A1 1  is  valid  for  l<i<N. 
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The  equation  at  i=N  is 


For  the  node  at  the  fiber  break,  i=l 


Ujsj  —  Uj>j  +  £LAt . 


A12 


Xl=- 
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A13 


-7u‘+8u!,-u*  3 

1  2  3  a 

A  '^2  A  ‘^break 

llsir  Az  ^ 

where  Ebreak  the  normalized  strain  at  the  break  for  time  step  t.  For  the  first  time  segment 

when  the  fiber  just  breaks,  Ebreak  ^  positive  value.  For  subsequent  loading  Ebreak  be 

zero.  By  defining 
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where  Ebreak  which  strain  is  increasing  at  the  break,  Ebreak  negative  during  the 

break  process,  and  zero  during  subsequent  loading.  The  difference  equation  for  the  node  at  i=l 
is 


PiUj'''* +YiU2^' =  Piu} +YjU2 +5i  A17 

The  shear  stresses  in  A5  and  A13  must  not  be  allowed  to  exceed  the  shear  yield  strength. 

Therefore  if  the  value  of  x  is  very  close  to  x^  then  it  is  given  the  value  x^,  so  that  the  next  time 

increment  will  not  violate  the  yield  condition. 
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The  initial  displacement  profile  is  uf  =  Sfracture^i’  where  Efracture  normalized 
strain  when  the  fiber  breaks.  Equations  A1 1,  A12,  and  A17  constitute  a  tridiagonal  set  of  N 
linear  algebraic  equations  to  be  solved  for  the  displacements  at  time  t+1.  The  updated 
displacements  are  used  to  calculate  updated  shear  stresses,  and  the  process  continues  until  the 
applied  strain  reaches  its  final  value. 
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State  in  the  matrix  is  shown  on  the  right. 
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in  a  broken  fiber  as  a  function  of  distance  from  the  breal 
for  different  values  of  applied  far  field  strain. 
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in  a  broken  fiber  as  a  function  of  distance  from  the  break, 
for  different  values  of  applied  far  field  strain. 
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Figure  4.  A  schematic  of  the  three  parameters  characterizing 
the  non-linear  stress  recovery  region,  and  their  fits 
to  a  power  law  for  four  values  of  fiber  volume 
fraction. 
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(in  slip  lengths)  from  the  break.  The  curves  follow  the  arrow  as  the 
fiber  to  matrix  moduli  ratio  decreases,  the  fiber  volume  fraction 
increases,  or  the  applied  strain  increases. 
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Figure  6.  Axial  stress  distribution  in  a  broken  fiber  as  a  function  of  distance 
(in  slip  lengths)  from  the  break.  The  curves  follow  the  arrow  as  the 
fiber  to  matrix  moduli  ratio  decreases,  the  fiber  volume  fraction 
increases,  or  the  applied  strain  increases. 
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Figure  8a.  Comparison  of  finite  element  calculations  (discrete  points)  with  the  shear  lag  model 

presented  in  this  paper  (solid  lines),  and  equation  (8)  (dashed  lines).  The  shear  stress  is 
plotted  as  a  function  of  distance  from  the  break  for  4  combinations  of  fiber  volume 
fraction  and  fiber  to  matrix  moduli  ratio.  The  longest  curve  was  taken  out  of  the  inset 
for  clarity. 
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Figure  8b.  Comparison  of  finite  element  calculations  (discrete  points)  with  the  shear  lag  model 

presented  in  this  paper  (solid  lines),  and  equation  (8)  (dashed  lines).  The  shear  stress  is 
plotted  as  a  function  of  distance  from  the  break  for  4  combinations  of  fiber  volume  fraction 
and  fiber  to  matrix  moduli  ratio.  The  longest  curve  was  taken  out  of  the  inset  for  clarity. 
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Abstract— A  methodology  is  introduced  for  calculating  the  deformation  response  of  particulate  reinforced 
metal  matrix  composites  in  terms  of  an  effective  medium  approach  combined  with  the  essential  features 
of  dislocation  plasticity.  By  comparing  the  simulated  and  experimental  stress-strain  curves  for  two  sets 
of  SiC-Al  composites,  the  effects  of  particle  size  and  size  distribution  and  volume  fraction  on  the 
deformation  response  are  given.  A  feature  of  the  methodology  is  that  the  effects  of  particle  cracking  during 
deformation  can  be  incorporated  quantitatively.  When  included,  the  simulations  lead  to  excellent 
agreement  with  experiments  on  the  effects  of  particle  cracking  on  both  the  overall  deformation  response 
and  the  tension-compression  deformation  asymmetry.  Copyright  ©  1996  Acta  Metallurgica  Inc. 


1.  INTRODUCTION 

With  the  ever  greater  sophistication  in  metals 
processing,  a  wide  variety  of  two-phase  metal  based 
composites  have  been  developed  over  the  last  50 
years  ranging  from  precipitation  hardened  to  dis¬ 
persion  hardened  alloys  [1,2]  to  metal-matrix 
composites  (MMCs)  [3, 4]  to  interpenetrating  phase 
composites  [5].  These  can  all  be  described  as  metal 
matrix  composites  but  with  a  variety  of  different 
particle  sizes,  volume  fractions,  reinforcement 
shapes  and  topologies  that  are  dependent  on  the 
particular  processing  route  used  to  fabricate  the 
materials. 

To  account  for  the  observed  deformation  behavior 
of  this  very  broad  class  of  composites,  two  quite 
distinct  and  successful  but  nevertheless  incompatible 
theories  have  been  developed.  One,  based  on  dis¬ 
location  plasticity  models  [6-8],  has  been  extremely 
successful  in  describing  the  deformation  of  com¬ 
posites  containing  a  small  concentration  of  sub-mi¬ 
cron  second-phase  particles.  The  other,  based  on 
continuum  plasticity  and  usually  implemented  by 
Eshelby-based  approaches  [9, 10]  or  finite  element 
methods  [11],  has  been  successful  for  composites 
containing  large  (>  10  pro)  particles.  Whilst  each  has 
been  successful  within  its  own  range  of  particle  size, 
they  both  predict  unrealistic  behavior  when  extended 
outside  of  their  range  of  applicability.  For  instance, 
dislocation  based  models  predict  a  parabolic  work- 
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hardening  for  all  particle  sizes  and  a  much  smaller 
increase  in  yield  stress  for  large  particle  sizes  than 
is  observed.  On  the  other  hand,  the  continuum 
plasticity  models  do  not  lead  to  the  large  increases 
in  yield  stress,  or  the  parabolic  work-hardening 
rates,  obtained  with  small  volume  fractions  of  small 
precipitates.  There  thus  exists  a  range  of  particle  size, 
roughly  from  0.1  to  10  ^tm,  for  which  no  existing 
theory  satisfactorily  describes  the  observed  behavior. 
Although  a  number  of  approaches,  such  as  the  super¬ 
dislocation  scheme  of  Hirth  et  al.  [12],  have  been 
developed  to  bridge  the  gap,  there  nevertheless  exists 
no  substantive  model  that  incorporates  both  the 
essential  features  of  both  continuum  plasticity  and 
the  dislocation  plasticity. 

In  the  absence  of  any  such  complete  theory,  we 
adopt  in  this  work  a  hybrid,  analytical  method  for 
calculating  the  deformation  behavior  of  metal  matrix 
composites  over  the  full  range  of  particle  sizes.  The 
approach  we  describe  is  a  combination  of  the  key 
features  of  dislocation  plasticity  with  a  continuum 
mechanics  approach  based  on  effective  medium 
approximations  (EMA)  [13].  This  latter  is  preferred 
here  over  finite  element  computations  because  of  the 
ease  of  the  computation,  the  insensitivity  to  detailed 
geometrical  arrangement  of  particles  and  because 
stochastic  effects,  such  as  the  strain-dependent  frac¬ 
ture  of  particles  during  tensile  deformation,  can  be 
readily  incorporated.  In  essence,  the  size  effects 
explicit  in  dislocation  plasticity  are  combined  with  the 
continuum  approach,  which  whilst  readily  incorpo¬ 
rating  the  effects  of  particle  shape  and  volume 
fraction,  have  no  intrinsic  length  scale  and  hence 
cannot  accommodate  size  effects. 
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The  plan  of  the  paper  is  as  follows.  First,  the 
general  methodology  for  the  calculation  of  the 
elastic/plastic  behavior  of  a  two-phase  composite 
within  the  framework  of  a  relatively  new  effective 
medium  approach  is  described.  Then,  our  method  of 
incorporating  some  of  the  key  features  of  dislocation 
plasticity  into  the  EMA  is  described.  Finally,  the 
effect  of  particles  fracturing  during  deformation  as 
a  result  of  the  stress  in  them  exceeding  a  critical 
value  is  included.  For  illustrative  and  quantitative 
purposes,  the  calculations  are  compared  with  the 
results  of  two  sets  of  experimental  data  on  parti¬ 
culate  reinforced  aluminum  alloys,  those  by  Lloyd 
[14]  and  those  by  Kiser  et  al.  [15].  Lloyd’s  data  are 
for  two  different  aluminum  alloys  (T4  and  T6)  plus 
two  different  sizes  of  SiC  particles.  Kiser  et  al.’s  data 
are  for  one  aluminum  alloy  but  with  two  different 
volume  fractions  and  slightly  different  sizes  of  Si 
particles.  These  two  studies  rather  than  others  in 
the  literature  were  chosen  for  comparison  because 
they  alone  reported  the  deformation  behavior  of  the 
unreinforced  aluminum  alloys  as  well  as  the  com¬ 
posite  behavior.  This  is  essential,  since  the  form  of  the 
EMA  used  in  this  work  requires  a  knowledge  of 
the  deformation  behavior  of  the  unreinforced  alloy 
as  one  of  a  limited  number  of  input  parameters. 
The  objective  of  the  present  work  is  to  introduce 
the  hybrid  methodology  and  also  to  compare  the 
predictions  of  the  theory  with  experimental  results, 
demonstrating  how  particle  size  and  size  distribution 
as  well  as  particle  fracturing  exert  an  influence  on  the 
deformation  behavior  of  metal  matrix  composites. 

2.  EFFECTIVE  MEDIUM  APPROACH 

Consider  a  MMC  consisting  of  elastic  reinforce¬ 
ments  perfectly  bonded  to  an  elastoplastic  metal 
matrix.  For  convenience,  we  use  the  following 
relation  to  describe  the  non-linear  stress-strain  (cr-e) 
behavior  of  the  metal  matrix  and  the  MMC 


where  C'(£)  is  the  variation  from  C°.  Linder  any 
prescribed  surface  displacement,  the  local  strain 
within  the  MMC  can  be  obtained  from  equations  (1) 
and  (3),  with  the  additional  equilibrium  condition, 
a,j.j  =  0,  as 

£  =  (/-FCr)f>  =  (I-hGT)<I-f  GT>-'e,  (4) 

where 

r(e)  =  C'(/-GC')-',  (5) 

and  where  the  angular  bracket  denotes  averaging, 
/  is  the  unit  tensor,  and  G  is  the  modified  Green’s 
function  tensor  [13].  From  equations  (1),  (2)  and  (4), 
the  effective  secant  modulus  of  the  MMC  can  be 
obtained  as 


C*  =  C^+iTXI+GTy-'.  (6) 

For  calculating  the  deformation  response  of 
MMC,  we  assume  that  the  metal  matrix  itself  can 
be  taken  as  the  homogeneous  reference  material,  so 
that  C°  =  C".  The  average  strain  and  stress  in  the 
metal  matrix  can  then  be  expressed  in  terms  of 
the  macroscopically  average  strain  and  stress  in  the 
MMC  as 

£"■  =  </-f  GTy-'c,  =  C"’</-(-  GTyC*  >  -'d. 

(7) 

For  simplicity  of  expression,  we  consider  an  isotropic 
MMC  with  spherical  particles  although  the  method¬ 
ology  is  capable  of  treating  anisotropic  MMCs 
with  non-spherical  particles.  Characterizing  the  metal 
matrix  composite  by  its  secant  bulk  and  shear 
moduli,  k*  and  /r*,  the  modulii  of  the  MMC  can  be 
written,  using  equation  (6),  as 


with 


k*  —  k"  _  kp  -  k" 
3k*  +  4/^”’  Ik'’  +  4^"" 

H*  —  /j”’  _  -/r’’  —  n"" 

H*  +y'  +  y" 


(8) 


0-  =  C(£)£,  (1) 

where  C  is  the  elastoplastic  secant  stiffness  which 
is  dependent  upon  the  instantaneous  strain  e.  The 
effective  secant  modulus  C*  of  the  MMC  can  be 
defined  in  terms  of  averaged  stress  d  and  strain  £, 
namely, 

a  =  C*(£)£-.  (2) 


g  m,) 

^  =  6(k"  +  2M-)  ’ 

k"  and  are  the  secant  bulk  and  shear  moduli  of 
the  metal  matrix;  k’’  and  are  the  elastic  bulk  and 
shear  moduli  of  the  particles,  and /is  volume  fraction 
of  the  particles.  By  decomposing  the  stress  and 
strain  into  hydrostatic  (cu  and  £«)  and  deviatoric 
(<!,'  and  £,;)  parts,  equation  (7)  becomes 


To  proceed,  we  introduce  a  homogeneous  reference 
medium  whose  secant  modulus  C°  depends  on  the 
homogeneous  strain  field  £”.  In  the  case  of  homo¬ 
geneous  boundary  conditions,  the  secant  modulus  C° 
does  not  vary  spatially.  The  actual  secant  modulus, 
C(e),  varies  with  position  and  strain  but  can  be 
written  as  a  variation  from  that  of  the  homogeneous 
reference  medium 

C(£)  =  0(£»)  +  C'(£),  (3) 


_  3k*  -F  4/£'"’ 
“  3k'"-l-4/£"" 


(^kk 


2k*  ^  4^tns  _ 

3k"’ -f  4/^"”  k* 


(9) 


k*  +  y  - 


<7 


y  ~ 


fi""  +  Y 


(10) 


Therefore,  if  the  elastic  moduli  and  the  volume 
fraction  of  the  particles  and  the  stress-strain  behavior 
of  the  matrix  metal  are  all  known,  the  mechanical 
behavior  of  the  MMC  can  be  predicted  by  using  these 
rather  simple  effective  medium  equations  (8)-(10). 
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The  uniaxial  stress-strain  behavior  for  a  range  of 
metal  matrix  materials  can  be  reasonably  expressed 
by  an  empirical  power  law  such  as  the  Ramburg- 
Osgood  equation 


£ 


£m  +  “£n, 


(11) 


where  is  the  Young’s  modulus  of  the  matrix,  cr" 
is  its  yield  strength,  n  is  the  strain  hardening 
exponent,  and  a  is  a  dimensionless  constant  (here 
a  =  3/7  is  taken).  (The  uniaxial  behavior  can  be 
generalized  to  triaxial  stress  state  using  the  Mises 
invariant  in  the  usual  way.)  The  secant  Young’s 
modulus  of  the  isotropic  matrix  metal,  defined  by 
the  ratio  of  tensile  stress  to  the  tensile  strain,  is  given 
by 


(12) 


The  assumption  of  plastic  incompressibility  for  the 
matrix  metal  results  in  the  secant  bulk  modulus  of  the 
metal  matrix  being  equal  to  its  linear  elastic  bulk 
modulus  and  thus  the  secant  shear  modulus  /i”'  can 
be  written  as 


iifTii  _  I  I 

^  3  -  £'”V3k' 


(13) 


In  order  to  calculate  the  stress-strain  curve  of  the 
MMC  from  those  of  its  constituents,  we  adopt  an 
iterative  scheme.  First,  a  value  for  cfl  is  selected,  from 
which  the  values  of  £”*  and  /<"’*  are  calculated  using 
equations  (12)  and  (13).  These  values  are  then  used 
to  determine  k*  and  fj.*  from  equation  (8).  With  these 
starting  values,  the  average  stress  and  strain  of  the 
MMC  can  be  obtained  from  equations  (9)  and 
(10).  Then  the  value  of  c™  is  increased  and  the  same 
process  repeated.  In  this  way  the  entire  stress-strain 
curve  of  the  MMC  can  be  determined. 

To  illustrate  the  predictions  of  the  effective 
medium  calculation,  we  compare  them  with  the 
reported  properties  of  the  two  A1  matrix  composites: 
the  Al-15  v/o  SiC  composite  (denoted  as  A356/SiC/ 
15p  in  Ref  [14])  with  different  SiC  particle  sizes  and 
different  tempers  (T4  or  T6);  and  the  Al-Si  composite 
(T4)  [15]  with  different  volume  fractions  and  slightly 
different  particle  sizes.  The  pertinent  mechanical 
and  physical  properties  of  each  phase  used  for  the 
calculations  are  shown  in  Table  1.  Table  2  shows  the 
parameters  in  the  Ramburg-Osgood  law,  n  and  <7™, 
which  we  obtained  by  fitting  equation  (11)  to  the 


Table  1.  Materials  properties 


Parameter 

Unit 

A1 

matrix 

SiC 

particles 

Si 

particles 

Young’s  modulus 

GPa 

70 

427 

165 

Poisson’s  ratio 

1 

0.33 

0.17 

0.22 

CTE 

X  10-‘/°C 

23.6 

4.3 

3.0 

Burgers  vector 

nm 

0.283 

Table  2.  Ramburg-Osgood  parameters 


Matrix  metal 

n  exponent 

cr,T  (MPa) 

A356-T4 

0.212 

86 

A356-T6 

0.109 

207 

AI-T4 

0.18 

137 

unreinforced  matrix  flow  curves  reported  in  Refs 
[14]  and  [15]  for  the  different  matrices  (A356-T4  and 
A356-T6  [14],  and  A1-T4  [15]).  The  stress-strain 
curves  calculated  for  these  two  different  systems  are 
shown  in  Figs  1  and  2,  respectively.  Comparison  with 
the  experiments  show  that  the  simple  EMA  predicts 
similar  flow  curves  and  trends  concerning  the  effects 
of  volume  fraction  of  particles  and  properties  of 
both  phases.  However,  as  expected  it  does  not  give 
any  particle  size  dependence  of  the  mechanical 
behavior  of  MMCs,  as  shown  in  experiment  (Fig.  1) 
since  there  is  no  length  scale  in  the  effective  medium 
formulations.  Comparison  with  the  tension/compre- 
sion  data  for  the  Al-Si  composites,  indicates  that 
the  method  does  predict  reasonable  compressive  flow 
curves  but  the  calculated  flow  curves  in  tension 
diverge  rapidly  from  their  respective  tensile  flow 
curves,  especially  for  the  Al-20  v/o  Si  composite. 


Fig.  1.  Comparison  between  the  experimental  data  (in 
tension)  reported  by  Lloyd  [14]  for  the  Al-15  v/o  SiC 
(/■=0.15)  composite  with  different  particle  sizes  and  the 
calculated  stress-strain  curve  based  simply  on  the  effective 
medium  approximation  (EMA).  In  (a)  the  aluminum  matrix 
is  in  the  T4  condition  and  in  (b)  in  the  T6  condition.  The 
dashed  line  corresponds  to  the  deformation  behavior  of  the 
aluminum  matrix  alone. 
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True  Strain 

Fig.  2.  Comparison  between  the  experimental  data  of  Kiser 
et  at.  [15]  for  the  Al-Si  (T4)  composite  with  different  particle 
volume  fractions  under  (a)  compressive  and  (b)  tensile 
testing  and  the  calculated  deformation  behavior  based  on 
the  EMA  alone.  The  data  points  shown  are  representative 
ones  selected  from  the  full  data  set  of  Kiser  et  al. 


In  the  following  section  we  introduce  particle  size 
effects  into  this  EMA  formulation  by  incorporarting 
dislocation  plasticity  to  alter  the  flow  stress  in  the 
metal  matrix. 


3.  EFFECT  OF  PARTICLE  SIZE 

3.1.  Incorporation  of  dislocation  plasticity 

In  the  dislocation  description  of  deformation  in 
two-phase  composites,  four  distinct  contributions 
to  the  flow  stress  can  be  identified.  The  first  is  the 
Orowan  stress,  the  stress  to  pass  a  dislocation 
through  an  array  of  impeding  particles  of  average 
spacing,  L. 

u.’^b 

A(TS  =  aY  (14) 

where  a  is  a  constant  of  the  order  of  1 ,  is  the  elastic 
shear  modulus  of  the  matrix  and  b  is  the  Burgers 
vector  of  the  matrix  metal.  The  mean  particle  spacing 
is  related  to  the  particle  size  and  volume  fraction  by 
the  usual  equation 

L  =  {nd^jAfyi^ 


where  d  is  the  particle  diameter.  The  second  and  third 
contributions  are  those  due  to  the  strain  gradient 
effects  associated  with  geometrically  necessary  distri¬ 
butions  of  dislocations  required  to  accommodate  the 
plastic  strain  mismatch  between  the  particles  and 
the  surrounding  matrix  [16].  The  isotropic  form  of  the 
strain  gradient  contribution  to  the  flow  stress  can  be 
written,  following  Brown  [7,  17],  as 


where  ^  is  a  geometric  factor,  which  according  to 
Brown,  has  a  numerical  value  of  ~  0.4,  tp  is  the  plastic 
strain  in  the  matrix  metal.  The  kinematic  strain 
gradient  contribution  has  the  form 


where  y  is  another  geometric  factor  with  a  numerical 
value  of  ~2.0. 

The  fourth  possible  contribution  is  the  strengthen¬ 
ing  due  to  the  statistically  stored  density,  p,  of 
dislocations,  introduced  for  instance  as  a  result 
of  processing  and  thermal  expansion  mismatch  on 
coolinc.  This  may  be  written  quite  generally  as 
[18] 

A(t?te  = ^p  (17) 

where  tj  is  another  constant  of  order  unity.  For  the 
particular  case  in  which  the  dislocations  are  created 
by  thermal  expansion  mismatch,  Aa,  and  the  particles 
are  again  spherical,  the  dislocation  density  can  be 
expressed  [19,  20]  as 


P  bd{]  -/) 


(18) 


where  AT"  is  temperature  change  from  the  heat  treat¬ 
ment  temperature  of  the  matrix  to  room  temperature. 
It  should  be  noted  that  the  form  of  the  thermal 
expansion  contribution  has  the  same  functional 
dependence  on  particle  size  and  volume  fraction  as 
does  the  isotropic  strain  gradient  term. 

These  four  contributions  to  the  overall  dislocation 
flow  stress  can  be  incorporated  into  the  effective 
medium  calculations  by  modifying  the  yield  stress 
used  in  the  Ramburg-Osgood  equation.  Thus,  cr;’ 
in  equation  (11)  becomes 

o-f  =  (7"  +  Aff"  (19) 


where  <r"  is  the  original  yield  strength  of  the 
unreinforced  matrix  and  Atr”  is  the  net  dislocation 
strengthening  effect  due  to  the  presence  of  the  parti¬ 
culates.  The  question  arises,  as  in  other  areas  of  dis¬ 
location  plasticity,  of  how  to  appropriately  combine 
the  individual  flow  stresses  in  equations  (14)-(17).  We 
have  chosen  to  add  them  in  quadrature  [4,  21,  22]: 

(A(t"’)2  =  (A(tSr  +  A(t^,n)’  -b  (Act"  )^  +  (20) 
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Replacing  the  matrix  yield  stress  c"  in  equation 
(11)  with  the  modified  yield  stress  cr”*  to  account 
for  dislocation  plasticity  effects  in  the  matrix 
therefore  provides  a  particle  size  dependence  for  the 
calculated  mechanical  behavior  of  the  composite. 
The  calculational  results  for  the  Al-1 5  v/o  SiC  and 
Al-Si  composites  are  shown  in  Figs  3  and  4. 
Comparison  with  the  data  for  the  Al-SiC  composites 
and  the  EMA  results  shown  in  Fig.  1  indicates  that 
the  calculated  flow  stresses  in  the  low  strain  region 
(Fig.  3)  are  in  reasonable  agreement  with  experiment. 
However,  in  the  large  strain  region,  the  calculated 
flow  stress  of  the  composites  are  noticeably  higher 
than  experiment  and  the  difference  between  theory 
and  experiment  becomes  progressively  larger  with 
increasing  particle  size.  This  can  be  attributed  to  the 
increasing  contribution  from  the  strain  gradient 
terms.  From  Fig.  4  for  the  Al-Si  (T4)  composite, 
the  calculated  compressive  stresses  in  the  larger  strain 
region  are  also  higher  than  the  experiment.  For  the 
Al-Si  composite,  the  compressive  behavior  is  mainly 
dependent  on  the  volume  fraction  of  the  Si  particles. 
Also,  the  calculations  do  not  lead  to  the  large 
tension-compression  stress-strain  asymmetry  shown 
in  the  experiment  (Fig.  4).  The  large  deviations 
from  the  predictions  in  the  case  of  the  larger  particle 


Fig.  3.  Comparison  between  the  experimental  data  for  the 
Al-15v/oSiC  composites  and  those  calculated  using  an 
EMA  incorporating  the  full  dislocation  plasticity  described 
by  equations  (19)  and  (20)  in  the  text,  (a)  T4  aluminum 
matrix,  (b)  T6  aluminum  matrix. 


True  Sirairi 


Fig.  4.  Comparison  between  the  experimental  data  for  the 
Al-Si  (T4)  composite  under  compression  (a)  and  tension  (b) 
and  the  calculations  using  the  EMA  incorporating 
dislocation  plasticity  described  by  equations  (19)  and  (20)  in 
the  text. 

size  (Fig.  3)  and  higher  volume  fraction  (Fig.  4) 
composites  are  probably  related  to  damage  in  the 
form  of  particle  cracking  [23, 24]  as  will  be  discussed 
later.  However,  in  order  to  have  a  better  understand¬ 
ing  of  the  role  of  such  damage  on  the  deformation 
behavior  of  the  metal  matrix  composites,  we  first 
take  into  account  the  effect  of  distribution  in  particle 
size. 

Figure  5  shows  the  effect  of  the  different  values  of 
a  uniform  particle  size  on  stress-strain  behavior 
of  the  Al-15v/oSiC  (T4)  composite.  When  the 
particle  size  is  large,  e.g.  >  10  /im,  there  is  only  a 
slight  dependence  of  the  behavior  on  the  particle  size 
and  so  continuum  plasticity  dominates.  In  contrast, 
when  the  particle  size  is  small,  e.g.  d  <  0.5  /im, 
the  dislocation  strengthening  dominates  and  the 
mechanical  behavior  has  a  strong  dependence 
on  particle  size.  In  the  intermediate  particle  size 
range,  both  mechanisms  play  a  significant  role  in 
the  deformation  response  of  these  metal  matrix 
composites. 

3.2.  Incorporation  of  particle  size  distribution 

To  incorporate  the  effect  of  a  distribution  of 
particle  sizes,  we  consider  that  the  composite  is  made 
up  of  an  assemblage  of  perfectly  bonded  composite 
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Fig.  5.  Predictions  for  the  effect  of  different  uniform  particle 
sizes  on  the  flow  behavior  of  the  T4  Al-!5v/oSiC 
composite.  The  dislocation  plasticity  contribution  is 
described  by  equations  (19)  and  (20)  in  the  text. 


spheres  in  the  spirit  of  Hashin’s  original  approach  to 
composite  materials  [25]  (Fig.  6).  In  each  composite 
unit,  the  volume  fraction  of  the  particle  is /.  By  using 
the  EMA  results  above,  we  can  express  the  average 
strain  and  stress  in  any  composite  unit  as 


_  3^”  +  AjT'  1 
2k' 


o-«. 


where  k*  and  /t*  are  still  determined  by  equation  (8). 
The  macroscopically  averaged  stress  and  strain  in 
the  MMC  are  then  the  stochastic  averages  of  the 
stress  and  strain  in  the  individual  composite  units, 
namely 


du  =  (dll  >  = 


SA'"  +  4/;""  k*\  „ 
2k*  +  4/t""  A-"  / 


(23) 


<T,;  =  <<T'f,>  = 


/  /t”’  +  t"  tx* 
\fi*+  y'  /r”' 


c 


'm 

y 


(24) 


/  2k’''-  +  4//"”  \  I  „ 
\  3A*  +  4;r""  /  2k’" 


(25) 


(ny  = 


li"'  +  V*  1 

H*  +y’  liT" 


o 


'm 


(26) 


where  the  quantities  within  the  angular  brackets 
are  functions  of  particle  sizes.  Given  a  distribution 
of  particle  size,  the  average  (F(d)y  is  given  by 

(F(d)y  =  J F(d)P(d)  dd  (27) 

where  P{d)  is  the  number  frequency  function  of  the 
particle  size  distribution  which  is  usually  expressed 
by  a  lognormal  distribution  function,  i.e. 


2k'"  +  Ah'"’ k* 

“■  2k*  +  Ah’"’  A”  “ 

,,,  H'"'  +  y’  1 

"  H*  +  y’ Ih"'  ' 


(21) 


(22) 


Fig.  6.  A  composite  unit  consisting  of  a  particle,  diameter 
d,  and  its  surrounding  matrix.  The  volume  fraction  of  the 
particle  is  /. 


P(d)  =  —  exp 


(28) 


where  3  and  5  are  the  mean  particle  size  and  the 
standard  deviation,  respecively.  By  assuming  an 
initial  value  for  (Tn,  the  entire  stress-strain  relation 
of  the  MMC  can  be  calculated  at  a  given  particle 
volume  fraction  and  size  distribution  from  these 
averaging  equations. 

When  the  effect  of  a  lognormal  distribution  in 
particle  sizes  is  included  in  the  simulations,  it  has  little 
effect  on  the  predicted  deformation  behavior.  This 
conclusion  is  not  the  case  when  damage  occurs  as 
will  be  seen  in  the  following  section.  Therefore  it  is 
sufficient  to  consider  only  the  effects  of  the  average 
particle  size  when  no  damage  occurs  during  defor¬ 
mation.  However,  in  practice,  the  larger  particles  tend 
to  more  easily  crack  than  smaller  particles  during 
deformation,  especially  upon  tensile  testing.  Recent 
investigations  have  indicated  that  there  is  a  par¬ 
ticle  size  dependence  of  particulate  fracture,  with  a 
measurable  increase  in  the  number  of  particles 
fractured  with  increasing  strain  at  low  strains  [23]. 
It  transpires  that  the  particle  size  distribution,  P{d) 
in  equation  (27),  is  very  important  for  modeling 
particle  cracking  effects  in  the  MMCs. 


4.  EFFECT  OF  REINFORCEMENT  FRACTURE 
DURING  DEFORMATION 

As  tensile  deformation  proceeds,  the  strain,  and 
hence  the  stress,  in  the  reinforcement  phase  increases. 
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Table  3.  Particle  size  parameters 


MMC 

Average  particle  size 

Standard  deviation 
b 

Size  range 
(fzm) 

A356/SiC/15p 

7.5 

0.55 

1-60 

A356/SiC/15p 

16 

0.35 

1-60 

10%  Si-Al 

3.5 

0.35 

1-14 

20%  Si-Al 

4.6 

0.4 

1-20 

In  some  cases,  particularly  with  large  particles, 
the  stress  can  exceed  the  fracture  strength  and  the 
particles  then  break.  Metallographic  studies  by 
a  number  of  authors  (see,  for  example,  Refs 
[14,  23, 24])  have  shown  that  particles  are  broken 
and  that  the  proportion  of  particle  fractures  increases 
with  increasing  strain  imposed  on  the  composite. 
Such  particle  fracture  will  have  the  effect  of 
decreasing  the  secant  modulus  of  the  composite. 
Also,  if  the  fractures  are  localized  it  can  lead  to  a 
necking  instability  of  the  composite. 

To  quantify  the  effects  of  particle  fracture  during 
deformation,  we  introduce  particle  fracture  into 
the  eflfective  medium  calculation  in  the  following 
phenomenological  manner:  at  each  iteration  in  the 
deformation,  the  stress  in  the  particles  is  calculated  as 
a  fucntion  of  the  size  distribution,  namely 


3^-" -b  4/i- ko 

(29) 

“  'i  +  jyS  “  »  • 

(30) 

Then,  the  particle  is  considered  to  break  if  the  stress 
in  the  particle  exceeds  the  GriflSth  criterion,  where  the 
fracture  stress  is  given  by 

<7f  =  Kljd  (31) 

where  Ai  is  a  constant  related  to  the  fracture 
toughness  of  the  particles  together  with  geometrical 
factors.  In  the  MMC,  the  value  of  the  constant  K 
is  also  related  to  the  metal  matrix.  Particles  in 
the  MMC  with  high  strength  of  the  metal  matrix 
generally  have  high  fracture  stress  cr'’  [15]. 

If  the  fracture  stress  is  exceeded  in  a  particle  of 
a  given  size  during  an  increment  of  deformation, 
those  sized  particles  are  then  considered  broken. 
Henceforth  they  are  considered  to  be  a  void  in  the 
subsequent  iterations.  This  is  accomplished  by  setting 
their  modulus  to  zero.  Then  the  deformation  is 
incremented  according  to  equations  (23)-(26)  with 
the  average  strain  and  stress  of  the  MMCs  calculated 
to  each  iteration. 

For  illustration  we  re-calculate  the  flow  behavior 
of  the  Al-15v/oSiC  and  Al-Si  (T4)  composites 
using  this  procedure  to  account  for  particle  frac¬ 
ture.  The  particle  size  parameters  for  these  two 
systems  are  summarized  in  Table  3.  The  values 
of  the  parameter  K  in  equation  (31)  are  taken  as 
K  =  2.4  MPa,ym  for  SiC  in  the  A356  T4  aluminum 
matrix,  2.8  MPa,ym  for  Si  in  the  A356-T6  aluminum 
matrix,  and  1.1  MPa  ^/m  for  Si  in  the  T4  matrix. 


which  are  reasonable  values  considering  the  macro¬ 
scopic  fracture  toughness  of  SiC  and  Si.  The 
calculated  results  for  these  two  sets  of  composites  are 
shown  in  Figs  7  and  8.  The  comparison  of 
Fig.  7  shows  that  the  calculated  flow  curves  for 
Al-15  v/o  SiC  composites  correspond  closely  with 
experiment  for  both  particle  sizes.  By  comparison 
with  Fig.  3,  particle  cracking  in  the  larger  particle 
size  composite  (Al-15  v/o  SiC,  16  ^m)  leads  to  a 
larger  degradation  in  the  flow  stress.  The  comparison 
of  Fig.  8  also  shows  that  the  calculation  is  in  good 
agreement  with  experiment  for  the  Al-Si  composite 
in  tension.  As  no  cracking  is  likely  to  occur  in  com¬ 
pression,  the  deformation  behavior  of  the  composite 
is  expected  to  be  the  same  as  shown  in  Fig.  4(a). 
As  might  be  expected  the  effect  of  particle  size 
on  the  deformation  behavior  is  greater  at  the 


Fig.  7.  The  effects  of  particle  fracture:  comparison  between 
the  experimental  data  for  the  Al-1 5  v/o  SiC  composites  and 
those  calculated  using  EMA  with  incorporated  dislocation 
plasticity  and  particle  fracture  effects.  The  values  of  the 
particle  size  parameters  used  are  listed  in  Table  3.  (a)  T4 
aluminum  matrix,  (b)  T6  aluminum  matrix. 
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Fig.8.  The  effects  of  the  reinforcement  fracture:  comparison 
between  the  experimental  data  in  tension  for  the  Al-Si  (T4) 
composite  and  the  calculations  based  on  the  EMA 
incorporating  dislocation  plasticity  and  particle  fracture 
effects. 

higher  particle  volume  fraction.  These  two  examples 
show  that  the  theory  models  the  effect  of  the 
particle  cracking  during  the  composite  deformation 
rather  well.  In  addition,  comparison  of  the  Al-Si 
composite  in  tension  and  compression  [Figs  4(a) 
and  8]  indicate  larger  tension-compression  stress- 
strain  asymmetry. 

In  order  to  illustrate  the  effect  of  variations  in 
particle  size  distribution  on  the  deformation  behavior 
when  particle  fracture  is  included,  a  series  of 
simulations  with  increasing  standard  deviation,  S,  in 
particle  size  were  performed  for  the  T4  Al-1 5v/oSiC 
composite.  The  effect  of  three  different  values  for  the 
standard  deviation  are  shown  in  Fig.  9.  According  to 
the  Griffith  relation,  the  particles  most  susceptible 
to  fracture  are  those  at  the  larger  size  range  of  the 
population.  Thus,  with  increasing  standard  deviation 
of  the  particle  size  distribution,  the  number  of  larger 
particles  and  hence  of  cracked  particles  at  a  given 
strain  increase.  As  a  result  the  calculated  flow  stress 
decreases  as  shown  in  Fig.  9. 


True  Strain 


Fig.  9.  Effect  of  the  standard  deviation  S  of  the  particle  size 
distribution  on  the  flow  curve  for  T4  Al-15v/oSiC 
composite.  Effective  medium  calculation  with  dislocation 
plasticity  and  particle  fracture. 


5.  DISCUSSION 

The  calculations  presented  here  demonstrate  that 
the  full  stress-strain  curves  of  two  different  sets 
of  A1  matrix  composites  can  be  reproduced  by  a 
single  hybrid  continuum  and  dislocation  plasticity 
calculation  incorporating  particle  fracture  during 
deformation.  Although  the  correspondence  between 
experiment  and  the  predictions  is  clearly  not  unique, 
since  different  numerical  values  for  the  constants 
in  the  individual  dislocation  contributions  [equa¬ 
tions  (14)-(18)]  and  the  fracture  toughness  of  the 
particles  could  have  been  chosen,  it  is  nevertheless 
a  rather  demanding  test  as  reasonable  values  for  all 
the  numerical  constants  were  adopted.  Thus,  whilst 
it  could  be  argued  that  a  correspondence  between 
experiment  and  theory  can  always  be  obtained 
with  a  sufficient  number  of  free  parameters,  it 
is  important  to  emphasize  that  in  the  calculations 
presented  here  there  were  no  adjustable  parameters 
beyond  those  usually  used  in  dislocation  models. 
However,  the  real  value  of  these  calculations  is  that 
the  influence  of  different  contributions  to  the  flow 
stress  of  a  composite  can  be  assessed,  as  is  done  in  the 
following. 

As  anticipated,  the  stress-strain  curves  (Figs  1  and 
2)  calculated  using  the  effective  medium  equations 
alone  do  not  adequately  describe  the  observed 
particle  size  dependence.  However,  the  correspon¬ 
dence  with  the  experimental  data,  especially  at  the 
larger  particle  size  in  the  Al-SiC  composites  (Fig.  1) 
and  in  compression  for  the  Al-Si  alloys  (Fig.  2),  is 
nevertheless  striking.  This  is  especially  so  since  the 
only  input  parameters  are  those  used  to  describe 
the  flow  stress  of  the  metal  matrix  material  by  the 
Ramburg-Osgood  equation  and  the  volume  fraction 
and  elastic  moduli  of  the  particulate  phase.  Some 
discrepancies  appear  at  small  strains  but  this  is 
probably  attributable  to  the  inadequacies  of  the 
Ramburg-Osgood  equation  in  describing  the  defor¬ 
mation  behavior  near  the  yield  point  rather  than 
any  underlying  weakness  of  the  effective  medium 
equations.  Although  other  continuum  constitutive 
relations  could  have  been  used  in  implementing  the 
effective  medium  calculations  presented  here,  the 
Ramburg-Osgood  equation  was  adopted  since  it  is 
the  one  generally  used  in  finite  element  computations 
thereby  facilitating  future  comparisons.  Further¬ 
more,  our  choice  of  using  the  effective  medium 
equations  to  calculate  the  continuum  deformation 
behavior  rather  than  the  more  conventional  finite 
element  approach  was  based  on  two  factors.  Firstly, 
it  is  insensitive  to  the  detailed  local  geometric 
arrangement  of  the  particles  and  hence  samples  all 
geometric  arrangements  equivalently.  It  thus  avoids 
the  accidental  arrangements  of  particles  that  can 
lead  to  either  unrepresentatively  low  or  high  flow 
stresses  sometimes  seen  in  finite  element  compu¬ 
tations.  Secondly,  it  is  also  considerably  faster 
to  compute.  In  addition  to  the  volume  fraction. 
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Fig.  10.  Comparison  between  the  predictions  of  both  the 
effective  medium  approximation  (EMA)  and  the  self-con¬ 
sistent  effective  medium  approximation  (SCEMA)  and  the 
experimental  flow  curves  for  the  two  sets  of  AI-15  v/o  SiC 
composites.  No  dislocation  plasticity  or  particle  fracture 
effects  are  included. 


the  EMA  formulation  [13]  can  also  directly 
incorporate  the  effects  of  particle  shape  (i.e.  platelet, 
whisker,  particulate)  and  reinforcement  distribution. 
Although  these  are  not  discussed  in  the  present  work 
they  are  expected  to  be  of  some  importance  when  the 
methodology  detailed  here  is  extended  to  other  metal 
matrix  composites,  for  instance  those  consisting  of 
aligned  fibers  such  as  the  Cu-W  system. 

In  this  work  we  have  in  fact  only  used  the  first 
order  form  of  the  effective  medium  approximation, 
namely  that  in  which  the  effective  medium  in  which 
the  particles  are  embedded  corresponds  to  that  of  the 
metal  matrix  alone,  i.e.  C°  =  C".  This  is  known  to  be 
a  reasonable  approximation  when  the  volume 
fraction  of  particles  is  small  and  the  particles  are 
dispersed  as  with  the  two  aluminum  composites 
considered  in  this  work.  However,  when  the  particle 
volume  fraction  is  high  and  they  can  agglomerate,  it 
is  more  reasonable  to  consider  the  particles  embedded 
in  a  composite  effective  medium  whose  stiffness,  C*, 
must  be  obtained  self-consistently.  At  low  volume 
fractions  the  two  forms  of  EMA  solutions  give  only 
slightly  different  results  but  the  difference  becomes 
more  marked  with  increasing  volume  fraction.  For 
illustration.  Fig.  10  shows  a  comparison  between  the 
predictions  of  the  EMA  and  SCEMA  calculations  for 
the  case  of  the  two  Al-SiC  composites,  which  contain 
15  v/o  particles.  The  SCEMA  predicts  a  consistently 
higher  flow  stress  than  the  EMA  solutions.  However, 
given  the  relatively  small  differences  for  the  volume 
fractions  considered  here  the  simpler  EMA  formu¬ 
lation  is  adequate  for  the  illustrative  purposes  of  this 
work. 

The  introduction  of  dislocation  strengthening  of 
the  matrix  has  two  effects  as  was  anticipated.  One,  it 
introduces  a  particle  size  effect  and,  two,  it  increases 
the  flow  stress  in  each  of  the  composites  as  shown 
by  the  simulations  in  Figs  3-5.  The  effect  of 
dislocation  plasticity  has,  of  course,  been  introduced 


into  the  effective  medium  calculation  in  an  empirical 
fashion  [equations  (19)].  As  a  result  the  degree  of 
strengthening  depends,  as  might  be  expected,  on  the 
particular  plasticity  contribution  included  and  on  the 
particle  size.  The  effect  of  the  latter  is  shown  by 
the  curves  in  Fig.  5.  The  magnitude  of  the  different 
dislocation  contributions  is  more  difficult  to  illustrate 
in  a  comprehensive  manner.  Also,  the  different 
dislocation  strengthening  mechanisms  will  vary  in 
importance  from  one  composite  material  to  another 
depending  on  the  particle  sizes,  volume  fractions 
and  shapes.  Furthermore,  the  individual  mechanisms 
may  not  contribute  to  the  flow  stress  in  the  non-linear 
fashion  assumed  in  equation  (20).  However,  despite 
these  complications,  some  appreciation  of  the  relative 
contributions  to  the  quantitative  stress-strain  behav¬ 
ior  can  be  obtained  by  comparing  the  predictions 
with  the  deformation  response  of  the  T4  Al-Si 
composites  in  compression,  as  is  shown  in  Fig.  11(a) 
and  (b).  Since  no  particle  fracture  is  expected  under 
compression  testing,  at  least  at  the  strains  reported 


Fig.  11.  The  effect  of  including  different  dislocation 
plasticity  contributions  to  the  flow  stress  used  in  the  EMA 
calculations  of  the  T4  Al-Si  composites  under  compression, 
(a)  0.1  and  (b)  0.2  volume  fraction  of  Si  particles.  Curves 
a,  b,  c  correspond  to  the  EMA  calculation  with  Orowan 
strengthening,  Orowan  strengthening  plus  strain  gradient 
plasticity  and  Orowan  strengthening  plus  thermal  expan¬ 
sion,  respectively.  Curve  d  is  the  full  dislocation  plasticity 
calculation  given  by  equation  (20).  Curve  e  is  that  due  to  the 
linear  addition  of  all  the  dislocation  contributions. 
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Fig.  12.  The  effects  of  the  particle  fracture.  Comparison 
between  the  experimental  data  in  tension  for  the  Si-Al  (T4) 
composite  and  the  calculations  based  on  the  EMA  with 
incorporated  Orowan  dislocation  plasticity  and  particle 
fracture  only. 


by  Kiser  et  al.,  the  different  dislocation  contributions 
can  be  assessed.  As  the  Si  particles  in  these  com¬ 
posites  are  relatively  large,  the  Orowan  strengthening 
alone  is  not  as  significant  as  that  due  to  the  combined 
strengthening  from  the  Orowan  mechanism  and 
either  the  strain  gradient  or  thermal  expansion 
terms.  Also,  as  expected,  when  the  individual 
contributions  are  added  linearly  to  the  matrix  flow 
stress  (curve  e)  the  predicted  flow  stress  is  con¬ 
siderably  larger  than  that  when  they  were  added  in 
quadrature  (curve  d).  Interestingly,  at  least  for  the 
Al-Si  composite  considered  here,  the  inclusion  of 
dislocation  strengthening,  other  than  the  simple 
Orowan  strengthening,  leads  to  an  over-estimate  of 
the  flow  stress  in  compression.  This  would  suggest 
that  the  numerical  value  of  the  geometric  constant  in 
the  expressions  for  the  dislocation  strengthening  are 
perhaps  too  large.  However,  this  probably  remains 
problematic  until  experimental  data  is  available  for 
composites  with  smaller  particle  sizes  ( <  1  fim)  and 
with  similar  volume  fractions.  When  only  Orowan 
strengthening  and  particle  fracturing  is  included  in 
the  EMA  calculation  of  the  tensile  response  of  the 
same  composites,  there  is  very  good  correspondence 
between  the  simulated  stress-strain  curves  and  those 
reported  (Fig.  12). 

The  comparison  between  the  simulated  stress- 
strain  curves  and  the  experimental  deformation 
curves  demonstrate  that  in  the  metal  matrix  com¬ 
posites  considered  here,  particle  cracking  during 
deformation  plays  a  significant  role.  The  effect  can  be 
quite  pronounced,  especially  for  the  larger  particle 
sizes,  as  was  deduced  by  Lloyd  and  Kiser  et  al.  on  the 
basis  of  their  experiments.  Indeed,  since  particle 
fracture  is  readily  observed  in  most  failed  composites 
under  tensile  loading,  it  is  usually  assumed  to  be 
responsible  for  failure.  The  simulations  presented 
here  provide  a  justification  for  this  assumption  as  well 
as  quantitative  description.  The  effect  of  particle 
fracture  is  two-fold.  First,  the  decrease  in  flow  stress 


Fig.  13.  The  calculated  tensile  stress  and  tangent  modulus 
as  a  function  of  strain  for  the  Al-Si  composites  with  10  and 
20  v/o  Si.  The  point  of  intersection  (arrowed)  of  the  stress 
and  tangent  modulus  curves  corresponds  to  the  predicted 
strain  at  which  mechanical  instability  will  occur. 

caused  by  particle  fracture  lowers  the  tangent 
modulus.  As  a  result,  the  condition  for  mechanical 
instability,  the  Considere  condition,  is  attained  at  a 
smaller  strain  than  would  occur,  in  the  absence  of 
particle  fracture.  For  illustration,  this  is  shown  in 
Fig.  13  in  which  the  tangent  modulus  as  well  as 
the  simulated  stress-strain  curve  itself  are  plotted  for 
both  the  10  v/o  and  20  v/o  Si  composites.  The  strains 
at  which  the  composites  are  predicted  to  fail  by 
mechanical  instability  are  arrowed.  The  second, 
related,  effect  is  that  the  simulations  suggest  that  the 
decrease  in  flow  stress  due  to  particle  fracture  can  be 
larger  than  the  increase  in  flow  stress  due  to 
dislocation  strengthening.  This  is  especially  so  for  the 
larger  particles  since  they  are  both  more  likely  to 
fail,  according  to  the  Griffith  criteria,  and  lead  to 
a  smaller  contribution  to  dislocation  strengthening. 
Using  equations  (29)-(31)  it  is  possible  to  calculate 
the  fraction  of  particles  that  break  as  a  function  of  the 
deformation  strain.  The  calculated  results  for  the 
Al-SiC  composites  are  shown  in  Fig.  14.  The  larger 


Fig.  14.  Calculated  fraction  of  broken  particles  as  a  function 
of  deformation  strain  for  the  two  sets  of  Al-15v/oSiC 
composites. 
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the  mean  particle  size,  the  higher  the  proportion  of 
broken  particles  at  any  given  strain.  As  a  result,  the 
decrease  in  flow  stress  is  larger  for  the  larger  particle 
composites  than  for  the  smaller  particle  composites. 
This  is  consistent  with  the  comparison  between  the 
flow  curves  in  Figs  3  and  7  for  the  two  different  sizes 
in  Sic  particles.  The  higher  flow  stress  of  the  T6 
aluminum  has  the  effect  of  causing  the  stress  in  the 
particles  to  reach  their  fracture  stress  at  a  smaller 
strain,  thus  the  curves  for  the  T6  Al-SiC  composites 
are  displaced  to  smaller  strains  relative  to  those  for 
the  T4  Al-SiC  composites.  The  strain  at  which  the 
first  particles  fracture  appears  to  be  independent 
of  the  mean  particle  size  but  this  is  probably  a 
consequence  of  the  larger  standard  deviation  in 
the  size  of  the  smaller  SiC  particles  than  the  larger 
ones  (Table  3).  From  equations  (29)-(31)  it  can  be 
anticipated  that  the  higher  the  volume  fraction  of 
particles  in  a  composite,  the  lower  the  applied  strain 
at  which  particles  of  a  given  size  fracture.  This  is 
borne  out  by  the  comparision  between  the  flow  stress 
of  the  two  Al-Si  composites.  The  composite  with 
the  20  v/o  particles  exhibits  a  greater  decrease  in 
flow  stress  than  the  10  v/o  particles,  as  seen  in  the 
comparison  between  the  curves  in  Figs  8  and  12. 
A  further  consequence  is  that  there  will  be  a  greater 
asymmetry  between  the  tension  and  compression 
responses  for  the  20  v/o  composite  than  for  the  10  v/o 
composite.  This  is  seen  in  both  experiment  and  in  the 
simulations. 

6.  CONCLUDING  REMARKS 

A  simple  calculational  procedure  for  modeling  the 
deformation  response  of  particle  reinforced  metal 
matrix  composites  has  been  developed  in  terms  of  an 
effective  medium  approach  combined  with  consider¬ 
ation  of  the  essential  features  of  dislocation  plasticity. 
Comparison  with  experimental  stress-strain  curves 
shows  that  the  procedure  can  predict  the  effects  of  the 
properties  of  the  matrix  metal  and  reinforcement,  the 
particle  size  and  size  distribution  and  volume  fraction 
on  the  deformation  response  of  the  MMCs.  The 
only  input  parameters  required  for  the  calculation 
are  the  particle  size,  volume  fraction,  elastic  constants 
and  the  stress-strain  curve  of  the  matrix  metal.  By 
incorporating  a  Griffith  criteria  for  particle  fracture, 
the  methodology  also  successfully  accounts  for 
damage  in  the  form  of  deformation-induced  particle 
cracking  and  leads  to  excellent  agreement  with 
experiment  in  which  particle  cracking  is  reported 
to  occur.  A  consequence  of  particle  cracking  is 
that  it  leads  to  a  tension-compression  deformation 
asymmetry  which  can  be  quantified. 
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Modeling  the  Elastic-Plastic  Deformation  of  AI/AI2O3 

Particulate  Composites 

Ce-Wen  Nan  and  David  R.  Clarke' 
Materials  Department,  University  of  California,  Santa  Barbara,  California  93106-5050 


Comparison  is  made  between  experimental  measurements 
of  the  elastic-plastic  deformation  of  a  series  of  Al/AljOj 
particulate  composites  with  a  rather  simple  hybrid  model¬ 
ing  method  combining  an  effective  medium  approxima¬ 
tion  with  the  essential  features  of  dislocation  plasticity. 
Two  different  effective  approximations — a  simple,  non-self- 
consistent  and  a  self-consistent  effective  medium  approxi¬ 
mation — ^are  employed  depending  on  the  volume  fraction  of 
particles.  For  a  wide  range  of  volume  fractions  of  Al^Oj 
particles,  there  is  good  agreement  between  the  full  stress- 
strain  curves  measured  and  the  predictions  of  the  hybrid 
model. 


I.  Introduction 

ONE  of  the  most  significant  advances  to  have  been  made  in 
recent  decades  in  materials  processing  has  been  the  ability 
to  fabricate  composites  with  large  volume  fractions  of  particu¬ 
late  reinforcement,  significantly  larger  than  can  be  obtained 
by  the  traditional  dispersion  or  precipitation  hardening 
approaches.  Thus,  the  Dimox  process,'  the  melt  infiltration,- 
and  the  slurry-casting  process^  have  all  been  used  to  make 
aluminum  alloy  composites  with  AljOj  particulate  loadings  up 
to  50  or  60  vol%.  At  these  high  volume  fractions,  the  usual 
“rule-of-mixtures”  approaches'*  to  modeling  the  deformation 
behavior  are  unreliable  since  they  do  not  take  into  account  the 
elastic  interaction  between  the  particulates.  They  are,  in 
essence,  dilute  solution  models  and  as  such  are  strictly  only 
applicable  to  low  volume  fractions  of  randomly  dispersed  parti¬ 
cles  in  which  the  particles  are  widely  spaced.  They  are,  in 
essence,  analogous  to  the  Einstein  equations  for  the  viscosity  of 
dilute  suspensions.  At  large  volume  fractions,  other  modeling 
approaches  are  necessary  and  a  number  have  been  described 
in  the  literature.  One  such  approach  is  to  use  finite  element 
computations.  This  requires  a  detailed  knowledge  of  the  consti¬ 
tutive  behavior  of  the  individual  phases  in  the  composite  as  well 
as  of  the  geometry  of  the  particles  and  their  spatial  arrange¬ 
ments.  Another  approach  is  some  form  of  a  number  of  effective 
medium  approximations  in  which  the  response  of  the  composite 
is  calculated  on  the  basis  of  the  deformation  of  a  volume  frac¬ 
tion  of  particles  embedded  in  a  matrix  having  deformation  char¬ 
acteristics  approximating  those  of  the  composite.  Each  of  these 
approaches,  however,  neglects  the  contribution  to  work  harden¬ 
ing  of  the  matrix  due  to  dislocation  processes,  which  can  be  of 
significance  when  the  spacing  between  particles  is  small.  While 
dislocation  plasticity  has  been  extremely  successful  in  model- 


W.  D.  Nix— contributing  editor 


Manuscript  No.  191559.  Received  September  4, 1996;  approved  October  18, 1996. 
Supported  by  the  Advanced  Research  Projects  Agency  University  Research  Initia¬ 
tive  at  the  University  of  California,  Santa  Barbara,  under  Contract  No.  N0(X)14-92-J- 
1808.  The  work  of  C.W.N.  was  also  supported  by  The  State  Education  Commission 
of  China. 

‘Member,  American  Ceramic  Society. 


ing  the  plastic  deformation  of  metals  containing  low  volume 
fractions  of  small  (submicrometer)  inclusions  and  precipi¬ 
tates,^-*  it  invariably  overestimates  the  work  hardening  rate  and 
underestimates  the  increase  in  yield  stress  of  metals  containing 
large  (greater  than  micrometer)  particles.  In  contrast,  the  con¬ 
tinuum  plasticity  computations,  whether  based  on  finite  element 
methods  or  effective  medium  calculations,  when  applied  to 
dispersion-hardened  materials  generally  underestimate  the 
work-hardening.  The  failure  of  the  presently  developed  disloca¬ 
tion  models  stems,  in  large  part,  from  the  fact  that  they  do  not 
adequately  take  into  account  the  elastic  interactions  between 
particles.  In  this  contribution,  we  utilize  recent  experimental 
results  on  the  deformation  behavior  of  AljOj-particulate-loaded 
aluminum  alloy  matrix  to  compare  two  effective  medium 
approximations  and  the  contribution  from  dislocation  plasticity. 
In  contrast  to  the  majority  of  studies  of  the  deformation  behav¬ 
ior  of  metal-matrix  composites  in  the  literature,  the  experimen¬ 
tal  data  published  by  Aghajanian  et  al.’’  are  particularly  suited 
for  modeling  since  they  not  only  include  a  range  of  volume 
fractions  of  particles  (from  25%  to  52%)  but  also  present  the 
full  stress-strain  curve  of  the  metal  used  to  form  the  matrix. 

II.  Effective  Medium  Approximations 

In  effective  medium  approaches,  the  composite  is  assumed 
to  behave  as  a  continuum  in  which  the  particles  are  perfectly 
bonded  to  the  matrix  material.  Usually  both  the  matrix  and  the 
particles  are  considered  to  respond  elastically  but  in  a  recent 
formulation  the  method  has  been  extended  to  treat  an  elasto- 
plastic  matrix.®  In  such  a  material,  the  constitutive  relation 
between  the  average  stress  and  strain  in  the  composite  can  be 
written  in  terms  of  its  secant  stiffness  C*,  namely 

=  C*(e)e  (1) 

For  the  particular  case  of  a  composite  containing  spherical 
particles,  the  pertinent  moduli  are  the  effective  secant  bulk 
modulus,  k*,  and  the  shear  modulus,  p.*.  The  effective  medium 
calculation  for  the  effective  moduli  then  reduces  to  the  standard 
Eshelby  expressions  for  a  composite  of  spherical  inclusions,’ 
and  the  two  moduli  can  be  expressed  as 


k*  -  k"  k^-k’^ 

3k*  -I-  4p,°  5-  4p.° 

Qa) 

p,*  -  p”*  p”  -  p"*' 

p*  -I-  y°  p"  -b  y° 

(2b) 

with 

„  p.°(9fe°  -b  8p-°) 

^  6{k°  -I-  2p.°) 

where  k°  and  p,°  are  the  secant  bulk  and  shear  moduli  of  the 
effective  reference  medium,  k”'  and  p,"**  are  the  secant  bulk  and 
the  shear  moduli  of  the  metal  matrix;  fe"  and  p,”  are  the  elastic 
bulk  and  the  shear  moduli  of  the  particles,  and /is  the  volume 
fraction  of  the  particles.  By  decomposing  the  stress  and  strain 
into  hydrostatic  (or„  and  e^^)  and  deviatoric  (o-,!  and  e-j)  parts. 
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the  average  stress  and  strain  in  the  metal  matrix  (Eq.  (2))  can  be 
expressed  as 


3k*  +  4u,° 

s=  - - — c 

“  3r  3-  4p°  “ 

(3a) 

3  k*  +  4ijL°r _ 

“  3/t"’ -H  4|j,°/t*  " 

(3b) 

_  1^*+7V 

e,;  yCS-ij 

(4a) 

^  3-  y°  P- 

(4h) 

From  these  equations,  as  in  all  formulations  of  the  effective 
medium  approach,  two  different  approximations  can  be  obtained 
depending  on  the  choice  of  the  constants  and  p.°  describing 
the  reference  composite.  One  is  the  simple  effective  medium 
approximation  (EMA)  in  which  the  reference  state  is  the  metal 
matrix  alone,  namely  k°  =  k"'  and  p.°  =  p,"".  The  second  is  that 
in  which  the  reference  material  corresponds  to  the  composite 
itself  and  the  values  are  obtained  self-consistently,  k°  =  k* 
and  p°  =  p*.  This  is  the  self-consistent  effective  medium 
approximation  (SCEMA).  The  former  is  generally  valid  when 
the  concentration  of  particles  is  small  and  the  latter  when  the 
concentration  of  particles  is  sufficiently  high  that  elastic  inter¬ 
actions  between  the  particles  are  included.  Therefore,  with  a 
knowledge  of  the  elastic  moduli  and  volume  fraction  of  parti¬ 
cles,  and  the  stress-strain  behavior  of  the  matrix  metal,  the  full 
deformation  of  the  composite  can  be  calculated  using  these  two 
approximations. 

To  proceed,  a  constitutive  relation  between  the  stress  and 
strain  in  the  matrix  is  required.  We  adopt  the  Ramburg-Osgood 
equation: 


£"•  E-”\a; 


(5) 


It  is  commonly  used  in  finite  element  computations  since  it 
adequately  expresses  the  elastic-plastic  response  of  most  met¬ 
als  used  as  matrices.  is  Young’s  modulus  of  the  matrix,  Co 
is  its  yield  strength,  n  is  the  strain  hardening  exponent,  and  o  is 
a  dimensionless  constant  (here  a  =  3/7  is  taken).  (The  uniaxial 
behavior  can  be  generalized  to  a  triaxial  stress  state  using  the 
Mises  invariant  in  the  usual  way.)  The  secant  modulus  of  the 
isotropic  matrix  metal,  defined  by  the  ratio  of  tensile  stress  to 
the  tensile  strain,  is  given  by 


=  ■ 


£m 


1  -b  a! 


(6) 


Further,  making  the  standard  assumption  that  a  metal  is  plasti¬ 
cally  incompressible  requires  that  the  secant  bulk  modulus  of 
the  metal  matrix  be  equal  to  its  linear  elastic  bulk  modulus.  The 
secant  shear  modulus  p""  can  then  be  written  as 


3  -  E"'V3k"' 


(7) 


In  order  to  calculate  the  full  stress-strain  curve  of  the  com¬ 
posite,  the  following  procedure  is  adopted.  First,  a  value  for  the 
initial  stress  in  the  matrix,  0-71 ,  is  assumed  and  the  values  of 
and  p"*'  are  calculated  using  Eqs.  (6)  and  (7).  From  these 
values,  the  composite  moduli,  k*  and  p*,  are  calculated  from 
Eq.  (2).  Having  obtained  these  values  the  average  stress  and 
strain  of  the  composite  are  calculated  from  Eqs.  (3)  and  (4). 
This  provides  a  point  on  the  stress-strain  curve.  The  value  of 
a"  is  then  increased  incrementally  and  the  process  repeated 
until  the  entire  stress-strain  curve  is  computed. 


in.  Comparison  with  Experiment 

According  to  the  above  scheme,  the  only  parameters  needed 
to  describe  the  entire  stress-strain  curve  of  the  composites  are 


the  flow  stress  of  the  metal  and  the  volume  fraction  and  elastic 
properties  of  the  particulate  phase.  By  fitting  the  stress-strain 
curve  of  the  unreinforced  metal  in  the  T4  condition  presented 
by  Aghajanian  et  al.,’’  the  parameters  in  the  Ramburg-Osgood 
equation  were  found  to  be  n  =  0.0507  and  o"  =  151.95.  The 
oAer  data  required  for  calculating  the  effective  medium 
approximations  are  Young’s  modulus  and  Poisson’s  ratio  of  the 
metal  and  particles  E"'  =  70  GPa,  v""  =  0.33,  E’’  =  363  GPa, 
and  v*”  =  0.25.  Using  these  data,  the  computed  effective 
medium  and  self-consistent  effective  medium  approximations 
to  the  stress-strain  curves  are  shown  in  Figs.  1(A)  and  (B), 
respectively,  together  with  Aghajanian  et  al.’s  experimental 
results.  As  might  be  expected,  the  simple  effective  medium 
approximation  (EMA)  consistently  underpredicts  the  flow  stress 
and  exhibits  a  considerably  smaller  dependence  on  particle 
volume  fraction  than  experiment.  In  contrast,  the  self-consistent 
effective  medium  approximation  (SCEMA)  predictions  are 
clearly  much  closer  to  the  experimental  data,  especially  at  the 
higher  volume  fractions.  (The  discrepancies  at  small  strains  are 
most  probably  attributable  to  the  inadequacies  of  the  Ramburg- 
Osgood  equation  in  describing  the  deformation  behavior  near 
the  yield  stress  rather  than  any  underlying  weakness  of  the 
effective  medium  equations.)  Despite  the  similar  form  and 
trends  of  the  calculated  SCEMA  stress-strain  curves,  they  do, 
nevertheless,  consistently  underestimate  the  flow  stress  at  all 
volume  fractions  and  the  difference  becomes  more  marked  with 
increasing  plastic  strain.  This  difference  is  attributed  to  the 
neglect  of  dislocation  plasticity  in  contributing  to  the  flow 
stress  in  the  metal  matrix  and  hence  in  the  effective  medium 
calculation. 


IV.  Inclusion  of  Dislocation  Plasticity 

Dislocation  plasticity  in  the  matrix  has  the  effect  of  increas¬ 
ing  the  flow  stress  of  the  metal.  As  such,  it  can  be  readily 
incorporated  into  the  effective  medium  approach  by  modifying 
the  constitutive  behavior  assumed  for  the  metal.  This  can  be 
achieved  by  expressing  the  yield  stress  used  in  the  Ramburg- 
Osgood  relation  as 

cr?*  =  (T?  +  Act"’  (8) 

where  erj  is  the  original  yield  strength  of  the  unreinforced 
matrix  and  Act"’  is  the  net  dislocation  strengthening  effect  due 
to  the  presence  of  the  particles.  Four  principal  contributions  to 
the  net  dislocation  strengthening  can  be  envisaged:’  the  stress 
required  to  bow  dislocations  between  adjacent  particles,  the 
Orowan  stress.  CTor;  the  strengthening  due  to  isotropic  and 
kinematical  strain  gradient  effects,  ct^o  and  0-^,^;  and  the  addi¬ 
tional  strengthening  resulting  from  interaction  from  disloca¬ 
tions  punched  in  as  a  result  of  the  thermal  expansion  mismatch 
between  the  metal  and  the  particles,  CTcte-  Although  there 
always  remains  the  issue  of  how  these  individual  contributions 
should  be  combined,  we  adopt  the  simplest  approach,  namely 
that  they  be  added: 

Act""  =  (Tor  +  O'J^o  ctJJin  3-  ct^te  (9) 

Since  analytical  expressions  for  the  individual  terms  have  been 
presented  in  the  dislocation  literature,  together  with  justification 
for  their  formulation,  we  simply  adopt  them  here.  Using  these 
expressions,  the  net  dislocation  strengthening  can  be  written  as 


+  71*-/ 


+  T)p. 


iGfbATAa 
d{l  -/) 


(10) 


where  K  and  ti  are  constants  of  order  unity,  (3  ~  0.4  and  7  ~  2.’ 
d  is  the  particle  size  and  p,  and  b  are  the  matrix  shear  modulus 
and  the  Burgers  vector,  respectively,  and  Cp  is  the  plastic  strain 
in  the  matrix.  AT  is  the  temperature  change  on  cooling  from  the 
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(A) 


(B) 

Fig.  1.  Comparison  between  the  experimental  stress-strain  curves  of  Al/AljO,  particulate  composites  for  a  range  of  volume  fractions  and 
calculations  based  on  (A)  the  effective  medium  approximation  (EMA)  and  (B)  the  self<onsistent  effective  medium  approximation  (SCEMA). 


heat-treatment  or  fabrication  temperature  and  Aa  is  the  thermal 
expansion  mismatch. 

The  effect  of  incorporating  dislocation  plasticity  into  the 
effective  medium  approximations  is  shown  in  Figs.  2(A)  and 
(B)  for  the  EMA  and  SCEMA,  respectively.  In  calculating  the 
curves,  the  mean  particle  size  of  15  ptm  stated  by  Aghajanian 
et  alJ  has  been  used  in  evaluating  the  dislocation  strengthening 
(Eq.  (10)).  While  the  overall  contribution  from  dislocation  plas¬ 
ticity  is  not  large,  primarily  because  of  the  relatively  large  particle 
size,  its  incorporation  into  the  self-consistent  effective  medium 
approximation  does  lead  to  substantially  closer  agreement  with 
experiment,  the  exception  being  for  the  lowest  volume  fraction 
(f  =  0.25)  composite  for  which  the  models  still  underestimate 
the  flow  stress  after  yielding.  Since  comparison  of  the  stress- 
strain  curves  indicates  that  the  hardening  rate  remains  underes¬ 
timated,  it  suggests  that  the  dislocation  strengthening  from  the 
strain  gradient  terms  has  not  been  adequately  accounted  for  in 
Eq.  (10).  However,  given  the  uncertainties  on  how  the  different 
dislocation  terms  should  be  added  together,  as  well  as  in  the 


actual  values  of  the  constants  in  the  individual  terms,  further 
refinement  is  not  considered  justifiable. 

V.  Summary 

In  summary,  a  rather  simple  hybrid  modeling  method  com¬ 
bining  an  effective  medium  approach  with  the  essential  features 
of  dislocation  plasticity  closely  matches  the  deformation 
response  of  a  series  of  aluminum  matrix  composites  containing 
large  volume  fractions  of  alumina  particles.  Neither  the  effec¬ 
tive  medium  nor  the  dislocation  models  alone  are  adequate  to 
describe  the  full  deformation  response.  The  incorporation  of 
dislocation  plasticity  within  the  deformation  response  of  the 
metal  matrix  not  only  provides  an  improvement  over  the  self- 
consistent  effective  medium  approximation  but  also  introduces 
a  particle  size  effect.  Such  size  effects  are  absent  in  the  contin¬ 
uum  models  of  deformation  since  they  are  intrinsically  size 
independent.  This  enables  effects  such  as  particulate  cracking 
to  be  incorporated  into  the  deformation  response  as  well  as 
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(A) 


(B) 

Fig.  2.  Comparison  between  experimental  results  and  the  calculations  based  on  a  hybrid  approach  in  which  dislocation  plasticity  is  incorporated 
into  the  effective  medium  approximations:  (A)  effective  medium  approximation  and  (B)  self-consistent  effective  medium  approximation. 


introducing  a  tension-compression  asymmetry,  as  is  described 
elsewhere. 
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ABSTRACT 

An  experimental  investigation  of  the  fatigue  life  and  the  associated  failure 
modes  in  a  fiber-reinforced  Ti  matrix  composite  (TMC)  has  been  conducted.  Tests 
have  been  performed  over  a  wide  range  of  loading  conditions,  characterized  by- 
stress  ratios  (minimum /maximum)  of  R  =  0  to  0.8,  and  the  results  presented  in  the 
form  of  a  Goodman  diagram.  The  failure  modes  include:  (i)  catastrophic  fracture 
following  damage  initiation;  (ii)  the  formation  and  propagation  of  multiple  bridged 
cracks,  leading  to  the  development  of  hysteresis  and  permanent  strain  and,  in  some 
instances,  fiber  bundle  fracture;  and  (iii)  the  development  of  similar  damage  but 
without  the  occurrence  of  fiber  bvmdle  fracture.  There  exists  a  damage  initiation 
threshold,  associated  with  a  critical  value  of  the  stress  amplitude,  below  which  there 
is  no  apparent  microstructural  damage  and  the  fatigue  life  is  effectively  infinite. 
There  is  also  a  fracture  threshold  following  matrb<  cracking  which  is  dictated  by  the 
fiber  strength  distribution.  The  fibers  degrade  somewhat  upon  cycling  in  the 
presence  of  matrix  cracks,  as  manifested  in  a  slight  reduction  (-10%)  in  the  mean 
strength  of  extracted  fibers  as  well  as  the  occurrence  of  composite  fracture  well  after 
the  attainment  of  a  saturation  in  the  matrix  crack  density.  The  results  indicate  that 
the  damage  initiation  threshold  is  likely  to  be  the  single  most  important  property 
from  the  viewpoint  of  design  and  life  prediction  under  high  cycle  fatigue. 

Keywords:  A.  Metal-matrix  composites;  B.  Fatigue;  C.  Failure  criterion; 

D.  Fractography 
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1.  INTRODUCTION 

SiC  fiber-reinforced  Ti  matrix  composites  (TMCs)  are  strong  candidates  for  use 
in  aircraft  engine  components  such  as  compressor  fan  blades.  This  selection  is 
driven  by  the  exceptional  specific  stiffness  and  strength  of  TMCs  along  the  fiber 
direction.  Successful  implementation  of  TMCs  into  fan  blades  is  dependent  on  two 
additional  performance  characteristics;  (i)  their  ability  to  sustain  the  impact  of 
foreign  objects  and  retain  mechanical  integrity,  and  (ii)  their  ability  to  withstand 
high  cycle  fatigue  (HCF)  loading  under  conditions  of  moderately  low  cyclic  stress 
(associated  with  aerodynamic  vibrations)  and  relatively  large  mean  stress  (due  to 
centrifugal  forces).  The  present  article  focuses  on  the  latter  problem. 

There  exists  an  extensive  body  of  literature  pertaining  to  the  growth  of 
bridged  matrix  cracks  in  TMCs  during  fatigue  [1-19].  The  majority  of  this  work 
emphasizes  the  effects  of  crack  bridging  on  the  crack  tip  stress  intensity  factor  and 
the  rate  of  crack  extension  under  various  loading  configurations  and  notch 
geometries.  The  solutions  for  the  fiber  stresses  within  the  bridged  zones  can  be  used 
to  predict  the  onset  of  fiber  fracture,  subject  to  knowledge  of  the  fiber  strength  [17-21]. 
The  changes  in  the  hysteresis  behavior  associated  with  multiple  bridged  cracks  have 
been  modeled  also  and  successfully  correlated  with  experimental  data  [22, 23]. 

Notwithstanding  the  maturity  of  the  bridging  mechanics  field,  there  is  an 
inadequate  body  of  knowledge  (theoretical  or  experimental)  that  can  be  used  by 
designers  to  predict  the  fatigue  life  of  TMC  components.  This  deficiency  is  due  in 
part  to  the  complexity  of  the  failure  processes  and  the  progressive  change  in  some  of 
the  corrstituent  properties,  including  the  fiber  strength  [24]  and  the  interfacial  sliding 
resistance  [9,  25,  26],  upon  fatigue  cycling.  Moreover,  there  is  minimal  information 
pertaining  to  crack  initiation  [27]. 


7N:FZ66(3/13/97)*September  3,  1997-3:57  PM/mef 


161 


4 


The  present  article  represents  an  attempt  to  systematically  document  the 
sequence  of  damage  and  failure  processes  that  occur  in  a  TMC  over  a  broad  range  of 
loading  conditions,  and  to  represent  this  information  in  a  form  that  is  familiar  to 
designers,  notably,  through  a  Goodman  diagram.  The  work  includes  a  series  of 
fatigue  experiments  at  stress  ratios,  R,  ranging  from  0  to  0.8,  and  stress  amplitudes, 
that  lead  to  fracture  in  ~  10^-10^  cycles.  (The  regime  of  high  R  and  low  is  most 
relevant  to  fan  blades.)  The  fatigue  experiments  are  augmented  by  measurements  of 
fiber  strengths,  using  fibers  extracted  from  both  pristine  and  fatigued  specimens. 
These  measurements  provide  information  regarding  the  magnitude  of  fiber 
strength  degradation  associated  with  fatigue  and  the  expected  retained  strength 
following  complete  matrix  cracking.  For  the  purpose  of  constructing  the  Goodman 
diagram,  empirical  relations  are  established  between  the  fatigue  life  and  the  loading 
conditions.  Although  some  insight  into  the  factors  limiting  material  performance  is 
inferred  from  these  relations,  a  completely  mechanistic  approach  for  life  prediction 
in  TMCs  is  still  lacking. 

Generally,  Goodman  diagrams  are  comprised  of  a  series  of  contours,  each 
with  a  prescribed  number  of  cycles  to  failure,  Nf,  plotted  on  axes  of  stress  amplitude, 
and  mean  stress,  ajyi.  An  example  is  illustrated  schematically  in  Fig.  1.  The  upper 
limit  of  the  diagram,  corresponding  to  Nf  =  1,  is  obtained  by  setting  the  maximum 
stress,  Omaxr  equal  to  the  ultimate  tensile  strength,  Ou,  yielding": 

<^inax  =  (1) 

This  condition  is  represented  by  a  line  which  has  a  slope  of  -1  and  intersects  both 
axes  at  Ou-  The  contours  for  higher  values  of  Nf  lie  below  this  line.  The  axis 

"  This  assumes  that  the  tensile  strength  is  greater  than  the  compressive  strength.  If  this  is  not  the  case, 
an  additional  line  must  be  included  to  account  for  compressive  failure,  given  by  where 

is  the  compressive  strength. 
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represents  fully-reversed  tension/compression  loading  (R  =  -1),  and  the  line  =  cy^ 
represents  tension/zero  loading  (R  =  0).  Generally,  the  curves  for  Nf  >  1  do  not 
intersect  the  axis  because  of  a  fatigue  threshold  at  a  critical  (positive)  value  of  Oa- 
The  contours  are  calculated  by  interpolating  experimental  fatigue  life  data  obtained 
over  a  broad  range  of  loading  conditions,  characterized  by  R.  Such  diagrams  are 
commonly  used  for  design  and  life  assessment  of  structural  components  [28,  29]. 

Monolithic  metals  and  TMCs  exhibit  some  fimdamentally  different  fatigue 
characteristics,  particularly  in  the  regime  of  high  cycle  fatigue  (HCF).  In  metals,  HCF 
involves  sub-critical  growth  of  a  small  number  of  (unbridged)  cracks.  Up  to  the 
point  of  catastrophic  fracture,  the  global  response  is  essentially  linear-elastic,  with 
negligible  change  in  modulus.  Consequently,  there  is  little  warning  from  global 
modulus  measurements  that  fracture  is  imminent.  A  positive  attribute  of  this 
behavior  is  that  the  component  continues  to  serve  its  ftmction  (e.g.  support  load 
and  not  deform  excessively),  until  fracture.  In  this  context,  the  appropriate  criterion 
for  failure  is  fracture.  In  contrast,  HCF  of  TMCs  involves  the  growth  of  numerous 
matrix  cracks,  each  bridged  by  fibers.  The  bridging  is  extremely  effective  in 
preventing  catastrophic  fracture.  However,  once  the  cracks  propagate  across  the 
entire  cross  section,  almost  all  of  the  load  is  supported  by  the  fibers,  and  the 
modulus  is  reduced  to  ~  fEf,  where  f  is  the  fiber  volume  fraction  and  Ef  is  the  fiber 
modulus.  Typically,  the  reduction  in  stiffness  is  ~  30%.  Moreover,  the  cracks  give 
rise  to  a  permanent  strain  of  ~  0.1-0.2%.  In  these  materials,  the  failure  criterion  is 
not  well-defined  and  depends  on  the  specific  component  of  interest.  For  example,  in 
stiffness-critical  components,  functional  failure  is  considered  to  have  occurred  when 
the  modulus  reduction  is  deemed  to  be  excessive.  Consequently,  the  number  of 
cycles  to  failure  may  be  very  much  lower  than  the  nrunber  of  cycles  to  fracture. 
Recognizing  these  differences  between  metals  and  TMCs,  it  is  envisioned  that 
Goodman  diagrams  for  TMCs  could  be  constructed  for  a  variety  of  failure  criteria, 
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including  fracture,  modulus  reduction  and  permanent  strain,  and  subsequently 
superimposed  on  one  another  in  order  to  identify  the  relevant  failure  modes  and 
lifetimes  within  the  stress  domains  pertinent  to  various  components. 


2.  MATERIALS  AND  TEST  METHODS 
2.1  Composite  Characterization 

The  material  used  in  this  study  was  a  [O'Js  SCS-6/Ti-6AMV  composite 
produced  by  Textron  Specialty  Materials.  The  fiber  volume  fraction,  f,  was  0.35.  The 
mechanical  tests  were  performed  on  flat  dogbone  specimens  with  a  50  mm  gauge 
length  and  a  6.3  mm  width.  The  specimens  were  cut  by  electro-discharge  machining. 
No  further  conditioning  (i.e.  polishing)  of  the  cut  surfaces  was  performed  prior  to 
testing.  Stainless  steel  tabs  were  affixed  to  the  specimen  ends  with  epoxy.  The 
specimens  were  mounted  onto  a  servohydraulic  test  machine  using  hydraulic 
wedge  grips.  The  axial  strain  was  measured  using  a  10  mm  extensometer. 

The  majority  of  fatigue  tests  was  conducted  at  a  frequency  of  10  Hz,  up  to  10^ 
cycles.  The  one  exception  was  a  100  Hz  test  performed  at  a  low  stress  amplitude  and 
run  out  to  10^  cycles.  The  tests  were  interrupted  periodically  (typically,  3  to  4  times 
per  decade  of  cycling,  starting  at  10^  cycles)  and  the  stress-strain  hysteresis  measured 
between  the  minimum  and  maximum  loads  at  a  loading  rate  of  ~  5  MPa/s.  At  each 
stage,  surface  replicas  were  made  of  one  of  the  broad  faces  using  cellulose  acetate 
tape  and  subsequently  examined  in  an  optical  microscope.  The  purpose  of  the 
replicas  was  to  assess  the  nature  and  degree  of  matrix  damage.  The  fatigue  tests  were 
performed  at  stress  amplitudes  between  120  and  600  MPa,  and  with  stress  ratios, 

R  =  0,  0.5  and  0.8.  Some  of  the  fractured  specimens  were  examined  in  a  scanning 
electron  microscope  in  an  attempt  to  identify  the  fracture  origins  of  the  fibers  and 
determine  whether  new  flaws  were  introduced  during  fatigue.  Moreover, 
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measurements  were  made  of  the  distributions  in  fiber  pullout  lengths  and 
compared  with  the  predicted  values  [30, 31]. 

2.2  Fiber  Strength  Characterization 

The  strength  characteristics  of  the  fibers  were  determined  by  testing  ~  20 
individual  filaments,  25  mm  long,  extracted  from  each  of  three  representative 
specimens.  Fiber  extraction  was  accomplished  by  dissolving  the  matrix  in  a  49%  HF 
solution.  The  cumulative  failure  probability,  Pf,  was  determined  by  ranking  the 
strength  data  in  ascending  order  and  using  the  probability  estimator 


Pf 


i-0.5 

n 


(2) 


where  i  is  the  rank  and  n  is  the  total  number  of  tested  fibers. 

The  first  specimen  was  the  pristine  (as-processed)  composite.  Its  fiber  strength 
distribution  was  characterized  by  the  Weibull  fimction: 


1-exp 


Lo 


f 

V 


(3) 


where  a  is  the  stress;  Lf  is  the  fiber  length;  Lo  and  Oo  are  the  reference  values  of 
length  and  strength;  and  m  is  the  Weibull  modulus. 

The  other  two  specimens  from  which  fibers  were  extracted  had  been  subjected 
to  fatigue.  The  first  of  these  was  a  specimen  tested  at  0^.  =  130  MPa  and  R  =  0.8. 
Fracture  had  occurred  after  3.7x10^  cycles  with  no  apparent  damage  in  the  matrix 
remote  from  the  fracture  plane.  The  fibers  were  extracted  from  the  longer  one  of  the 
two  broken  halves.  The  tested  length  was  >  10  mm  away  from  the  fracture  plane. 
Under  these  conditions,  no  relative  sliding  had  occurred  between  the  fibers  and 
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matrix.  Consequently,  the  fiber  strength  distribution  is  expected  to  be  representative 
of  the  intrinsic  fatigue  degradation  of  the  fiber  due  to  subcritical  cracking  (if  any).  In 
comparing  the  pristine  fibers  with  the  fatigued  ones,  the  strength  distribution  of  the 
pristine  fibers  is  modified  to  account  for  the  "proof  loading"  of  the  fibers  within  the 
composite  to  a  stress  level,  ap 

Op  =  Ec  Ef  +  Or  (4) 

where  £c  is  the  axial  composite  strain  at  the  load  maximum,  Ef  is  the  fiber  Young's 
modulus,  and  Or  is  the  residual  axial  stress  in  the  fibers  (=  -600  MPa  [32]).  The 
modified  distribution  is  given  by  [33] 


P/(o,Lf) 


Pf(g,Lf)-Pf(qp,W 


(5) 


where  Lf  is  the  gauge  length  of  the  tested  fibers  (25  mm)  and  Lc  is  the  composite 
gauge  length  from  which  the  fibers  had  been  extracted. 

The  second  fatigued  specimen  had  been  tested  at  =  200  MPa  and  R  =  0.5.  In 
this  case,  multiple  matrix  cracks  had  formed  and  propagated  across  the  entire 
cross-section,  each  fully  bridged  by  fibers,  and  with  a  spacing  of  ~  0.7  mm.  The  crack 
pattern  had  reached  a  saturation  state  after  ~  2x10^  cycles.  The  test  was  continued  to 
10^  cycles,  at  which  point  the  specimen  was  still  intact.  The  fibers  within  this 
specimen  are  expected  to  provide  insight  into  the  effects  of  fiber/matrix  sliding  on 
the  fiber  strength.  In  making  comparisons  with  the  pristine  strength  distribution, 
Eqn.  5  was  used  again  to  accotmt  for  "proof  loading".  Recognizing  that  the  matrix 
does  not  support  any  stress  following  complete  cracking,  the  relevant  proof  stress  in 
this  case  is 
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where  Omax  is  the  stress  maximum  (800  MPa).  (Strictly,  the  assumption  regarding 
the  matrix  stress  only  applies  along  those  sections  containing  matrix  cracks;  load 
transfer  by  interface  sliding  leads  to  a  tensile  stress  in  the  matrix  segments  between 
cracks  and  a  corresponding  reduction  in  the  fiber  stress.  By  performing  a  shear  lag 
analysis  of  the  fibers  within  the  intact  matrix  segments,  with  a  sliding  stress, 

X  ==  20  MPa  [23],  the  fiber  stress  at  the  center  of  such  a  matrix  segment  is  found  to  be 
~  10%  less  than  the  value  predicted  by  Eqn.  6.  This  produces  only  a  very  small  effect 
on  the  modified  strength  distribution  and  is  subsequently  neglected.) 


3.  EXPERIMENTAL  RESULTS  AND  ANALYSIS 

3.1  Damage  Progression 

During  cycling,  the  composite  specimens  exhibited  several  characteristic 
modes  of  damage  and  fracture,  dependent  on  the  loading  conditions.  The  sequence, 
along  with  the  corresponding  numbers  of  cycles,  are  documented  in  Fig.  2  for  the 
case  of  R  =  0  and  described  below.  Similar  features  were  observed  for  tests  performed 
at  higher  values  of  R. 

At  high  stresses  (>  1000  MPa),  fracture  occurs  catastrophically  without 
extensive  matrix  damage  or  reduction  in  stiffness.  Apparently,  the  fatigue  life  is 
controlled  by  the  damage  initiation  event.  This  is  designated  as  "damage-intolerant" 
behavior. 

At  lower  stresses,  numerous  matrix  cracks  initiate  at  the  specimen  edges  and 
propagate  stably  through  the  composite.  As  this  happens,  the  permanent  strain 
increases  and  a  non-linear  hysteresis  loop  develops.  Several  representative  loops  are 
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shown  in  Fig.  3.  The  trends  in  crack  density,  permanent  strain  and  hysteresis 
modulus  with  loading  cycles  are  plotted  in  Fig.  4.  In  some  instances,  the  cracks 
propagate  to  the  mid-section  of  the  specimen  and  either  link  with  cracks  emanating 
from  the  other  side  (when  they  are  nearly  coplanar)  or  arrest  as  they  grow  a  short 
distance  past  one  another  (when  they  are  not  coplanar).  An  example  of  the  crack 
pattern  is  shown  in  Fig.  5.  Once  the  cracks  arrest,  the  hysteresis  loop  achieves  a 
steady-state,  with  no  change  upon  further  cycling.  Fracture  may  or  may  not  occur 
following  the  attainment  of  this  steady-state.  There  is  a  fatigue  threshold  below 
which  the  steady-state  hysteresis  may  continue  through  to  rimout  (at  N  =  10^) 
without  fracture  of  the  fiber  bundle.  In  other  instances,  fracture  occurs  after  crack 
initiation  but  before  crack  arrest.  Both  of  these  behavior  types  are  termed 
"damage-tolerant".  This  behavior  is  preferred  over  damage-intolerant  behavior 
since  the  material  is  capable  of  sustaining  the  cyclic  stress  in  the  presence  of  matrix 
damage.  However,  in  practice,  failure  in  this  regime  may  be  dictated  by  the  loss  in 
stiffness  or  the  development  of  permanent  strain  rather  than  fracture,  as  suggested 
by  Fig.  4. 

At  yet  lower  stresses,  matrix  cracks  never  form  and  fracture  does  not  occur. 
The  stress  below  which  this  behavior  is  obtained  represents  a  fatigue  threshold 
below  which  the  life  is  effectively  infinite  and  there  is  no  change  in  the  stress-strain 
response.  Clearly,  this  behavior  is  the  most  desirable.  This  threshold  was  found  in 
the  high  R-ratio  tests  and,  as  detailed  below,  occurs  at  a  critical  stress  amplitude  of 
-130  MPa. 

3.2  Influence  of  Loading  Conditions  on  Damage  Initiation  and  Fracture 

The  number  of  cycles  to  crack  initiation,  Ni,  determined  from  both 
examinations  of  surface  replicas  and  changes  in  hysteresis,  are  plotted  on  Fig.  6.  The 
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by 


11 


where  n  is  a  weighting  parameter.  This  effective  stress  is  similar  to  the 
Smith- Watson-Topper  parameter  [34],  which  has  been  used  previously  to 
characterize  fracture  of  TMCs  in  the  low  cycle  fatigue  (LCF)  regime.  Indeed,  if  the 
material  response  is  linear  and  n  =  1,  the  two  are  equivalent  and  given  by  the 
geometric  mean:  (o^  The  present  form  of  this  parameter  is  preferred  since  it 

allows  different  weightings  to  be  assigned  to  Oa  and  through  the  exponent  n:  the 
limiting  cases  being  c  =  <Ta  n  =  0  and  o  =  for  n  =  o®.  Upon  plotting  a  against  Nj 
it  was  apparent  that  the  best  correlation  among  the  data  was  obtained  for  n  =  0.  The 
implication  of  this  result  is  that  damage  initiation  is  controlled  exclusively  by  the 
cyclic  stress  (o  =  Oa)/  independent  of  the  mean  stress.  This  is  consistent  with  the 
view  that  initiation  occurs  by  cyclic  plasticity  within  the  Ti  matrix  [28]. 

For  the  purpose  of  constructing  the  Goodman  diagram  (Section  4),  the 
initiation  conditions  were  fit  to  an  empirical  function  of  the  form 

a  =  Ai  exp  (pi  Nj)  +  A2  exp  (p2  Nj)  +  0^  (8) 

where  p  and  A  are  fitting  parameters  and  ath  is  the  threshold  stress  for  crack 
initiation.  The  best  fit  of  Eqn.  8  to  the  experimental  data  is  obtained  for  n  =  0,  with 
the  fitting  parameters  being  Ai  =  228  MPa,  A2  =  300  MPa,  pi  =  8.8x10"^,  p2  =  4.0x10"^ 
and  ath  =  130  MPa.  The  effect  of  n  on  the  relative  goodness  of  fit  (\i/2)  is  shown  in 
Fig.  7.  The  best  fit  curve  (for  n  =  0)  is  shown  in  Fig.  6. 
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The  fatigue  fracture  data  are  presented  in  Fig.  8  in  terms  of  both  the  stress 
amplitude  and  the  stress  maximum.  Upon  inspection  of  these  plots,  it  is  evident 
that  neither  one  of  these  parameters  alone  determines  the  fatigue  life.  The  data  are 
found  to  be  well  described  by  the  empirical  relation 

2aA  =  au(l-R)  sech[b(l-R‘5)logNf]  (9) 


in  the  regime  >  Oth-  Here  Ou  is  the  ultimate  tensile  strength  (1760  MPa),  and  b  and 
q  are  fitting  parameters.  The  optimal  fits  (based  on  least  squares  regression  analyses) 
are  obtained  for  b  =  0.26  and  q  =  2.43.  For  Nf  =  1,  Eqn.  9  reduces  to  the  required  limit 
(similar  to  Eqn.  1): 


2gA 

1-R 


^max 


(10) 


The  correlations  between  the  calculated  curves  and  the  experimental  data  are  shown 
in  Fig.  8.  The  quality  of  the  fit  is  illustrated  further  by  comparing  the  measured  and 
calculated  values  of  Nf  (Fig.  9).  The  majority  of  the  data  lie  within  a  band  of  ±  3: 
comparable  to  typical  statistical  variations  in  Nf  that  are  obtained  in  fatigue  imder 
nominally  identical  testing  conditions  [35]. 

3.3  Fiber  Strength  and  Fiber  Pullout 

The  strength  distribution  of  the  pristine  fibers  is  shown  in  Fig.  10(a).  The 
distribution  was  fitted  to  a  Weibull  function,  yielding  the  results  presented  in 
Table  1.  Also  shown  in  Fig.  10(a)  is  the  strength  distribution  of  the  fibers  extracted 
from  the  composite  that  had  failed  after  3.7x10^  cycles  with  no  apparent  matrix 
damage,  as  well  as  the  distribution  that  would  be  expected  if  the  fibers  had  not  been 
degraded  during  cycling  (through  Eqn.  5).  Evidently,  the  fibers  extracted  from  the 
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fatigued  specimen  exhibit  strength  characteristics  similar  to  those  of  the  pristine 
fibers,  indicating  no  degradation  in  strength  during  fatigue.  In  light  of  the  fact  that 
no  relative  sliding  had  occurred  between  the  fibers  and  the  matrix,  as  well  as  the 
fatigue-insensitivity  of  SiC,  the  lack  of  strength  degradation  is  not  altogether 
unexpected. 

Figure  10(b)  shows  a  comparison  between  the  strength  distribution  of  the 
pristine  fibers  and  the  one  obtained  from  the  specimen  that  had  been  fatigued  to  10^ 
cycles  and  had  exhibited  extensive  matrix  cracking.  In  this  case,  the  fatigued  fibers 
exhibit  a  slight  strength  reduction,  with  a  difference  of  ~  10%  in  the  mean  values. 
Using  the  student  t-test,  the  confidence  level  associated  with  this  difference  was 
determined  to  be  ~  68%.  Although  this  confidence  level  is  not  particularly  high,  the 
observations  and  analyses  presented  below  provide  corroborating  evidence  of  fiber 
degradation,  particularly  in  the  regions  near  d\e  matrix  cracks. 

Additional  insight  is  obtained  from  an  analysis  of  fiber  bundle  strengths.  Two 
approaches  are  considered.  In  the  first,  the  flaws  in  the  fibers  are  assumed  to  be 
distributed  imiformly  along  the  fiber  length  and  the  fibers  are  assumed  to  be 
coupled  to  the  matrix  through  a  friction  stress,  t.  The  stress-strain  response  of  the 
fiber  bundle  following  complete  matrix  cracking  is  then  computed  using  the 
approach  described  in  [30].  This  is  accomplished  by  evaluating  the  nmnber  of  flaws 
that  have  been  activated  at  each  stress  and  the  inelastic  displacement  at  each  break 
location  associated  with  fiber-matrix  slip.  The  resultant  stress-strain  response 
exhibits  progressive  softening  as  the  fibers  fragment,  ultimately  reaching  a 
maximum  stress  level.  The  predicted  fiber  btmdle  strength  is  [30] 


gg  ^Lq 


1 

m+l 


^m+1 


2  +  m, 


m  +  l 
m  +  2 


(11) 
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and  the  corresponding  composite  strength,  Ou  is: 

Oc  =  fOB  (12) 

with  r  being  the  fiber  radius  (71  |im).  The  friction  stress  (r  =  23  MPa)  was  evaluated 
from  the  measured  hysteresis  loops  following  matrix  crack  saturation,  as  detailed  in 
[23].  Using  the  Weibull  parameters  characterizing  the  pristine  fiber,  the  composite 
strength  is  predicted  to  be  1160  MPa.  In  contrast,  the  strength  that  is  estimated  from 
the  fatigue  experiments  (taking  the  lowest  value  of  the  stress  maximum  at  which 
fracture  occurs)  is  considerably  lower:  600  MPa.  Even  when  the  Weibull  parameters 
for  the  degraded  fibers  are  used,  the  predicted  strength  (-950  MPa)  is  still 
considerably  higher  than  the  measured  value. 

The  second  approach  for  predicting  the  bundle  strength  assumes  that 
strength-limiting  flaws  are  located  preferentially  near  the  matrix  crack  planes,  where 
the  amount  of  relative  sliding  between  the  fibers  and  the  matrix  is  greatest.  The 
implication  of  this  assumption  is  that  the  fibers  ultimately  fail  in  the  plane  of  a 
matrix  crack  and  therefore  the  contribution  to  the  bundle  strength  derived  from 
frictional  sliding  around  broken  fibers  is  negligibly  small.  In  this  limit,  a  lower 
bound  estimate  of  the  strength  is  the  dry  fiber  bundle  strength  (in  the  absence  of  the 
matrix),  given  by  [9] 

Ob  =  ao[meLf/Lo]^  (13) 

Using  the  Weibull  parameters  for  the  degraded  fibers  yields  a  strength,  Oc  =  485  MPa. 
This  value  corresponds  reasonably  well  to  the  one  inferred  from  the  fatigue  tests 
(<  600  MPa),  thus  supporting  the  postulate  of  preferential  fiber  degradation  near  the 
matrix  cracks. 
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The  measured  distribution  in  the  fiber  pullout  lengths,  £p,  also  suggests 
localized  strength  reduction  upon  fatigue.  One  such  distribution  is  shown  in  Fig.  11; 
its  average  value,  Ip,  was  ~80  pm.  If  the  flaws  were  distributed  tmiformly  along  the 
fibers,  the  average  pullout  length  would  be  expected  to  be  [30] 


4  =  S(in) 


>m+l 


(14) 


where  g(m)  is  the  function  plotted  in  Fig.  6  of  [30].  The  predicted  value  is 
£p  =  4.1  mm:  more  than  an  order  of  magnitude  greater  than  measured  value.  This 
discrepancy  is  also  consistent  with  local  fiber  degradation  near  matrix  cracks, 
yielding  anomolously  low  pullout  lengths. 

Examinations  of  broken  fibers  in  the  SEM  proved  to  be  somewhat 
inconclusive.  The  fracture  origins  could  not  be  consistently  identified  and 
differences  between  the  fracture  surfaces  of  fatigued  and  pristine  fibers  could  not  be 
established.  However,  there  is  clear  evidence  of  wear  of  some  of  the  fiber  surfaces 
following  matrix  cracking  (Fig.  12).  It  is  surmised  that  the  reduction  in  fiber  strength 
upon  fatigue  is  associated  with  the  presence  of  surface  defects  produced  by 
fiber-matrix  sliding. 


4.  GOODMAN  DIAGRAM 

The  preceding  results  have  been  used  to  construct  a  Goodman  diagram 
(Fig.  13)  in  the  stress  domain  defined  by  0  <  Oa  ^  (i.e.  R  >  0).  The  line  for  Nf  =  1 

was  calculated  by  setting  the  maximum  stress  equal  to  the  ultimate  tensile  strength 
of  the  pristine  composite  (Eqn.  1).  The  dashed  contours,  corresponding  to  Nf  =  10^, 
10^,  10^  and  10^,  were  calculated  using  Eqn.  9  along  with  the  relation 
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^M+^A 


(15) 


The  initiation  threshold,  Oth/  is  described  by  a  critical  value  of  the  stress  amplitude 
and  therefore  appears  as  a  horizontal  line  (0^  =  0th  =  130  MPa).  The  fracture 
threshold  (following  matrix  cracking)  was  obtained  by  setting  the  stress  maximum 
equal  to  0c  =  f  0b  =  485  MPa.  Also  shown  is  the  boundary  between  damage-tolerant 
and  damage-intolerant  behaviors,  calculated  by  setting  the  number  of  cycles  for  crack 
initiation  (Eqn.  8)  equal  to  the  number  of  cycles  for  fracture  (Eqn.  9). 

The  diagram  reveals  several  notable  features  associated  with  fatigue  failure. 

(i)  The  stress  domains  for  damage-tolerant  and  damage-intolerant  behavior  are 
comparable  in  "size".  The  boimdary  between  the  two  depends  on  both  0^  and  01^, 
though  it  tends  to  be  dominated  by  0j^  for  low  R  values  (approaching  zero). 

(ii)  Within  the  damage-tolerant  domain,  the  fatigue  life  is  finite  for  most 
combinations  of  0^  and  0j;^;  there  exists  only  a  small  triangular  region  (in  the 
bottom  left)  in  which  extensive  matrix  damage  occurs  but  does  not  lead  to  fracture. 

(iii)  In  the  lower  domain  (0^^  <  0th),  the  fatigue  life  is  infinite,  and,  because  of  the 
absence  of  matrix  cracks,  the  material  response  remains  unchanged  throughout. 
Evidently,  the  small  triangular  region  in  which  the  composite  is  capable  of 
sustaining  damage  without  fracture  provides  only  a  modest  expansion  of  the 
allowable  stress  domain  for  infinite  life,  beyond  that  associated  with  the  initiation 
threshold.  Consequently,  for  conservative  designs  of  components  subject  to  HCF, 
the  initiation  threshold  represents  the  most  critical  boundary  on  the  diagram. 
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5.  CONCLUDING  REMARKS 

The  Goodman  diagram  for  a  SiC  fiber-reinforced  TMC  has  been  constructed, 
based  on  fatigue  tests  performed  over  a  range  of  loading  conditions  as  well  as 
measurements  of  fiber  strengths.  Four  t5rpes  of  behavior  have  been  observed: 

(i)  damage-intolerant,  with  fracture  controlled  by  crack  initiation; 

(ii)  damage-tolerant,  associated  with  the  formation  of  multiple  matrix  cracks  and 
followed,  eventually,  by  fiber  bundle  fracture;  (iii)  damage-tolerant,  without  fiber 
btmdle  fracture,  thus  yielding  a  fracture  threshold;  and  (iv)  undamaged  indefinitely, 
because  of  an  initiation  threshold.  The  fracture  threshold  is  governed  by  the  fiber 
bimdle  strength,  which  degrades  somewhat  during  cycling.  This  degradation  appears 
to  be  due  to  the  formation  of  new  surface  flaws  upon  repeated  fiber-matrix  sliding. 

Based  on  design  and  lifing  considerations,  the  damage  initiation  threshold  is 
arguably  the  single  most  important  quantity  governing  fatigue,  especially  for  HCF. 
Above  the  threshold,  matrix  cracks  form  and  propagate  readily.  Even  though  these 
cracks  are  effectively  bridged  by  fibers,  they  lead  to  rather  significant  changes  in 
mechanical  properties,  including  a  loss  in  stiffness  and  the  development  of 
hysteresis  and  permanent  strain.  Moreover,  there  is  only  a  small  range  of  stresses 
over  which  damage  can  occur  but  not  eventually  lead  to  catastrophic  fracture. 

The  estimate  of  the  initiation  threshold  (a^  =  t^th  =  130  MPa)  obtained  from 
the  present  experiments  is  expected  to  be  conservative  in  relation  to  that  for  real 
components,  because  of  the  presence  of  cut  fibers  along  the  specimen  length  and  the 
lack  of  any  special  surface  preparation  prior  to  testing.  TMC  components  such  as  fan 
blades  are  not  expected  to  have  exposed  fibers  and  their  surfaces  are  expected  to  be 
smoother  than  those  of  the  present  test  coupons  (at  least  initially).  These  differences 
highlight  the  importance  of  identifying  the  fatigue  threshold  m  specimens  that  are 
fully  encased  by  the  Ti  matrix  alloy  and  investigating  the  role  of  surface  condition. 
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Table  1  Weibull  Parameters  for  Extracted  Fibers 


Pristine  Composite 

Fatigued  Composite* 

Length,  Lf  (mm) 

25 

25 

Reference  Strength,  Oo  (MPa), 

3900 

35801 

(for  Lo  =  25  mm) 

Weibull  modulus,  m 

4.3 

3.01 

=  200  MPa,  R  =  0.5,  runout  at  N  =  lO^. 


tin  determining  m  and  Cq  for  the  fatigued  fibers,  the  probability  estimator,  Pf,  (given 
in  Eqn.  2)  was  adjusted  to  account  for  the  fibers  that  had  broken  during  fatigue.  The 
approximate  estimator  for  this  case  is  Pf  =  [(i-0.5)/n](l-nB/n'j'),  where  ng  is  the 
number  of  broken  fibers  upon  extraction  and  nj  is  the  total  number  of  extracted 
fibers.  No  broken  fibers  were  foimd  in  the  pristine  composite. 
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FIGURES 


Figure  1 
Figure  2 

Figure  3 
Figure  4 

Figure  5 

Figure  6 
Figure  7 

Figure  8 


Figure  9 
Figure  10 


Figure  11 


Schematic  of  a  Goodman  diagram. 

Summary  of  the  sequence  of  damage  events  occurring  in  fatigue  for 
R  =  0. 

Typical  hysteresis  loops  following  fatigue  cycling  (R  =  0,  =  400  MPa). 

Variations  in  (a)  crack  density,  measured  along  the  specimen  edge, 

(b)  hysteresis  modulus,  and  (c)  permanent  strain  with  loading  cycles  for 
the  representative  tests  performed  at  R  =  0. 

Backscatter  SEM  image  showing  multiple  matrix  cracks  in  a  fatigued 
specimen  (o^  =  300  MPa,  R  =  0,  Nf  =  1.0x10^  cycles). 

Optimal  fit  of  Eqn.  8  (n  =  0)  to  the  crack  initiation  data. 

Influence  of  the  mean  stress  exponent  n  on  the  relative  goodness-of-fit 
of  Eqn.  8  for  crack  initiation. 

Fatigue  life  presented  in  terms  of  (a)  the  stress  maximum  and  (b)  the 
stress  amplitude.  The  lines  are  the  fits  obtained  using  Eqn.  9.  The  runout 
tests,  indicated  by  the  open  symbols,  were  not  used  in  the  fitting 
procedure. 

Comparison  of  measured  and  calculated  cycles  to  fracture.  The  band 
represents  a  variation  of  a  factor  of  ±  3. 

Comparisons  of  fiber  strength  distributions  from  pristine  and  fatigued 
fibers;  (a)  Ga  =  130  MPa,  R  =  0.8,  Nf  =  3.7x105;  (b)  Ga  =  200  MPa,  R  =  0.5, 
runout  at  N  =  10^. 

Measured  fiber  pullout  length  distribution  (ga  =  300  MPa,  R  =  0, 

Nf  =  1.0x107). 
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Figure  12  SEM  micrographs  showing  (a)  a  fractured  fiber  and  (b)  a  close-up  view 
the  fiber  showing  wear  of  both  the  fiber  surface  and  the  fiber  coating 
following  fatigue  (o^  =  300  MPa,  R  =  0,  Nf  =  1.0x10^). 

Figure  13  Goodman  diagram  for  the  TMC. 
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Abstract— The  strength  variability  of  an  Al-2%  Cu  alloy  matrix  reinforced  with  65  vol.%  Nextel 
-610  AI2O3  fibers  has  been  investigated,  with  the  aim  of  identifying  and  separating  the  contributions 
associated  with  the  variabilities  in  both  the  fiber  bundle  strength  and  the  fiber  volume  fraction.  Strength 
distributions  have  been  measured  using  three  test  geometries,  including  three-  and  four-point  flexure  and 
uniaxial  tension.  The  measured  distributions  are  rationalized  on  the  basis  of  a  fiber  strength  distribution 
that  follows  Weibull  statistics  and  a  fiber  volume  fraction  distribution  characterized  by  a  Gaussian.  The 
fiber  bundle  strength  distribution  is  found  to  be  extremely  narrow,  with  a  Weibull  modulus  in  the  range 
of  ~  50-60.  In  addition,  the  coefficient  of  variation  in  the  fiber  volume  fraction  distribution  is  inferred 
to  be  ~6%;  by  comparison,  measurements  made  on  relatively  large  specimens  yield  a  coefficient  of 
variation  of  ~  3%.  The  differences  in  these  values  are  attributed  to  local  volume  fraction  variations  which 
are  not  detectable  by  the  global  measurements.  The  measured  strengths  are  compared  with  the  predicted 
values  based  on  the  theoretical  work  of  Curtin  and  co-workers,  incorporating  the  effects  of  local  load 
sharing  between  broken  fibers  and  their  neighbors.  Good  correlations  are  obtained  between  the 
experimental  data  and  the  model  predictions.  ©  1997  Acta  Metallurgica  Inc. 


1.  INTRODUCTION 

Continuous  alumina-fiber-reinforced  aluminum 
matrix  composites  (AMCs)  exhibit  attractive 
mechanical  properties  along  the  fiber  direction. 
Young’s  moduli  of  ~250GPa  and  tensile  strengths 
approaching  2  GPa  have  been  measured  in  some 
systems  [1]:  comparable  to  or  exceeding  the 
corresponding  properties  in  SiC  fiber-reinforced  Ti 
matrix  composites  [2, 3].  These  properties  are 
attributable  to  the  exceptional  performance  of  recent 
generations  of  small  diameter  polycrystalline  alumina 
fibers  along  with  existing  capabilities  for  producing 
AMCs  with  very  high  fiber  volume  fractions 
(60-70%)  using  fairly  conventional  metal  casting 
processes.  These  have  served  as  the  motivation  for 
considering  AMCs  in  strength-  and  stiffness-critical 
components,  including  doors  and  landing  gear  for 
aircraft  [1]. 

One  of  the  critical  issues  involved  in  fail-safe  design 
of  engineering  components  made  with  AMCs  relates 
to  strength  variability.  Methods  are  needed  for 
designing  critical  experiments  to  ascertain  the  nature 
and  degree  of  strength  variability  in  AMCs  at  the 
laboratory  scale  and  subsequently  extrapolating  the 
results  to  predict  strength  and  reliability  of  very  large 
components. 
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The  objective  of  the  present  paper  is  to  present 
experiments  and  analyses  that  provide  insight  into 
strength  variability  of  AMCs,  especially  the  volume 
dependence  of  strength.  The  effects  of  volume  are 
evaluated  by  performing  mechanical  tests  on  three 
different  test  geometries.  It  is  demonstrated  that  the 
strength  distributions  obtained  using  one  (fixed)  test 
geometry  are  considerably  broader  than  those 
inferred  by  comparing  mean  strengths  from  different 
test  geometries.  The  variations  in  both  the  fiber 
bundle  strength  and  the  fiber  volume  fraction  are 
combined  in  order  to  simulate  the  measured 
distributions  in  composite  strength.  Finally,  the 
measured  strengths  are  compared  with  the  predic¬ 
tions  obtained  from  computer  simulations  and 
analyses  of  fiber  fragmentation  and  fiber  bundle 
fracture,  by  Curtin  and  co-workers  [4,  5]. 

2.  BACKGROUND 

2.1.  Strength  variability  in  metals  and  ceramics 

The  constituents  of  AMCs  (a  brittle  ceramic  and  a 
ductile  metal)  exhibit  markedly  different  character¬ 
istics  in  their  strength  variability.  The  strength  of  a 
ductile  metal  is  governed  by  its  resistance  to  plastic 
flow  by  dislocation  motion,  characterized  by  its  yield 
stress,  (Ty.  It  is  dictated  by  an  average  characteristic  of 
the  microstructure,  such  as  the  grain  size  or  the 
precipitate  spacing,  and,  consequently,  does  not  vary 
with  specimen  or  component  size.  Usually,  the 
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distribution  in  yield  stress  is  rather  narrow  and  can 
be  described  empirically  by  a  Gaussian  (or  normal) 
distribution  function,  given  by  [6] 


g(a,)  =  — —  exp 


(1) 


where  g(o-y)  represents  the  probability  density  at  o-y.d, 
is  the  average  yield  stress,  and  >v  is  the  standard 
deviation. 

In  contrast,  the  strength  of  a  ceramic  at  ambient 
temperature  is  governed  by  the  material’s  fracture 
toughness  and  the  size  of  the  largest  flaw,  via  the 
Griffith  relation.  In  this  case,  the  strength  is  not 
dictated  by  an  average  microstructural  characteristic 
but  rather  by  an  extreme  value.  As  a  result,  the 
strength  follows  weakest  link  scaling  laws,  in 
accordance  with  [7] 


P(a)  =  1  —  exp 


9(ff)dK 


(2) 


where  P(a)  is  the  cumulative  failure  probability  at  a 
stress  a,  V  is  the  volume  and  g(a)  is  a  positive, 
monotonically  increasing  function  of  a,  governed  by 
the  flaw  size  distribution.  The  Weibull  function  is 
obtained  when  q{cr)  is  taken  to  be  a  power  law 

with  (7„  being  a  reference  stress  corresponding  to  the 
reference  volume  and  m  the  Weibull  modulus  (or 
dispersion  index).  Combining  equations  (2)  and  (3) 
yields  [7] 


From  equation  (4)  it  follows  that  the  ratio  of  mean 
strengths,  a,  and  (f:.  obtained  from  two  different 
loading  configurations  with  A'-factors  of  k,  and  A:  and 
volumes  V,  and  F.  is 


For  example,  the  ratio  of  mean  strengths  measured  in 
pure  bending.  Cb.  and  in  uniaxial  tension,  ut,  is  given 
by  (Table  1) 


f;.(2(»  +  r)0'  (6) 

where  Fr  and  Fb  are  the  volumes  under  tension  and 
bending.t  respectively. 

From  the  preceding  analysis,  there  emerge  two 
distinctly  different  approaches  for  determining  the 
Weibull  parameters  of  a  material.  The  first  (and  most 
common)  involves  making  a  series  of  strength 
measurements  on  a  fixed  specimen  geometry  and 
volume,  and  subsequently  fitting  the  measured 
distribution  to  equation  (4).  This  approach  tacitly 
assumes  that  the  strength  variability  is  associated 
exclusively  with  a  single  population  of  flaws.  The 
second  is  based  on  comparisons  of  mean  strengths  of 
two  or  more  test  geometries,  with  either  varying 
volumes  or  different  A-factors  [through  equation  (5)]. 
Though  less  commonly  used,  this  approach  is 
preferred  over  the  first  since  the  volume  dependence 
of  strength  is  measured  directly.  In  the  present  study, 
comparisons  are  made  between  the  two  approaches 
and  used  to  identify  and  separate  the  volume-depen- 
dent  and  volume-independent  contributions  to 
strength  variability. 


/"(ct)  =  1  —  exp 


(4a) 


where  A  is  a  dimensionless  loading  factor  defined  by 


cr"dF 


(4b) 


and  (7ma,  is  the  maximum  tensile  stress  in  the  body. 
For  linear  elastic  materials,  A  is  only  a  function  of  m 
and  the  specimen  geometry.  Expressions  for  A  for 
typical  test  geometries  are  presented  in  Table  1. 


Table  1.  Loading  factors  for  common  test  geometries 
(adapted  from  Ref.  (7]) 

Geometry 

Loading  factor,  k 

Uniaxial  tension 

I 

Pure  bending 

1 

2im+  1) 

Three-point  flexure 

1 

2{m  +  ])• 

Four-point  flexure 

(Outer  span/inner  span  =  2) 

m  +  2 
+  I) 

2.2.  Strength  variability  in  fiber  reinforced  metal 
matrix  composites 

The  longitudinal  tensile  strength,  Uc,  of  a 
fiber- rein  forced  metal  matrix  composite  is  given  by 

Ut  =/(rb  +  (1 -/)(T„  (7) 

where  /is  the  fiber  volume  fraction,  Ot,  is  the  in-situ 
fiber  bundle  strength,  and  Cm  is  the  stress  borne  by  the 
matrix  at  the  point  at  which  the  fiber  bundle  fails, 
usually  taken  to  be  its  yield  stress,  tr,.  In  general,  the 
variability  in  composite  strength  is  controlled  by  the 
variabilities  in  the  constituent  properties,  Ct.  and  cr,. 
and  the  fiber  volume  fraction. /.J  In  the  specific  case 
of  AMCs,  the  variation  in  <7,  is  expected  to  play  only 
a  small  role,  because  of  both  the  low  variability  in 


tin  the  present  context.  Fb  is  the  total  volume  subjected  to 
bending,  including  the  region  that  is  under  compression. 

Jin  uniaxial  tension,  the  strength  at  each  cross-section  is 
governed  by  the  local  area  fraction  of  fibers,  rather  than 
the  volume  fraction  measured  over  some  length  of 
composite.  Consequently,  the  relevant  distribution  in /is 
the  one  that  would  be  obtained  by  measuring  the  area 
fraction  of  fibers,  averaged  over  the  entire  cross-sectional 
area,  at  various  locations  along  the  specimen  length. 
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yield  strengths  of  metal  alloys  as  well  as  the  relatively 
small  contribution  that  is  derived  from  the  matrix,  i.e. 
typically,  (1  -/)  o-y/ffc  w  0.01-0.03.  Consequently, 
the  variations  in  Cb  and  /  are  expected  to  dominate. 

The  fiber  bundle  strength  is  dictated  by  the  strength 
distribution  of  the  individual  fibers  as  well  as  the  load 
transfer  characteristics  between  neighboring  fibers. 
The  extent  of  load  transfer  is  governed  by  a  shear 
resistance,  i.  In  systems  containing  fibers  with  weak 
coatings,  r  is  controlled  by  the  sliding  resistance  of 
the  interface;  in  contrast,  in  systems  with  well-bonded 
interfaces  (as  applies  in  the  case  of  the  AMCs  tested 
in  this  study),  it  is  controlled  by  the  shear  yield  stress 
of  the  matrix,  ty.  In  either  case,  if  r  is  sufficiently  low, 
global  load  sharing  (GLS)  conditions  are  obtained 
[8-10].  In  this  regime,  the  load  carried  by  a  broken 
fiber  is  distributed  equally  to  all  fibers  in  the  plane  of 
the  break  with  no  attendant  stress  concentration  in 
neighboring  fibers.  Consequently,  fiber  damage 
develops  in  a  random  fashion  with  no  correlation 
between  the  damage  sites.  The  GLS  fiber  bundle 
strength  is  dictated  by  a  characteristic  slip  length, 
[8]: 


r 


s,  1) 


(8) 


where  R  is  the  fiber  radius,  mt  is  the  Weibull  modulus 
of  the  fibers  and  is  the  reference  strength 
corresponding  to  a  reference  length,  Lo-  Provided  the 
length  of  the  composite  is  greater  than  ~  25o  and  the 
number  of  fibers  is  large,  the  bundle  strength  is 
deterministic  and  given  by  [8] 


Cb  = 


5b 


— "l 

2  +  tfln 


l/mf-r  I 


Wf  4-  2y 


(9) 


where  So  is  a  characteristic  strength  defined  by 


Sb  = 


(10) 


When  the  sliding  stress  is  large,  the  load  from  a 
broken  fiber  is  distributed  preferentially  to  its 
neighbors;  the  so-called  local  load  sharing  (LLS) 
condition  [10].  In  this  regime,  fiber  damage  spreads  in 
a  correlated  manner  and  the  fiber  bundle  strength  is 
intrinsically  stochastic  in  nature.  One  of  the 
important  implications  is  that  the  strength  follows 
weakest-link  statistics  and  hence  exhibits  a  volume 
dependence  [4,  5].  This  volume  dependence  has  been 
reported  for  a  number  of  fiber-reinforced  polymer 
matrix  composites  [11-14]  and  some  ceramic  matrix 
composites  [15],  but  not  in  metal  matrix  systems. 

A  particularly  notable  feature  of  the  composite 
strength  distribution  is  the  expected  presence  of  both 
a  volume-dependent  contribution  (through  Ct)  as  well 
as  a  volume-independent  one  (through/).  One  of  the 
objectives  of  the  present  work  is  to  demonstrate  how 


Table  2.  Summary  of  constituents  properties 


Nextel  610™  fibers 

Volume  fraction,  /  0.652  ±  0.022 

Density,  pr  (g/cm^)  3.9 

Radius,  R  5-6  pm 

Young’s  modulus,  E(  (GPa)  380 

Weibull  modulus,  wr  9 

Reference  strength,  Cot  (MPa)  2060 

(Lo  =  1  m) 

Al-2%  Cu  alloy 

Density,  pm  (g/cm^)  2.73 

Young’s  modulus.  Em  (GPa)  60 

0.2%  offset  yield  stress,  gy  (MPa) _ 100 


these  contributions  can  be  separated  using  strength 
distributions  obtained  from  various  test  geometries. 

3.  MATERIALS 

The  composite  material  used  in  this  study  was  an 
Al-2%  Cu  alloy  reinforced  unidirectionally  with 
Nextel™-610  fibers  (99%  a-Al.Oj).  The  fiber 
properties  are  listed  in  Table  2.  The  composite  panels 
were  manufactured  by  laying  up  an  array  of  aligned 
fiber  tows  in  a  mold  and  using  pressure-assisted 
casting  to  infiltrate  the  molten  matrix  alloy.  The 
panels  were  ~  1.5  mm  thick  and  had  a  nominal  fiber 
volume  fraction  of  65%.  A  transverse  cross-section  of 
the  composite  is  shown  in  Fig.  1.  The  composites 
.were  free  of  any  residual  porosity.  Moreover,  the 
fiber  packing  was  uniform,  with  the  exception  of 
narrow  matrix-rich  channels,  ~  10-20  nm  wide, 
between  the  prior  fiber  tows.  For  comparison,  an 
ingot  of  the  neat  matrix  alloy  was  also  cast  and  tested. 

The  panels  were  heat  treated  in  order  to  peak-age 
the  matrix.  The  treatment  was  comprised  of 
solutionizing  at  520°C  for  16  h,  quenching  into  water 
at  90°C,  and  aging  for  100  h  at  190°C.  The 
appropriate  aging  time  was  determined  by  aging  a 
series  of  specimens  for  various  times  at  lOO^C  and 
subsequently  measuring  their  transverse  tensile 
strengths.  The  transverse  strength  is  dictated  by  the 
matrix  and  hence  the  aging  time  corresponding  to  its 
peak  value  is  expected  to  be  the  same  as  that  for  the 
matrix  alone.  The  ingot  of  neat  matrix  was  subjected 
to  the  same  heat  treatment. 

The  variability  in  the  fiber  volume  fraction  was 
determined  from  density  measurements  made  on  12 
of  the  fractured  three-point  flexure  specimens,  each 
with  a  volume  of  ~150mm^  The  density  measure¬ 
ments  were  made  using  an  immersion  technique 
(based  on  Archimede’s  principle),  with  diethyl-phtha- 
late  as  the  immersion  fluid.  The  precision  of  the 
measurements  was  ~0.01%.  The  fiber  volume 
fraction  was  calculated  from  the  composite  density. 
Pc  using  the  equation; 


— Pji  (11) 

Pf  -  Pm 

where  pm  and  pr  are  the  densities  of  the  matrix 
(2.73  g/cm’)  and  the  fibers  (3.9  g/cm'),  respectively 
[1].  Additionally,  in  one  instance,  the  fiber  volume 
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Fig.  I.  Transverse  cross-section  through  composite,  showing  the  spatial  distribution  of  fibers. 


fraction  was  determined  using  quantitative  metallog¬ 
raphy  of  a  polished  cross-section  and  found  to  be 
consistent  with  the  result  obtained  from  the  density 
measurements. 

The  distribution  in  the  fiber  volume  fraction  is 
plotted  in  Fig.  2.  Also  shown  is  the  curv'e  obtained 
upon  fitting  the  data  to  the  normal  distribution 
function.  The  average  and  standard  deviations  in  the 
fiber  volume  fraction  were  /=  0.652  and  ft  =  0.022, 
and  the  corresponding  coefficient  of  variation. 
^f  =  yr//a:3%. 


4.  MECHANICAL  MEASUREMENTS 

Three  types  of  mechanical  test  were  performed  on 
the  composite  panels:  three-  and  four-point  flexure 
and  uniaxial  tension.  In  all  cases,  the  fibers  were 
parallel  to  the  direction  of  applied  stress.  A  total  of 
~60  tests  were  performed.  The  flexure  specimens 
were  6.3  mm  wide.  The  loading  span  for  the 
three-point  flexure  specimens  was  26  mm.  The  inner 
and  outer  loading  spans  for  the  four-point  specimens 
were  26  and  51  mm,  respectively.  The  tensile  tests 
were  performed  on  straight  specimens  with  a  width  of 
9.5  mm  and  a  gauge  length  of  80  mm.  All  tensile  test 
results  reported  here  were  from  gauge  failures.  In 
most  cases,  strains  were  measured  using  strain  gauges 
of  appropriate  size  mounted  on  the  tensile  faces  of  the 
specimens.  The  tensile  behavior  of  the  neat  matrix 
was  measured  using  standard  dog-bone  specimens. 


The  0.2%  offset  yield  stress  was  found  to  be 
<7y  =  100  MPa,  and  the  corresponding  shear  strength 
is  T,.  =  o-y/^  a;  60  MPa. 

Figure  3(a)  shows  the  typical  tensile  stress-strain 
behavior  of  the  composites.  The  corresponding 
tangent  modulus,  du/dc,  is  plotted  against  strain  in 
Fig.  3(b).  The  response  is  essentially  linear  over  the 
entire  strain  range.  The  average  tangent  modulus, 
dc/dc  a;  230+  lOGPa,  is  comparable  to  the  calcu¬ 
lated  value  of/£r  =  239-256  GPa,  assuming  that  the 
fibers  support  all  of  the  load.  In  some  instances,  the 
initial  elastic  modulus  (~  250-260  GPa)  was  slightly 
higher  and  comparable  to  the  value  expected  from  the 


Fiber  Volume  Fraction,  f 


Fig.  2.  Fiber  volume  fraction  distribution. 
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(a) 


(b) 


Fig.  3.  (a)  Typical  tensile  stress-strain  response  of  the  AMC. 
(b)  Variation  in  the  tangent  modulus  with  tensile  strain. 


rule  of  mixtures:  £  =/£r-l- (1 -/)£„,  =  261- 
276  GPa.f  The  slight  changes  in  the  tangent  modulus 
are  ascribed  to  matrix  yielding  and  occur  at  relatively 
low  stresses  (typically  <100  MPa).  Moreover,  the 
magnitude  of  these  changes  is  so  small  that  the 
deviation  from  linearity  in  the  stress-strain  curves  is 
almost  imperceptible.  Similar  stress-strain  character¬ 
istics  were  obtained  in  the  flexure  tests,  i.e.  linear 
response  with  a  slope  xfEt. 

The  absence  of  a  reduction  in  tangent  modulus 
prior  to  fracture  indicates  that  there  is  little  fiber 
failure  prior  to  composite  fracture  and  suggests  that 
local  load  sharing  (LLS)  conditions  are  operative. 
This  conclusion  is  supported  by  fractographic 
observations  which  reveal  planar  fracture  surfaces, 
devoid  of  fiber  pull-out  (Fig.  4).  The  strength 
distributions  are  plotted  on  Fig.  5.  The  failure 
probabilities  were  obtained  by  ranking  the  strength 
data  in  ascending  order  and  using  the  cumulative 


tThe  ranges  correspond  to  ±  one  standard  deviation  in  the 
fiber  volume  fraction  distribution. 


probability  estimator 


where  i  is  the  rank  and  I  is  the  total  number  of  datum 
points.  The  strengths  of  the  flexure  specimens  were 
calculated  assuming  the  material  to  be  linear  elastic. 
This  assumption  is  justified  on  the  basis  of  the  nearly 
linear  response  measured  in  both  tension  and 
flexure.!  The  mean  strengths  increase  in  the  order: 
tension  ->  four-point  flexure  -» three-point  flexure. 
This  trend  is  qualitatively  consistent  with  the 
reduction  in  the  effective  volume  subject  to  stress  and 
suggests  that  weakest  link  scaling  concepts  might  be 
used  to  rationalize  the  measurements. 

5.  ANALYSIS  OF  STRENGTH  VARIABILITY 

The  suitability  of  the  Weibull  distribution  function 
(equation  4)  in  describing  the  measured  strength 
distributions  was  assessed  in  the  following  way.  First, 
the  values  of  m  and  (!„  were  obtained  by  fitting  the 
Weibull  function  to  the  data  sets  for  each  of  the  three 
test  geometries.  If  the  distribution  follows  the  Weibull 
function,  the  values  of  m  and  Uo  should  be  the  same 
in  each  of  the  test  geometries.  The  results  of  this 
fitting  are  summarized  in  Fig.  5  and  Table  3.  Second, 
the  mean  strengths  for  each  of  the  test  geometries 
were  calculated  and  their  ratios  used  to  determine  the 
Weibull  modulus,  m,  through  equation  (5).  These 
results  are  presented  graphically  in  Fig.  6.  Compari¬ 
sons  were  then  made  between  the  Weibull  moduli 
obtained  using  the  two  methods. 

The  Weibull  moduli  obtained  by  fitting  the  three 
strength  distributions  are  similar  to  one  another, 
ranging  from  ~  16  to  20,  but  the  reference  strengths 
vary  by  as  much  as  a  factor  of  ~2.  The  latter 
inconsistency  reveals  an  inadequacy  in  the  Weibull 
function  in  describing  the  strength  distributions.  A 
further  inconsistency  is  obtained  from  the  mean 
strength  comparisons.  The  ratio  of  mean  strengths 
measured  in  three-point  flexure  (2170  MPa)  and 
uniaxial  tension  (1820  MPa)  yields  m  s;  59  +  6:  ~3 
times  the  value  obtained  from  fitting  the  individual 
distributions.  The  ratio  of  mean  strengths  measured 
in  four-point  flexure  (2050  MPa)  and  uniaxial  tension 
yields  a  similarly  large  value:  m  a;  51  ±  10. 

The  inconsistencies  in  the  Weibull  parameters 
obtained  from  the  strength  distributions  are  believed 
to  be  associated  with  variations  in  fiber  volume 
fraction,  superimposed  on  the  intrinsic  bundle 
strength  distribution.  As  noted  previously,  the 


JStrictly,  this  approach  overestimates  the  true  flexural 
strength.  If  the  matrix  within  the  composite  undergoes 
yielding  across  the  entire  cross-section  and  the  fibers 
remain  elastic,  the  calculated  composite  stress  exceeds  the 
true  tensile  stress  at  the  outer  surface  by  an  amount 
(1  — /)(7,/2.  In  the  present  system,  this  correction  is  only 
~  17  MPa,  which  is  <1%  of  the  measured  composite 
strength,  and  can  be  safely  neglected. 
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Fig.  4.  Scannins  electron  micrograph  of  tensile  fracture  surface  of  the  AMC.  showing  planar  fracture  and 

negligible  fiber  pull-out. 


composite  strength  distribution  is  a  convolution  of 
the  distributions  of  the  fiber  bundle  strength  and  the 
fiber  volume  fraction.  To  first  order,  the  fiber  volume 
traction  is  expected  to  be  volume  independent  and 
follow  a  Gaussian  distribution.  In  contrast,  the  fiber 


Fig.  5.  Measured  strength  distributions  and  curve  fits  based 
on  the  Weibull  distribution  function. 


bundle  strength  follows  weakest  link  scaling  laws  and 
therefore  exhibits  a  volume  dependence.  This 
distribution  is  assumed  to  follow  the  Weibull 
function. 

The  relevant  parameters  in  these  distributions  were 
evaluated  in  the  following  way.  The  average  Weibull 
modulus  determined  from  the  mean  strength 
comparisons  (m  =  55)  was  taken  to  be  representative 
of  the  variation  in  Cs  at  the  mean  fiber  volume 
fraction.  /.  An  implicit  assumption  here  is  that  the 
load  sharing  behavior  remains  unchanged  over  the 
range  of /in  the  present  composites.  The  correspond¬ 
ing  reference  strength  for  the  bundle  strength 
distribution  was  calculated  from  the  tensile  strength 
distribution  and  equation  (4a).  The  result  is 
Cob  =  cJf=  2198  MPa,  for  a  reference  volume 
=  1  mk 

In  the  initial  calculations,  the  fiber  volume  fraction 
was  assumed  to  follow  a  Gaussian  distribution  with 
the  mean  and  standard  deviation  obtained  from  the 
experimental  measurements.  However,  it  should  be 
noted  that  each  of  these  measurements  represents  an 
average  over  a  relatively  large  volume,  whereas  the 
distribution  relevant  to  the  composite  strength  is  the 
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Table  3.  Summary  of  strength  distributions 


Test 

Composite 
strength,  Cc 
(MPa) 

Failure  strain 
(%) 

Apparent 

Weibull  moduIus,t 

me 

Apparent  reference 
strength,  c7oct 
(MPa) 

Specimen 
volume.  V 
(m’) 

Three-point  flexure 

2171  144 

0.907  +  0.06 

16.2  ±  l.I 

588  +  46 

242  X  10-’ 

Four-point  flexure 

2051  +  141 

0.814  +  0.037 

20.1  +  3 

807  +  104 

474  X  10"’ 

Uniaxial  tension 

1821  +  99 

0.744  +  0.029 

20.4+  l.I 

952  +  33 

1080  ±  10-’ 

tExtracted  from  the  least-square  fit  of  the  Weibull  function  (equation  (4)]  to  the  experimental  data. 


one  which  would  be  obtained  by  measuring  the  area 
fraction  of  fibers  at  each  cross-section  through  the 
composite.  Clearly,  the  distribution  in  the  local  values 
of  / must  be  at  least  as  broad  as  that  of  the  measured 
global  distribution.  Nevertheless,  the  global  values 
provide  for  a  useful  preliminary  assessment  of  the 
proposed  methodology  for  simulating  the  composite 
strength  distribution. 

In  convoluting  the  two  distributions,  it  is  assumed 
that  the  matrix  contribution  to  the  strength  is 
negligible  such  thatf 

(13) 

Furthermore,  recognizing  that  the  cumulative  prob¬ 
ability  /‘(o'c)  of  a  composite  strength  ^  is  equivalent 
to  the  cumulative  probability  of  a  bundle  strength 
ffb  <  tfc//,  denoted  Q{C’a)  =  Qiodf),  leads  to  the 
result 


P(ad  = 


f'[2(ffc//)][/i(/)]  df 


(14) 


where  h(f)  is  the  probability  density  of /.  Combining 


Fig.  6.  Variation  in  the  strength  ratio  (flexure/tension)  with 
the  Weibull  modulus.  The  lines  are  calculated  from  equation 
(5)  and  the  fc-factors  in  Table  1 .  The  solid  symbols  represent 
the  measured  strength  ratios.  The  error  bars  were  calculated 
using  standard  error  propagation  techniques. 


tMore  rigorous  numerical  simulations  that  incorporate  the 
matrix  contribution  [through  equation  (7)]  have  also  been 
performed  using  the  convolution  theorem.  The  predicted 
distributions  are  essentially  identical  to  the  ones  obtained 
using  the  approximation  in  equation  (13),  with  the  two 
lying  within  about  the  thickness  of  the  lines  in  Fig.  7. 


equations  (1),  (4a),  and  (13)  yields 


P(<fc)  = 


^/inyr  4“  L 


*1 

r,  -^1 

Jo 

1  -exp-p-| 

/ffobj  _ 

X 


df. 


(15) 


The  simulated  strength  distributions  are  plotted  in 
Fig.  7.  The  three  curves  in  each  of  these  plots 
represent  differing  values  of  yr.  For  yr  =  0,  a  simple 
Weibull  distribution  is  obtained,  with  strength 
variations  that  are  much  lower  than  the  measured 
ones.  For  yy  =  0.022  (the  value  obtained  from  the 
global  volume  fraction  measurements),  the  distri¬ 
butions  are  somewhat  broader,  though  they  remain 
narrower  than  the  measured  ones  and  suggest  that  the 
relevant  value  of  yr  is  somewhat  higher.  As  an 
alternate  approach,  yr  was  inferred  from  the  strength 
distributions,  assuming  that  the  distributions  are 
controlled  solely  by  the  variations  in  /  and  Cb,  and 
following  the  normal  practices  for  summing  the 
variances  of  two  distributions  to  obtain  the  variance 
of  the  combined  distribution.  This  calculation  yields 
y,  =  0.04.  The  predicted  strength  distributions  using 
this  value  exhibit  a  closer  correspondence  to  the 
experimental  data  than  for  the  case  of  yr  =  0.022  as 
shown  in  Fig.  7.  Moreover,  the  relative  goodness-of- 
fit,  as  measured  by  the  ratio  of  the  chi-square 
parameters  obtained  for  the  two  fits,  is  ~3  times 
better  for  yr  =  0.04  than  for  yr  =  0.022.  The  inferred 
value  of  yr  is  taken  to  represent  the  standard  deviation 
in  the  fiber  area  fraction  distribution  and,  as 
expected,  exceeds  yr  of  the  global  volume  fraction 
distribution. 

The  results  indicate  that  the  variability  in  the  fiber 
bundle  strength  of  the  present  composite  is  extremely 
low,  as  manifested  by  the  high  Weibull  modulus 
(~50),  and  that  a  large  portion  of  the  composite 
strength  variability  can  be  attributed  to  fiber  volume 
fraction  variations.  Indeed,  the  coefficient  of  vari¬ 
ation  of  the  fiber  volume  fraction  distribution  exceeds 
that  of  the  fiber  bundle  strength  distribution  (~6% 
vs  ~2%),  suggesting  that  the  breadth  of  the 
distribution  obtained  from  any  one  test  geometry  is 
dominated  by  variations  in  /  rather  than  the  fiber 
bundle  strength  characteristics.  Consequently,  a 
strength  distribution  obtained  from  one  test  geometry 
can  provide  misleading  information  about  the  nature 
of  the  strength  variability  and  its  volume  dependence. 
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(a) 


I  I  I  I  I  i  I  I  il.  t  l_— il 

1400  1600  1800  2000  2200 


Tensile  Strength,  (MPa) 


(b) 


1600  1800  2000  2200  2400 

Four-Point  Flexure  Strength,  (MPa) 


(c) 


1800  2000  2200  2400  2600 

Three-Point  Flexure  Strength,  (MPa) 

Fig.  7.  Comparisons  of  measured  and  calculated  strength 
distributions:  (a)  uniaxial  tension,  (b)  four-point  flexure, 
and  (c)  three-point  flexure. 

Separation  of  the  volume-dependent  and  volume-in- 
dependent  contributions  to  strength  variability  can  be 
obtained  only  by  comparing  strength  distributions 
associated  with  substantially  different  volumes  or  test 
geometries. 


6.  COMPARISONS  BETWEEN  EXPERIMENT  AND 
THEORY 

The  values  of  the  fiber  bundle  strength  and  the 
corresponding  coefficient  of  variation  obtained  from 
the  experiments  have  been  compared  with  the 
theoretical  predictions  of  fiber  bundle  fracture  under 
LLS  conditions  [4, 5],  The  comparisons  provide 
insight  into  the  connections  between  the  composite 
and  fiber  strength  characteristics  as  well  as  the  role  of 
load  transfer  between  fibers  through  matrix  shearing. 
They  also  provide  an  assessment  of  the  validity  of  the 
existing  theories.  The  key  results  of  the  theory  are 
presented  below. 

Ibnabdeljalil  and  Curtin  [5]  used  a  3D-lattice 
Green’s  function  method  to  simulate  the  evolution  of 
fiber  damage  and  ultimate  fracture  in  a  unidirectional 
composite  under  LLS  conditions.  The  modeling 
parameters  were  selected  to  yield  stress  concen¬ 
trations  in  the  fibers  around  a  fiber  break  of  « 1.14 
(the  same  as  the  value  obtained  by  Hedgepeth  and 
VanDyke  [16]).  Upon  comparison  of  the  simulated 
strength  distributions  under  LLS  conditions  [5]  with 
the  known  strength  distribution  under  GLS  con¬ 
ditions  [17],  they  demonstrated  that  there  exists  a 
characteristic  volume  (or  “link”),  comprised  of  n 
fibers  of  length  0.46o,  which  exhibits  the  same 
strength  distributions  under  both  GLS  and  LLS 
conditions.  The  number  of  fibers  in  the  link  were 
found  to  vary  with  the  fiber  Weibull  modulus  in 
accordance  with  the  empirical  relation 

w  =  403mr'^*  (16) 

for  2  ^  m,  $  10.  With  knowledge  of  the  characteristic 
link  size  and  its  strength  distribution,  weakest  link 
scaling  laws  were  used  to  obtain  approximate 
analytical  solutions  for  the  strength  distribution  of  a 
fiber  bundle  comprised  of  N  links.  The  bundle 
strength  was  found  to  follow  a  Weibull  distribution, 
with  reference  strength  CTob  and  Weibull  modulus  nit 
given  by+ 

(17) 

“  L  ^glnTV 

and 

mt  =  ^0.5[ln(ln  N)  -i-  ln(47:)  -  4  In  TV] 

(18) 

where  g*  and  y*  are  the  normalized  mean  and 
standard  deviation  of  the  strength  distribution  of  the 
characteristic  link  under  GLS  and  are  summarized  in 
Table  1  of  Ref  [5].  The  mean  and  standard  deviation 

tStrictly,  the  strength  does  not  follow  a  Weibull 
distribution,  as  manifest  in  the  dependence  of  ntt  on  N. 
A  slightly  better  fit  is  obtained  by  using  a  Gaussian  to 
describe  the  strength  distribution  of  the  characteristic 
link,  though  the  differences  in  the  predicted  mean 
strengths  are  extremely  small 
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Table  4.  Comparison  of  measured  and  predicted  strengths 


Test 

Effective  volume, t 

Effective  number 
of  links,  N 

Predicted  strength 
(MPa) 

Three-point  flexure 

3.86  X  I0-" 

79 

2320 

Four-point  flexure 

2.15  X  10-’ 

5150 

2190 

Uniaxial  tension 

1.08  X  10-‘ 

2.2  X  10‘ 

2050 

fCalculated  using  nu  =  55. 


of  the  distribution  are  related  to  Cob  and  »ib  through 
the  usual  relations  [7] 

ffbKb  =  r(^l+^^  (19) 

and 

where  r(  )  is  the  gamma  function. 

To  perform  comparisons  with  the  experimental 
results,  estimates  are  needed  for  S^,  and  These  have 
been  calculated  from  equations  (8)  and  (10)  using  the 
reported  strengths  of  the  pristine  fibers  [1]  and  an 
effective  sliding  stress  of  r,  =  ffy/S  =  60  MPa.  The 
number  of  links  in  each  of  the  tensile  specimens  was 
calculated  from  the  average  fiber  volume  fraction  and 
the  number  of  fibers  in  the  characteristic  link 
[equation  (16)],  yielding  the  results  presented  in 
Table  4.  For  the  flexure  specimens,  an  effective 
number  of  links  was  used,  based  on  the  effective 
volume,  kV,  that  dictates  the  failure  probability. 
These  results  are  also  given  in  Table  4.  A  comparison 
of  the  measurements  and  predictions  is  presented  in 
Fig.  8. 

Over  the  range  of  N  relevant  to  the  present 
experiments  (~70  to  2  x  10‘),  the  predicted  co¬ 
efficient  of  variation  diminishes  from  ~2.1%  to 
~  1 .2% .  By  comparison,  the  measured  value  is  ~2%. 
Over  the  same  range  of  N,  the  correlation  in  the  mean 
strengths  is  similar,  with  the  predicted  strengths 
overestimating  the  measured  strengths  by  only 
~10%.  Indeed,  by  simply  reducing  So  by  10%  in 
these  calculations  [indicated  by  the  dashed  line  in 
Fig.  8(b)],  an  excellent  correlation  is  obtained 
between  the  two.  The  overall  capability  of  the  model 
to  predict  the  fiber  bundle  strength  distribution  is 
thus  considered  to  be  satisfactory. 

Also  shown  for  comparison  in  Fig.  8(b)  is  the 
predicted  strength  for  GLS  conditions  [8].  (Strictly, 
the  predicted  value  is  a  lower  bound  for  finite  values 
of  N and  is  valid  only  for  N  =  oo.)  The  discrepancies 
between  this  prediction  and  the  measurements  further 
support  the  view  that  LLS  conditions  are  operative  in 
this  system. 

As  a  further  assessment  of  the  role  of  load  transfer 
via  matrix  shear  in  the  fiber  bundle  strength,  the 
measurements  are  compared  with  the  predicted 
strength  of  a  dry  fiber  bundle  in  which  no  coupling 


exists  between  fibers.  When  the  number  of  fibers  in 
such  a  bundle  is  large,  the  strength  is  given  by 

(Td  =  CotimieLILoY''"''  (21) 

where  L  is  the  fiber  length.  Using  the  fiber  properties 
given  in  Table  2  along  with  a  gauge  length  of  80  mm 
(equal  to  the  length  of  the  composite  tensile 
specimens),  the  dry  bundle  strength  is  calculated 
to  be  (7d  =  1910  MPa  and  the  corresponding 
composite  strength  is  foi  a  1240  MPa.  The  latter 
value  is  a;2/3  of  the  mean  tensile  strength  of  the 
composite.  The  difference  reflects  the  effects  of  the 
matrix  in  transferring  load  around  broken  fibers.  It 
should  be  emphasized  that  the  matrix  contribution  is 


(a) 


(b) 


Fig.  8.  Comparisons  between  experiment  and  theory:  (a)  the 
mean  strength  and  (b)  the  coefficient  of  variation.  The 
dashed  line  in  (a)  was  calculated  by  reducing  the  estimate  of 
So  by  10%. 
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not  derived  from  the  longitudinal  stress  that  it 
supports,  but  rather  from  the  plastic  shearing  process 
that  occurs  along  the  fiber  direction  around  fiber 
breaks  which  allows  broken  fibers  to  support  high 
loads  at  relatively  short  distances  ('-So)  from  the 
break  locations.  In  this  sense,  the  high  composite 
strength  is  attributable  in  part  to  the  synergistic 
interactions  between  the  fibers  and  the  matrix,  and 
cannot  be  predicted  through  a  simple  rule-of-mix- 
tures  approach  using  the  strengths  of  the  two 
constituents  alone, 

7.  CONCLUDING  REMARKS 

The  present  work  has  demonstrated  how  the 
contributions  to  strength  variability  from  variations 
in  the  fiber  volume  fraction  and  the  fiber  bundle 
strength  can  be  determined  from  experiments 
performed  on  several  different  test  geometries.  The 
separation  of  the  contributions  is  crucial  in 
extrapolating  laboratory-scale  test  results  to  large 
components.  By  performing  experiments  on  only  one 
test  geometry  and  assuming  the  variability  in  strength 
follows  Weibull  statistics  may  lead  to  a  substantial 
underestimate  of  the  true  Weibull  modulus  of  the 
fiber  bundle  and  an  overestimate  of  the  volume 
dependence  of  strength. 

One  of  the  outstanding  issues  emanating  from  this 
work  is  the  degree  of  /oca/  fiber  volume  fraction 
variations  in  AMCs.  Though  no  direct  measurements 
have  been  made,  the  strength  distributions  suggest 
local  variations  that  are  somew’hat  larger  than  the 
measured  global  variations,  by  a  factor  of  ~2.  It  is 
possible  that  this  difference  may  be  due  in  part  to 
other  factors  that  influence  strength,  including 
variations  in  the  degree  of  fiber  alignment,  though 
additional  experiments  would  be  needed  to  determine 
the  magnitude  of  such  effects.  Notwithstanding,  the 
comparison  between  the  value  of  vt  inferred  from  the 
strength  measurements  and  that  obtained  from  the 
global  volume  fraction  measurements  supports  the 
hypothesis  that  the  volume-independent  contribution 
to  strength  variation  is  associated  mainly  with 
variations  in  /. 

The  measured  mean  strengths  and  the  correspond¬ 
ing  coefficient  of  variation  appear  to  be  in  good 
agreement  with  the  existing  theory  of  fiber  fragmen¬ 
tation  and  fiber  bundle  fracture  in  LLS  composites. 
The  slight  discrepancies  between  the  measured  and 
predicted  mean  strengths  may  be  associated  with 
numerous  factors,  including  (i)  uncertainties  in  the 
fiber  properties,  which  may  be  exacerbated  by  fiber 
degradation  during  composite  processing;  (ii)  the 
presence  of  extrinsic  factors  that  influence  strength, 
including  manufacturing  defects  and  surface  flaws 
introduced  by  machining;  and  (iii)  deficiencies  in  the 
theory. 
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APPENDIX 

Nomcnc/ature 

E  elastic  modulus 

/  fiber  volume  fraction 

g(x)  Gaussian  probability  density  function 

[equation  (1)] 

h(f)  probability  density  of / 

k  loading  factor  (Table  I) 

L„  reference  length  (1  m) 

m  Weibull  modulus 

N  number  of  characteristic  links 

rt  number  of  fibers  in  the  characteristic  link 

P  cumulative  failure  probability  of  com¬ 

posite 

Q  cumulative  failure  probability  of  fiber 

bundle 

R  fiber  radius 

So  characteristic  fiber  strength  [equation 

(10)] 

V  volume 

Vo  reference  volume  (1  m’) 

P  coefficient  of  variation  (standard  devi- 

ation/'mean) 

So  characteristic  slip  length  [equation  (8)] 

composite  failure  strain 
y  standard  deviation 

pt  mean 


206 


RAMAMURTY  et  al.:  STRENGTH  VARIABILITY  IN  ALUMINA  FIBER-REINFORCED  4613 


rl 

density 

subscripts  f,  m,  c  and  b  denote  values  for  fibers. 

si 

strength 

matrix,  composite,  and  fiber  bundle,  respectively;  B 

slo 

reference  strength 

and  T  refer  to  bending  and  tension;  and  an  overbar 

z 

fiber/matrix  sliding  stress 

indicates  the  mean  value. 
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Abstract 

An  analysis  of  the  inelastic  tensile  deformation  of  a  fiber  composite  containing  multiple  bridged  cracks  of  finite  length  is 
presented.  Composite  strains  are  predicted  by  using  crack  opening  areas  to  account  for  the  additional  inelastic  strain  due  to 
the  cracks.  The  analysis  is  based  upon  a  line-spring  representation  of  the  crack  surface  tractions  associated  with  bridging 
fibers,  accounting  for  frictional  sliding  along  the  fiber-matrix  interface  with  a  constant  shear  stress.  Approximate  analytical 
solutions  are  derived  based  on  the  assumption  that  the  near  tip  behavior  of  the  crack  dominates  either  the  entire  crack  profile 
(for  short  cracks)  or  only  a  small  portion  of  it  (for  long  cracks).  These  results  are  compared  to  more  detailed  numerical 
solutions.  The  analysis  is  extended  to  the  case  of  cyclic  loading,  incorporating  the  hysteresis  that  occurs  as  a  result  of  reverse 
slip  along  the  interfaces.  ©  1997  Elsevier  Science  Ltd. 


1.  Introduction 

Fiber-reinforced  titanium  matrix  composites 
(TMC)  undergo  multiple  matrix  cracking  during 
cyclic  tensile  loading  parallel  to  the  fiber  axis 
(Harmon  and  Saff,  1989;  Walls  et  al.,  1996).  In 
uniform  (unnotched)  panels,  the  cracks  usually  initi¬ 
ate  at  the  edges  and  propagate  both  through  the 
thickness  and  across  the  width  of  the  panel.  Provided 
the  applied  stress  is  sufficiently  low,  the  cracks  grow 
past  the  fibers,  leaving  the  fibers  intact  in  the  crack 
wake.  This  process  is  accommodated  by  debonding 
and  sliding  along  the  fiber-matrix  interface. 


Conesponding  author.  Tel.:  -1-1-805-8938699;  fax;  +1-805- 
8938486;  e-mail:  zok@engineering.ucsb.ecu. 


Fig.  1  shows  a  typical  sequence  of  crack  patterns 
obtained  from  surface  replicas  taken  at  various  stages 
of  a  fatigue  test  on  a  unidirectional  Ti-6A1- 
4V/SCS-6  SiC  composite  (Steyer  et  al.,  1997).  As 
the  cracks  develop,  the  tensile  response  of  the  com¬ 
posite  exhibits  several  changes,  including:  (i)  a  re¬ 
duction  in  the  longitudinal  Young’s  modulus,  E,  (ii) 
the  development  of  inelastic  strain,  manifested  in  a 
progressive  broadening  of  the  hysteresis  loop  and  a 
reduction  in  the  hysteresis  modulus,  E^^,  and  (iii)  an 
increasing  permanent  strain,  ^p.  Some  typical  mea¬ 
sured  loops  illustrating  these  changes  are  shown  in 
Fig.  2. 

The  objective  of  the  present  article  is  to  present 
an  analysis  of  the  inelastic  deformation  of  multiply 
cracked  TMCs,  incorporating  the  effects  of  crack 
length  and  fiber  bridging.  The  analysis  is  conducted 
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Fig,  1 .  Crack  patterns  obtained  from  surface  replicas  of  a  Ti-6AI- 
4V/SCS-6  SiC  composite,  following  cyclic  loading  at  a  stress 
amplitude,  Act  =  800,  and  stress  ratio,  /?  =  0,  for  various  num¬ 
bers  of  cycles,  N.  The  specimen  width  is  6.3  mm. 


within  the  context  of  continuum  fracture  mechanics 
wherein  the  bridging  fibers  are  treated  as  a  distribu¬ 
tion  of  tractions  acting  on  the  faces  of  the  matrix 


crack,  the  magnitude  of  the  tractions  being  governed 
by  a  characteristic  bridging  law.  Comparisons  be¬ 
tween  the  analytical  results  and  experimental  mea¬ 
surements  (of  the  type  shown  in  Fig.  2)  are  presented 
also. 

There  is  a  vast  body  of  literature  on  the  use  of 
line  spring  models  to  describe  the  effect  of  fibers 
bridging  a  matrix  crack,  for  a  variety  of  materials 
and  bridging  laws.  Previous  calculations  have  fo¬ 
cused  on  the  reduction  in  the  crack  tip  stress  inten¬ 
sity  factor  due  to  fiber  bridging,  which  can  be  used 
to  address  questions  about  crack  stability,  toughening 
behavior,  cyclic  crack  growth  and  fiber  failure.  A 
few  notable  examples  of  such  work  include  Marshall 
et  al.,  1985;  Nemat-Nasser  and  Hori,  1987; 
McMeeking  and  Evans,  1990;  Cox  and  Lo,  1992a,b, 
Ghosn  et  al.,  1992;  Bakuckus  and  Johnson,  1993; 
Bao  and  McMeeking,  1994,  1995;  and  Begley  and 
McMeeking,  1995.  Since  bridging  traction  profiles 
can  be  directly  related  to  crack  opening  profiles  via 
the  bridging  law,  the  governing  equations  outlined  in 
the  previous  studies  provide  the  background  for  the 
work  presented  here,  which  focuses  on  predicting 
remote  displacements  via  crack  opening  areas. 

Rather  than  recalculating  complete  solutions  to 
the  integral  equations  governing  fiber  bridging,  use 
is  made  of  the  asymptotic  behavior  of  these  equa¬ 
tions  in  the  limit  that  cracks  are  very  short  or  very 
long.  The  asymptotic  behavior  of  the  singular  inte¬ 
gral  equations  has  been  rigorously  treated  in  Willis 


Fig.  2.  Changes  in  the  hysteresis  loops  associated  with  matrix  cracking.  (Data  correspond  to  surface  replicas  shown  in  Fig.  1).  Note  the 
development  of  inelastic  (permanent)  strain  and  the  reduction  in  the  hysteresis  modulus,  £„ ,  with  increasing  cycles. 
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and  Nemat-Nasser,  1990  and  Hori  and  Nemat-Nasser, 
1990.  Such  work  provides  the  foundation  for  the 
solutions  presented  here.  Relevant  asymptotic  solu¬ 
tions  are  presented  in  terms  of  the  engineering  quan¬ 
tities  governing  crack  bridging  in  TMCs  (e.g.  mod¬ 
uli,  interface  sliding  stress,  fiber  diameter,  fiber  vol¬ 
ume  fraction,  etc.)  and  explained  in  terms  of  how 
much  the  near  tip  behavior  dominates  the  crack 
opening  profile  along  the  crack.  Full  numerical  solu¬ 
tions  for  a  limited  number  of  cases  are  used  to 
illustrate  the  error  associated  with  the  asymptotic 
solutions  when  they  are  not  strictly  applicable. 

The  present  results  are  also  applicable  to  some 
CMCs:  specifically,  those  that  exhibit  bridged  cracks 
of  finite  length.  The  response  of  composites  contain¬ 
ing  cracks  that  propagate  across  the  entire  composite 
section  have  been  analyzed  extensively  in  the  past 
(see,  for  example,  Aveston  et  al.,  1971;  Hutchinson 
and  Jensen,  1990;  Evans  et  al.,  1994). 


f  t  t 


t  t  1 

CTa 


Fig.  3.  Schematic  diagram  showing  the  crack  and  specimen 
geometry. 


2.  Preliminaries 

2.1.  General 

The  problem  of  interest  is  shown  schematically  in 
Fig.  3.  A  unidirectionally-reinforced  fiber  composite 
panel  containing  a  fully  bridged  through-thickness 
crack  of  length,  2  a,  is  subjected  to  an  applied  tensile 
stress,  CTj,  parallel  to  the  fiber  axis.  The  additional 
remote  displacement,  5,  associated  with  the  crack  is 
(Tada  et  al.,  1985) 

5,=A/2VT,.  (1) 

where  2W  is  the  specimen  width  and  A  is  the  crack 
area,  defined  by 

A  =  2f  u(x)dx  (2) 

•'0 

with  u(x)  being  the  effective  crack  opening  dis¬ 
placement  (COD)  ‘  and  x  the  distance  from  the 
crack  center. 


'  For  cracks  bridged  by  fibers,  u(x)  represents  the  additional 
extension  of  the  fibers  associated  with  fiber-matrix  sliding.  This 
differs  from  the  actual  crack  opening  displacement  by  a  factor 
£„,(!  -  f)/E  (Hutchinson  and  Jensen.  1990). 


The  governing  equation  for  the  crack  opening 
profile  for  a  bridged  crack  can  be  written  as  (Marshall 
et  al.,  1985;  McMeeking  and  Evans,  1990). 


«(^)  =/[o^b(^)] 


1/2 


E  \  \al  I 
4  j.a 
E  •'o 


(3) 


where  o;  is  the  applied  stress;  H{t,  x,  a)  is  the 
Green’s  function  for  the  specimen  geometry  (Tada  et 
al.,  1985);  /[c7-^(2c)]  is  the  brid^ng  law,  usually 
obtained  from  a  cell  model;  and  E  is  a  composite 
modulus  which  accounts  for  plane  stress  or  strain, 
and  possibly  orthotropy  (Bao  and  McMeeking,  1994). 
(£  is  hereafter  taken  to  be  equal  to  the  longitudinal 
composite  Young’s  modulus,  E,  which  is  obtained 
from  the  rule  of  mixtures.  This  assumption  is  justi¬ 
fied  on  the  basis  that  the  degree  of  orthotropy  in 
TMCs  is  small.  Indeed,  calculations  by  Bao  and 
McMeeking  (1994)  indicate  that  the  difference  be¬ 
tween  E  and  E  is  typically  only  ~  4%.).  The  first 
term  on  the  right  side  of  Eq.  (3)  is  the  crack  opening 
profile  of  an  unbridged  crack,  whereas  the  second 
term  represents  the  reduction  in  the  crack  opening 
due  to  bridging.  In  general,  this  equation  must  be 
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solved  numerically  because  of  the  dependence  on 
of  both  the  opening,  u,  (on  the  left  side)  and  the 
argument  of  the  integral  (on  the  right  side).  Once  the 
solution  for  u  is  obtained  at  each  position,  x,  it  is 
integrated  according  to  Eq.  (2)  and  the  result  com¬ 
bined  with  Eq.  (l)  to  obtain  the  additional  displace¬ 
ment  due  to  the  crack. 

For  a  dilute  array  of  cracks  with  a  number  density 
per  unit  area  of  the  additional  strain,  s^,  associ¬ 
ated  with  the  cracks  is  obtained  by  summing  the 
displacements  from  each  individual  crack  and  divid¬ 
ing  by  the  appropriate  length.  The  result  is 

=  Sc  py^  (4) 

For  the  remainder  of  this  article,  attention  is  focused 
on  the  crack  area,  though  its  connection  with  the 
remote  displacement  for  a  single  crack  and  the  strain 
for  a  dilute  array  of  cracks  is  implied  through  Eqs. 
(1)  and  (4). 

2.2.  Unbridged  cracks 

In  the  absence  of  fiber  bridging  (or,  equivalently, 
when  the  bridging  tractions  are  very  small)  the  COD 
profile  in  Eq.  (3)  reduces  to  the  usual  elliptical  form 
which  can  be  integrated  to  get 

=  lira.a^/E  (5) 

Note  that,  in  this  case,  A  scales  linearly  with  the 
applied  stress,  cr^. 

2.3.  Bridging  law  for  TMCs 

The  simplest  form  of  bridging  law  appropriate  for 
TMCs  is  obtained  by  assuming  that  the  interface 
sliding  stress,  t,  is  constant  and  subsequently  per¬ 
forming  a  shear  lag  analysis  of  a  single  bridging 
fiber.  Under  monotonic  loading,  the  resulting  law  is 
(Marshall  et  al.,  1985;  Hutchinson  and  Jensen,  1990; 
McMeeking  and  Evans,  1990) 

M  =  ACTb^  (6a) 

where 

k  =  D{\-ffEl/AfrE,E^  (6b) 

with  D  being  the  fiber  diameter,  /  the  fiber  volume 
fraction,  E^  and  E^  the  matrix  and  fiber  Young’s 
modulus,  respectively,  and  E  the  longitudinal  com¬ 


posite  Young’s  modulus.  Under  cyclic  loading,  an 
analogous  relationship  exists  between  the  COD  range. 
Am,  during  a  loading-unloading  cycle  and  the  asso¬ 
ciated  stress  range,  Ao-^.  given  by  (McMeeking  and 
Evans,  1990) 

^u  =  {X{^(Jfy  (7) 


3.  Bridged  crack  under  monotonic  loading 

For  monotonic  tensile  loading,  the  displacement 
8^  is  obtained  by  first  combining  the  traction  law  of 
Eqs.  (6a)  and  (6b)  with  Eq.  (3),  solving  numerically 
for  u,  and  then  integrating  u  over  the  length  of  the 
crack.  Details  of  the  method  used  to  solve  for  u  are 
outlined  in  Begley  and  McMeeking  (1995). 

The  COD  profiles  obtained  in  this  manner  exhibit 
two  characteristic  shapes  (Fig.  4).  When  cracks  are 


(a) 


(b) 

Fig.  4.  COD  profiles  obtained  for  (a)  =  10  (short  crack)  and  (b) 

Aj  =  0.1  (long  crack). 
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short  and  applied  loads  are  high,  the  near  tip  behav¬ 
ior  of  the  crack  dominates  the  COD  profile  along  its 
entire  length.  The  result  is  a  nearly  elliptical  crack 
opening.  For  longer  cracks,  the  near  tip  behavior 
influences  only  a  small  portion  of  the  crack,  and  the 
crack  opening  is  constant  over  a  large  portion  of  its 
length.  This  can  also  be  understood  from  the  view¬ 
point  of  bridging  tractions;  far  from  the  crack  tip,  the 
bridging  stresses  must  be  equal  to  the  applied  load 
due  to  equilibrium  considerations.  This  leads  imme¬ 
diately  via  the  bridging  law  to  constant  crack  open¬ 
ings.  This  scenario  is  often  referred  to  as  a  steady 
state,  since  the  crack  tip  has  no  effect  on  the  majority 
of  cracked  material  and  vice  versa.  Thus,  when  the 
crack  length  is  large  or  the  applied  stress  is  small, 
the  profile  is  comprised  of  (i)  an  approximately 
elliptical  region  near  the  crack  tip  and  (ii)  a  region 
away  from  the  crack  tip  in  which  the  opening  is 
essentially  constant.  It  has  previously  been  shown 
that  a  steady-state  is  approached  when  (Cox  and  Lo, 
1992a,b;  Bao  and  McMeeking,  1994;  Begley  and 
McMeeking,  1995) 

I^  =  \E(Tja<\,  (8) 

where  can  be  considered  as  a  nondimensional 
measure  of  either  the  applied  stress  or  the  inverse  of 
the  crack  length. 

Rather  than  resorting  to  numerical  methods  for 
evaluating  the  COD  profile  exactly,  an  approximate 
analytical  solution  can  be  obtained  by  assuming  that 
at  least  part  of  the  crack  is  dominated  by  near  tip 
behavior  and  is  therefore  nearly  elliptical.  In  this 
case,  the  form  of  the  solution  depends  on  whether 
steady  state  conditions  have  been  obtained.  The  solu¬ 
tions  are  developed  below.  The  two  cases  (short 
cracks  vs.  long  cracks)  are  considered  separately. 

3.1.  Short  cracks  (1^  >  1) 

In  this  regime,  the  entire  COD  profile  is  assumed 
to  be  elliptical.  The  profile  is  of  the  general  form 

«  =  -(x/af)  '  =  uj(lr/a-{r/df)  ^  , 

(9) 

where  is  the  COD  at  the  crack  center  ( x  =  0)  and 
r  is  the  distance  measured  from  the  crack  tip  (r  =  a 


—  x).  The  corresponding  stress  distribution  (from 
Eqs.  (6a),  (6b)  and  (9))  is 

o-b  =  (10) 


where  is  the  bridging  stress  at  x  =  0.  The  near-tip 
shape  must  be  consistent  with  the  square  root  profile, 
given  by 


where  AT,  is  the  crack  tip  stress  intensity  factor.  /sT, 
is  obtained  by  summing  the  contributions  from  the 
applied  stress  and  from  the  crack  bridging  tractions 
in  the  standard  manner  (Tada  et  al.,  1985).  Using  the 
assumed  bridging  stress  distribution  (Eq.  (10))  with 
the  appropriate  weight  function  yields 

=  4 (rJVa  -Il^aja/TT  (12) 

with  /q  =  1  and  /,  =  1.2  The  near-tip  profile  must 
also  be  consistent  with  the  traction  law  (Eqs.  (6a) 
and  (6b)),  such  that 


u  =  A((7(r))^  »  kcr^yl2r/a  (13) 

Combining  Eqs.  (11)-(13)  yields 

=  (14) 

TT 

where  is  a  nondimensional  parameter  that  charac¬ 
terizes  the  maximum  bridging  stress,  defined  by 

^o  =  ^E(Tja  (15) 

Note  the  first  term  in  Eq.  (14)  reflects  the  total  COD 
via  the  bridging  law,  the  second  the  reduction  due  to 
bridging  and  the  third  the  opening  for  an  unbridged 
crack.  Solving  Eq.  (14)  for  yields 


Note  that  Eq.  (16)  is  general  in  the  sense  that  it 
applies  to  any  crack  configuration  coupled  with  a 
square  root  bridging  law.  Other  crack  geometries 
will  influence  this  expression  only  through  the  con- 


■  For  an  edge  crack  in  an  infinite  body,  the  same  result  applies, 
with  constants  /(,  =  1.12  and  f  =  1.35. 
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stants  /(,  and  /,,  which  are  obtained  via  integration 
of  the  appropriate  Green’s  function. 

The  COD  profile  can  be  written  in  the  nondimen- 
sional  form 

\Eu/a^  =  (17) 

A  comparison  of  the  approximate  profile  with  the 
one  calculated  numerically  for  1^  =  10  is  shown  in 
Fig.  4(a).  The  correlation  between  the  two  is  quite 
good,  though  the  analytical  result  generally  overesti¬ 
mates  the  COD,  particularly  near  the  crack  center. 
The  corresponding  crack  area  is  obtained  by  integrat¬ 
ing  this  profile  according  to  Eq.  (12),  resulting  in 


4/2  [ 

1  TT 

2 

1  +  — 

- 1 

Tt  \ 

U/J 

U  a 

/ 

(18) 

In  the  limit  of  very  short  cracks  »  1),  Eq.  (18) 
reduces  to 

\E^A/2a^  =  (19) 

It  can  be  readily  shown  that  this  result  is  identical  to 
the  solution  for  an  unbridged  crack  (Eq.  (5)).  Note, 
again,  the  linear  dependence  of  crack  area  on  the 
applied  stress  in  this  limit. 


where  /j  =  0.513.  (Note  that  the  crack  tip  is  assumed 
to  be  far  removed  from  external  influences;  hence, 
the  weight  function  of  a  semi-infinite  geometry  is 
used.)  Combining  this  result  with  Eq.  (11)  gives 

u  =  SljCrJa.  r  /Ett  (21) 

As  before,  the  near-tip  profile  must  also  be  consis¬ 
tent  with  the  traction  law  (Eqs.  (6a)  and  (6b)).  The 
critical  length,  a, ,  is  obtained  by  setting  the  expres¬ 
sions  for  u  in  Eqs.  (21)  and  (13)  equal  to  one  another 
(wherein  cr^  a^)-,  the  result  is 

a.  =  kEaA-—\=  ykEa^,  (22) 

I  ^7  I 

where  7=  1.08  =  1.  Comparison  of  this  result  with 
the  definition  of  reveals  that  the  critical  length  is 
adequately  described  by  the  condition  =  1 .  That 
is,  for  a  given  crack  length  a,  the  critical  load  at 
which  the  near  tip  zone  encompasses  the  entire  crack 
is  given  by  =  1 .  Below  this  load  or  for  crack 
lengths  greater  than  XEa^,  the  near  tip  zone  does  not 
dominate  the  entire  crack  length  and  hence  a  steady 
state  region  is  obtained. 

The  crack  area  in  the  near-tip  portion  of  the  crack 
is 


3.2.  Steady  state  cracks  (X^<  1) 

In  this  regime,  the  crack  profile  is  assumed  to 
consist  of  two  regions:  (i)  a  near-tip  region  of  length 
a,  where  the  profile  is  elliptical  (due  to  the  domi¬ 
nance  of  the  tip),'  and  (ii)  a  steady-state  region  of 
length  a  -  a,  where  the  COD  is  constant  (since  it  is 
far  removed  from  the  tip). 

In  the  near-tip  region  (x  <  a. ),  the  crack  opening 
and  bridging  stress  profiles  are  given  by  Eqs.  (9)  and 
(10),  except  that  is  replaced  by  o;  and  a  is 
replaced  by  a,.  This  represents  the  limiting  case 
where  the  maximum  bridging  stress  equals  the  ap¬ 
plied  stress.  The  very  near-tip  region  is  again  re¬ 
quired  to  be  consistent  with  the  square  root  profile 
(Eq.  (11))  with  given  by  (Tada  et  al.,  1985) 


d('-/a.  ) 


(23) 


where  73=  1 .7 1 0.  In  the  steady  state  region,  r>  a,, 
the  crack  area  is  simply 

^2  =  «. )  =  Aor^a(l  -  y\a^E/a)  (24) 

The  total  crack  area  is  the  sum  of  A 2  and  A,  which 
can  be  written  in  the  nondimensional  form 


AE^A/2a’  =  -0.2252/  (25) 

In  the  limit  of  very  long  cracks  (2^  «  1),  the  first 
term  on  the  right  side  becomes  dominant  and  the 
area  reduces  to 


pr  ro.  <j  ~  aJr)  , _ 

- Tr - = 

(20) 


AE^A/2a^  =  2/  (26) 

In  this  limit,  the  crack  area  scales  with  the  square  of 
the  stress.  This  result  is  equivalent  to  the  one  ob- 
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Fig.  5.  (a)  Variation  in  crack  area  (A  or  AA/2)  with  applied 
stress  or  Al^  /2).  The  solid  symbols  are  the  exact  numerical 
results.  The  solid  line  is  the  approximate  analytical  result,  (b) 
Differences  between  the  numerical  and  analytical  results. 


tained  from  a  shear  lag  analysis  of  a  single  bridging 
fiber  (done  originally  by  Aveston  et  al.,  1971). 

A  comparison  of  the  approximate  COD  profile 
with  the  one  obtained  numerically  for  =  0.1  is 
shown  in  Fig.  5(b).  Once  again,  the  correlation  be¬ 
tween  the  two  is  good,  though  the  analytic  result 
slightly  overestimates  the  numerical  one. 

Comparisons  of  the  crack  areas  over  a  wide  range 
of  (both  in  the  short  crack  and  the  long  crack 
regimes)  are  presented  in  Fig.  5(a);  the  relative 
differences  between  the  two  are  plotted  in  Fig.  5(b). 
In  general,  the  agreement  is  good  for  »  1  and 
2a  «:  1 .  The  difference  is  at  a  maximum  (  ~  30%)  at 
the  transition  between  the  short  and  long  crack 
regimes  (at  2^  =  1)  and  diminishes  as  2^  either 
increases  above  or  decreases  below  unity. 


4.  Bridged  crack  under  cyclic  loading 

The  integral  equation  that  describes  the  crack 
profile  under  cyclic  loading  is  obtained  by  replacing 
u,  and  a^J  in  Eq.  (3)  with  the  corresponding 
changes  in  these  parameters.  Am,  Ao;  and  Act,,, 
respectively,  such  that 


4 

E 

(27) 

For  the  traction  law  of  interest,  the  crack  opening 
range,  Au,  under  cyclic  loading  is  related  to  the  peak 
crack  opening  under  monotonic  loading  through  the 
relation 

Am  =  2m(  A£rj,/2)  (28) 

Notably,  the  COD  range  is  twice  the  value  of  the 
peak  COD  evaluated  at  a  bridging  stress  equal  to 
half  of  the  bridging  stress  range.  Upon  inspection  of 
Eq.  (27),  it  is  further  recognized  that  the  integral 
equation  for  cyclic  loading  can  be  made  equivalent 
to  the  one  for  monotonic  loading  by  replacing  o; 
with  A  o;/2  and  cr^  with  A  cr^,/2.  (This  connection 
between  monotonic  and  cyclic  loading  was  first  iden¬ 
tified  by  McMeeking  and  Evans  (1990),  and  is  ex¬ 
tensively  detailed  by  Begley  and  McMeeking  (1995).) 
Consequently,  ctj,  and  A  cr^  are  related  through 

x)  =  2o-i,( Aa-y2,  x)  (29) 

Recognizing  these  connections,  the  approximate 
analytical  solutions  for  crack  openings  developed  in 
the  preceding  sections  can  be  re-interpreted  for  cyclic 
loading.  It  can  be  readily  shown  that  the  peak  nor¬ 
malized  bridging  stress,  2^,  is  related  to  the  bridging 
stress  range,  22^,  through  a  relation  analogous  to 
Eq.  (29),  specifically 

A2,(A2J=22„(A2y2)  (30) 

Similarly,  the  peak  crack  area  is  related  to  the  range 
in  crack  area,  A  A,  through 

AA(A2J=2A(A2y2)  (31) 
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Consequently,  the  results  in  Fig.  5(a)  can  be  re-inter¬ 
preted  for  cyclic  loading  by  replacing  A  on  the 
ordinate  with  A  A/2  and  on  the  abscissa  with 
AIJ2. 

These  results  can  also  be  used  to  obtain  the  crack 
area,  A^  =  A  -  AA,  at  the  minimum  stress,  — 
Act.  For  short  cracks  1),  the  minimum  crack 
area  is 


\E^AJ2a' 


2 


(32) 


where  and  Al^  are  given  by  Eqs.  (16)  and  (30); 
for  long  cracks  (JS^  <  1),  it  is 

AE-^AJla^  =[1^-  0.2251/]  -  2[(A  V2)' 


-0.225(Aly2)^]  (33) 


Fig.  6.  Effect  of  applied  stress  on  the  critical  crack  spacing  at 
which  overlap  occurs  between  slip  zones  of  neighboring  cracks. 


5.  Slip  zone  lengths  and  crack  interactions 

At  sufficiently  high  stress  levels,  the  slip  zones  of 
adjacent  cracks  begin  to  overlap.  Once  this  occurs, 
the  average  matrix  stress  within  the  slip  zone  reaches 
a  saturation  value,  independent  of  additional  crack 
opening.  Upon  further  opening,  only  the  fibers  sup¬ 
port  additional  stress  and  the  bridging  traction  law 
becomes  linear  (rather  than  quadratic).  Conse¬ 
quently,  the  solutions  presented  in  the  preceding 
sections  no  longer  apply.  For  a  periodic  array  of 
cracks,  the  interactions  can  begin  when  the  maxi¬ 
mum  slip  length,  (at  the  crack  center)  reaches 
one  half  of  the  crack  spacing,  /,  measured  normal  to 
the  crack  plane  (Zok  and  Spearing,  1992)  The  slip 
length  is  given  by 

d,  =  a,DE^{\-f)/27Ef,  (34) 

where  is  the  maximum  bridging  stress. 


The  onset  of  slip  zone  overlap  depends  on  the  relative  offset 
of  neighboring  cracks,  i.e.  the  relative  locations  of  the  crack 
centers.  The  present  analysis  considers  only  the  case  where  the 
crack  centers  are  directly  above  one  another.  This  assumption 
yields  a  lower  bound  to  the  stress  required  for  the  onset  of  slip 
zone  overlap. 


In  the  short  crack  regime  (.^^>  1),  the  maximum 
slip  length  occurs  at  cr^  =  cr^.  The  result,  in  nondi- 
mensional  form,  is 

adJa  =  S^,  (35a) 

where 

a^{\-f)E^/fE,  (35b) 

and  is  related  to  through  Eq.  (16).  In  the  limit 
where  »  1,  Eqs.  (35a)  and  (35b)  reduces  to 

adja  =  2{l^  (36) 

The  corresponding  result  in  the  long  crack  regime 
(^a  <  1)  is  obtained  by  setting  tr^  =  cr^  whereupon 

adja  =  I,  (37) 

Trends  in  the  critical  crack  spacing  (obtained  by 
setting  d^  =//2)  with  applied  stress,  2^,  are  plotted 
in  Fig.  6.  Below  the  critical  value,  the  slip  zones 

overlap;  above  it,  the  solutions  presented  in  the 

preceding  sections  are  expected  to  apply. 

When  the  slip  zones  overlap  and  the  cracks  are 
within  the  steady  state  regime  (.S^  <  1),  a  simple 
limiting  solution  for  the  crack  area  can  be  obtained 
in  the  following  way.  If  I ,  then  the  majority  of 
the  crack  has  a  uniform  opening.  In  this  limit,  the 
crack  area  scales  with  up  to  the  critical  stress  at 
which  the  slip  zones  begin  to  overlap  ( =  a//2  a). 
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Beyond  this  stress,  the  bridging  traction  law  is  linear, 
such  that  the  crack  area  follows  the  relation 

A=  A^  +  2a/{cr-  a^)/fE{,  (38) 

where  A^.  and  cr^  represent  the  critical  values  of  A 
and  a  at  which  the  slip  zones  just  begin  to  overlap. 
Evaluating  A^  and  cr^  (by  setting  =  a//2a)  and 
substituting  the  results  into  Eq.  (38)  gives  the  varia¬ 
tion  in  the  nondimensional  crack  area  with  applied 
stress  as 


XE^A/2a^^ 


a/\ 

2/E  1 

a/\ 

-Sa - 

\2aj 

'  afEf  ' 

'  2u 

(39) 


The  corresponding  remote  strain  in  a  composite 
specimen  containing  a  uniform  array  of  cracks 
stacked  directly  above  one  another  (such  as  those 
shown  in  Fig.  1)  can  be  calculated  by  considering  the 
specimen  to  be  comprised  of  two  parallel  slabs  (one 
containing  cracks  and  the  other  uncracked),  and  as¬ 
suming  that  the  total  tensile  strain  in  each  is  the 
same.  The  inelastic  strain  within  the  cracked  regions 
is  taken  as  A//,  where  A  is  given  by  either  Eq.  (26) 
or  Eq.  (39),  as  appropriate.  An  additional  elastic 
strain  also  arises  within  the  cracked  material;  it  is 
cr/E,,  where  E.  is  the  elastic  modulus  of  the 
cracked  composite  (He  et  al.,  1994).  The  total  strain 
in  this  region  is  the  sum  of  the  elastic  and  inelastic 
components.  In  contrast,  the  response  of  the  un¬ 
cracked  region  remains  elastic,  with  a  modulus,  E. 
The  composite  stress  is  then  given  by  the  weighted 
average  of  the  two  strength  levels  at  a  prescribed 
macroscopic  strain,  with  the  weighting  factors  being 
a/Vf  and  1  -a/W  for  the  cracked  and  uncracked 
sections,  respectively. 


6.  Comparisons  vrith  experiments 

A  preliminary  comparison  between  the  predicted 
inelastic  response  and  that  measured  experimentally 
has  been  performed.  The  tested  material  was  a  Ti- 
6A1-4V  alloy  reinforced  unidirectionally  with  34% 
by  volume  of  SCS-6  SiC  fibers.  Cyclic  loading 
experiments  were  performed  on  dog-bone  shaped 
tensile  coupons  with  a  gauge  length  of  50  mm  and 
width  of  6.4  mm.  The  strain  was  measured  using  a 
clip-on  extensometer  with  a  10  mm  gauge  length. 


Fig.  7.  Scanning  electron  micrograph  showing  periodic  cracks 
following  fatigue  fracture.  The  specimen  width  is  6.3  mm. 


The  test  results  reported  here  were  obtained  at  a 
stress  range  A  (r  =  800  MPa,  a  stress  ratio  /?  =  0, 
and  cycling  frequency  of  10  Hz.  The  test  was  inter¬ 
rupted  periodically  and  the  hysteresis  response  mea¬ 
sured  and  recorded  over  the  stress  range  of  0-800 
MPa.  Typical  hysteresis  loops  are  shown  on  Fig.  2. 
In  addition,  the  broad  surface  of  the  specimen  was 
replicated  using  cellulose  acetate  tape  and  the  replica 
then  examined  in  an  optical  microscope.  Measure¬ 
ments  were  made  of  both  the  average  crack  length 
and  the  average  crack  spacing  normal  to  the  loading 
direction.  The  cracks  typically  initiated  at  the  speci¬ 
men  comers  and  propagated  stably  across  the  broad 
face  until  they  linked  with  cracks  emanating  from 
the  opposite  side.  Once  the  cracks  linked,  they  formed 
a  periodic  array  with  a  fixed  mean  spacing,  as  shown 
in  Fig.  7.  At  this  point,  the  crack  pattern  resembled 
that  seen  in  unidirectional  fiber-reinforced  ceramic 
composites. 

In  order  to  assess  the  model  predictions,  the  val¬ 
ues  of  numerous  constituent  properties  are  needed. 
Most  of  these  are  well  known  (e.g.  fiber  diameter, 
fiber  volume  fraction,  matrix  modulus  and  fiber 
modulus)  and  are  given  in  Table  1.  The  property 
which  is  subject  to  the  most  uncertainty  is  the  inter- 
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Table  1 

Summary  of  constituent  properties  of  Ti-6Al-4V/SCS-6  fiber 
composite 


Fiber  volume  fraction  / 

0.34 

Fiber  diameter  D  ( /am) 

140 

Fiber  modulus  Ef  (GPa) 

410 

Matrix  modulus  £„  (GPa) 

no 

Interface  sliding  stress  t  (MPa) 

23 

face  sliding  stress,  t.  It  was  evaluated  from  the 
hysteresis  loops  following  complete  saturation  and 
linkage  of  cracks.  In  this  regime,  the  cracks  can  be 
treated  as  being  infinitely  long  and,  provided  the  slip 
zones  of  adjacent  cracks  do  not  overlap,  the  axial 
response  is  given  by  (Aveston  et  al.,  1971;  Walls  et 
al.,  1996) 


_  ^  ^  jl -ffElDa^ 

^  E.  SrEff/E^ 


(40) 


where  s  and  a  represent  the  differences  in  the  strain 
and  the  stress  from  those  measured  at  the  previous 
load  reversal,  /  is  the  mean  crack  spacing  and  E.  is 
the  modulus  of  the  cracked  material.  (Note  that  Eq. 
(40)  represents  the  sum  of  the  elastic  and  inelastic 
strains,  the  latter  being  obtained  from  Fig.  5(a)  in  the 
‘infinite  crack’  regime.)  Once  the  slip  zones  overlap, 
the  response  is  linear  and  given  by  Eq.  (39).  In  this 
case,  the  tangent  modulus  is  simply  fE^  because  only 
the  fibers  support  additional  stress. 

To  obtain  t,  it  is  convenient  to  differentiate  Eq. 
(40)  to  get 

dg  1  (1-/)^£^D^ 

d^  E,  ArEff^/E^ 


A  plot  of  de/da  vs.  a  is  thus  predicted  to  be 
linear  at  sufficiently  low  stresses,  with  a  slope  gov¬ 
erned  by  T  (along  with  the  other  constituent  proper¬ 


Fig.  8.  Variation  in  de/da  with  stress,  (t,  for  a  fully-cracked 
specimen. 


ties)  and  an  intercept  given  by  1  /£. .  Fig.  8  shows 
such  a  plot.  In  this  case,  de/da  varies  linearly  with 
a  over  the  stress  range  0-300  MPa.  The  slope  of 
this  plot  along  with  the  constituent  properties  in 
Table  1  and  the  measured  mean  crack  spacing  (/= 
0.69  mm)  yields  a  sliding  stress  of  ~  23  MPa,  and  a 
modulus  E’  =  182  GPa  (slightly  lower  than  the 
modulus  of  the  uncracked  TMC  E^  =  203  GPa).  At 
higher  stress  levels,  the  tangent  modulus  reaches  a 
saturation  value  approximately  equal  to  1  /fE,  =  7.2 
X  10"'^  MPa"'. 

In  simulating  the  hysteresis  loops,  the  effects  of 
crack  spacing  on  the  elastic  modulus,  E, ,  were 
taken  into  account  by  interpolating  between  the  ini¬ 
tial  (uncracked)  modulus,  £„  =  203  GPa,  and  the  one 
for  the  fully  cracked  panel  with  a  crack  spacing  of 
0.69  mm,  in  accordance  with  (He  et  al.,  1994;  Walls 
et  al.,  1996) 

EJE.  =  1  +  4>D//  (42) 

Here  is  a  nondimensional  parameter,  determined 
from  the  experiments  to  be  <f>  =  0.57.  Moreover,  the 


Table  2 

Summary  of  measurements  (Acr=  800  MPa,  /?  =  0) 


Cycle  number 

Average  crack 
length  a  (mm) 

Normalized  crack 
length  a/W 

Average  crack 
spacing  /' 

Measured  hysteresis 
strain  Ac  (%)  “ 

Simulated  hysteresis 
strain  Ae  (%)  “ 

1  X  10' 

0.81 

0.25 

0.98 

0.414 

0.422 

2  X  10' 

2.66 

0.84 

0.84 

0.476 

0.513 

3.5  X  10' 

3.97 

~  1 

0.69 

0.543 

0.555 

■'  Maximum-minimum. 
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Fig.  9.  Comparison  of  simulated  and  measured  stress-strain  curves 
(Act  =  800  MPa.  R  =  0,  W=3X10^). 


cracks  were  treated  as  being  in  steady-state,  wherein 
the  crack  opening  profile  is  uniform  along  its  entire 
length.  This  assumption  is  justified  on  the  basis  of 
the  calculated  range  of  a,  using  the  constituent 
properties  in  Table  1.  The  maximum  value  of  a, 
(evaluated  at  the  peak  stress,  cr=  800  MPa)  is  ~  0.5 
mm,  which  is  roughly  equal  to  two  fiber  spacings. 
Considering  that  a ,  is  proportional  to  cr  and  hence, 
on  average,  is  only  ~  0.25  mm,  and  that  the  perti¬ 
nent  crack  and  specimen  dimensions  are  typically 
more  than  an  order  of  magnitude  greater  than  a . , 
the  variation  in  crack  opening  near  the  crack  tip  can 
be  safely  neglected.  A  summary  of  the  measured 
crack  lengths  and  crack  spacings  are  presented  in 
Table  2. 

The  simulated  curves  are  shown  on  Fig.  9,  along 
with  the  ones  measured  experimentally.  For  clarity, 
only  the  change  in  strains  within  each  loop  for  the 
loading  portion  are  presented  here.  The  agreement 
between  experiment  and  theory  appears  encouraging, 
with  the  maximum  difference  in  the  hysteresis  strains 
being  ~  0.03%.  The  discrepancy  is  believed  to  be 
due  to  a  crack  morphology  (characterized  by  its  size 
and  spatial  distributions)  which  is  somewhat  more 
complex  than  the  idealization.  This  issue  is  the  sub¬ 
ject  of  current  investigations. 

7.  Concluding  remarks 

The  analysis  presented  in  this  paper  provides 
approximate  solutions  for  the  area  of  bridged  cracks 


in  terms  of  the  applied  stress,  the  crack  length  and 
the  various  constituent  properties  that  govern  the 
bridging  law.  These  solutions  are  based  on  asymptot¬ 
ically  correct  solutions  to  the  governing  equations 
which  are  available  in  the  literature.  They  are  identi¬ 
cal  to  the  exact  (numerical)  results  in  the  limiting 
cases  of  very  short  and  very  long  cracks,  and  are 
overestimates  near  crack  lengths  at  which  steady 
state  conditions  are  obtained.  The  results  can  be 
applied  to  cyclic  loading  through  a  transformation  of 
the  relevant  parameters.  For  sufficiently  low  crack 
densities,  the  crack  areas  can  be  readily  converted  to 
inelastic  strains.  For  higher  densities,  the  conversion 
is  more  complicated;  an  approach  for  this  conversion 
in  the  long  crack  regime  has  been  proposed  and 
compared  with  experimental  results.  The  results  are 
expected  to  find  utility  in  modeling  the  development 
of  permanent  (inelastic)  strain  and  the  reduction  in 
hysteresis  modulus  associated  with  matrix  cracks 
during  fatigue  of  TMCs. 
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Abstract— The  role  of  geometry  on  the  mechanical  performance  of  scarf  joints  in  Al-matrix  composite 
reinforced  with  continuous  polycrystalline  alumina  fibers  was  investigated.  Model  joints  consisting  of  thin 
metal  interlayers  at  varying  scarf  angles  between  composite  sub-elements  were  designed,  manufactured 
and  tested  to  study  the  relevant  deformation  and  failure  phenomena.  Specimens  were  produced  by 
pressurized  infiltration  of  molten  AM.5%Mg  into  fiber  preforms  containing  prescribed  discontinuities. 
In  this  way,  matrix  continuity  through  the  interlayer  was  ensured  and  defects  normally  introduced  in 
actual  joining  operations  were  minimized.  Reference  composite  specimens  were  produced  in  the  same 
manner  and  exhibited  tensile  strengths  of  the  order  of  700  MPa,  compared  with  a  matrix  yield  strength, 
(To,  of  approximately  100  MPa.  The  strength  of  the  scarf  joints  with  aspect  ratios  of  17-48  and  angles  below 
45°  was  relatively  constant,  ~310  +  10  MPa,  but  increased  at  higher  angles,  reaching  over  485  MPa  at 
75°.  Failure  of  these  joints  was  typically  by  debonding  at  the  composite-interlayer  interface.  A  simple 
analytical  model  suggests  that  failure  occurs  when  the  stress  normal  to  the  interlayer  reaches  a  critical 
value,  although  the  details  of  the  debonding  mechanism  are  still  unclear.  Conditions  leading  to  a  transition 
from  debond  failure  to  plastic  collapse  in  joints  of  low  aspect  ratios  are  also  discussed.  ©  1997  Acta 
Metallurgica  Inc. 


1,  INTRODUCTION 

Metal  matrix  composites  (MMCs)  offer  strength  and 
stiffness  advantages  over  the  corresponding  mono¬ 
lithic  matrix  materials,  but  the  anisotropy  introduced 
by  continuous  fiber  reinforcement  creates  difficulties 
in  joining  MMC  elements  in  order  to  produce  a  viable 
component.  Uncertainties  in  the  interface  properties 
have  resulted  in  design  paradigms  which  rely  on  load 
transfer  solely  through  shear  forces,  e.g.  Ref.  [1]. 
However,  load  transfer  normal  to  the  interface  has 
been  shown  to  be  significant  [2],  and  these  design 
restrictions  may  forego  optimal  solutions. 

Joint  designs  should  ideally  enable  the  full 
exploitation  of  the  properties  of  the  composite. 
Unfortunately,  discontinuities  of  properties,  stress 
concentrations  and  defects  resulting  from  the  joining 
process  frequently  render  joints  the  “weakest  link”  of 
a  structure  [3],  Interfaces  frequently  harbor  these 
strength-limiting  defects  on  both  the  microscopic 
(fiber-matrix)  and  macroscopic  (composite-mono¬ 
lith)  scales  and  limit  joint  performance.  Thus,  the 
micromechanisms  determining  joint  strength  in  the 
absence  of  gross  defects,  as  well  as  the  effect  of  design 
parameters  such  as  geometry  on  joint  performance 
are  not  well  understood. 

Previous  work  [2]  has  demonstrated  the  feasibility 
of  manufacturing  model  joints  which  are  free  of  the 
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gross  interfacial  defects  often  encountered  in 
conventional  joining  methods  [4],  The  joints  are 
formed  by  pressurized  infiltration  of  molten  A1  alloys 
into  preforms  of  continuous  AliOj  fibers  containing 
prescribed  discontinuities.  In  these  specimens,  the 
metal  is  continuous  throughout  the  joint,  minimizing 
defects  at  the  composite-joint  interlayer  interface. 
Using  this  approach,  a  baseline  for  optimum  joint 
performance  in  different  geometries  can  be  estab¬ 
lished.  This  work  builds  on  the  analysis  of  butt  joints 
developed  by  Burr  et  al.  [2]  and  examines  the 
behavior  of  scarf  joints  under  tension,  focusing  on 
the  effect  of  the  scarf  angle  on  achievable  joint 
strength. 

2.  MATERIALS  AND  JOINT  FABRICATION 

Model  scarf  joints  utilized  in  this  study  consist  of 
thin  metal  interlayers  between  two  aligned  composite 
sub-elements,  as  illustrated  in  Fig.  1.  This  geometry 
is  similar  to  that  used  in  other  studies  on  adhesively 
bonded  joints,  e.g.  Refs  [5,  6].  While  this  particular 
joint  geometry  is  perhaps  too  simplistic  to  be  used  in 
a  practical  design  with  MMCs,  the  high  constraint  in 
the  interlayer  provides  an  avenue  for  assessing  the 
load-bearing  capacity  of  the  composite-monolith 
interface  under  different  combinations  of  tensile  and 
shear  stresses  [2].  The  interfacial  strength  is,  in  turn, 
an  important  parameter  in  the  design  of  actual  joints 
and  attachments  [1]. 
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Specimen  fabrication  involves  the  preparation  of  a 
suitable  fiber  preform  followed  by  pressurized  melt 
infiltration  (squeeze  casting),  as  described  in  detail 
elsewhere  [2],  Briefly,  rigid  preform  bars  with  a 
packing  density  of  ~60vol.%  are  prepared  by 
winding  a  continuous  fiber  with  a  polymer  solution 
binder  (PVAc).  After  hardening,  the  preforms  are 
sectioned  according  to  the  desired  joint  geometry  and 
encapsulated  in  a  porous  ceramic  mold.  Spacing  of 
the  preform  halves  is  maintained  through  the  use  of 
a  thin  polymer  film  of  appropriate  thickness.  The 
assembly  is  subsequently  heated  to  750°C  to  burn  off 
the  binder  and  spacer  materials,  and  placed  in  a  die 
where  it  is  infiltrated  with  a  molten  aluminum  alloy 
at  a  pressure  of  ~  180  MPa.  The  resulting  casting  is 
then  machined  into  suitable  specimens,  which 
typically  exhibit  full  infiltration  with  no  significant 
porosity  or  inclusions  within  the  matrix  or  at 
interfaces.  Reference  composite  specimens  are  also 
prepared  in  this  manner,  whereas  reference  matrix 
specimens  can  be  taken  from  the  alloy  surrounding 
the  porous  mold  to  ensure  chemical  similarity  with 
the  composite  matrix. 

All  specimens  were  fabricated  using  Almax™ 
(Mitsui  Mining  Co.)  polycrystalline  a-AbOs  fibers, 
nominally  10  nm  in  diameter,  in  untwisted  tows 
containing  ~  1000  filaments.  The  matrix  was 
Al-4.5  wt%  Mg  alloy  prepared  in  house  by  induction 
melting  using  99.98%  pure  Al  and  Mg.  The  primary- 
set  of  specimens  for  this  work  included  joints  with 
scarf  angles  of  0-75°  in  15°  intervals,  with  aspect 
ratios  (Bjh)  ranging  from  ~  17  to  ~48.  A  second  set 
with  unintended  but  substantially  lower  aspect  ratios 
(from  ~3  to  ~10)  was  also  analyzed.  The  low  Bjh 
set  was  the  result  of  earlier  efforts  in  developing  the 


Fig.  1 .  Schematic  of  model  scarf  joint  used  in  the  present 
experiments  and  location  of  strain  gages. 


fabrication  technique  and,  while  less  suitable  from 
the  viewpoint  of  interlayer  constraint,  was  useful  in 
revealing  other  aspects  of  the  joint  failure  behavior. 
One  significant  difference  between  the  two  sets  of 
specimens  was  a  change  in  the  polymer  film  used  to 
separate  the  composite  halves,  from  PVAc  in  the 
earlier  efforts  (as  well  as  in  Ref  [2])  to  cellulose  in  the 
primary  set  for  this  work.  Comparative  tests  with 
both  spacer  materials  revealed  no  detectable  residue 
in  either  case  when  burned  in  an  open  crucible, 
suggesting  that  the  substitution  should  not  have  any 
side  effects  on  the  composite  microstructure.  How¬ 
ever,  it  became  evident  later  that  this  seemingly  small 
processing  change  may  have  had  a  more  significant 
impact  than  originally  anticipated,  as  discussed 
below. 

The  elastic  modulus  and  mean  strength  of  the 
Almax  fibers  are  320  and  1.8  GPa,  respectively  [7,  8]. 
The  0.2%  offset  yield  stress  and  elastic  modulus  of 
the  matrix  are  ~  100  MPa  and  70  GPa,  respectively 
[2].  The  matrix  exhibits  mild  work  hardening,  with  an 
ultimate  tensile  strength  of  ~  190  MPa  and  a  failure 
strain  of  ~9Vc.  The  typical  stress-strain  behavior  of 
the  reference  composite  specimens  shows  an  initial 
nonlinearity  at  a  strain  of  ~0.05%,  consistent  with 
matrix  yielding  under  residual  tension,  and  exhibits 
brittle  failure  at  ultimate  tensile  strengths  of  the  order 
of  ~700  MPa. 

3.  PERFORMANCE  OF  MODEL  SCARF  JOINTS 

3.1.  Mechanical  behavior 

All  model  joints  were  tested  in  an  Instron  8562 
frame  using  hydraulic  grips  which  rigidly  fixed  the 
ends  of  the  specimens.  The  strain  in  the  metal 
interlayer  was  evaluated  from  measurements  with 
two  stain  gages,  located  as  shown  in  Fig.  1 .  The  gages 
were  set  parallel  to  the  fiber  direction,  one  spanning 
the  joint  and  neighboring  composite  regions,  e, +  c, 
and  the  other  measuring  the  strain  in  one  of  the 
composite  elements,  Cc,  away  from  the  joint. 
Assuming  that  the  response  of  the  first  gage  reflects 
a  weighted  average  of  the  elongations  in  the 
composite  and  metal  interlayer,  one  can  readily 
calculate  the  strain  in  the  latter  from  its  thickness  and 
the  strain  gage  dimensions  by  subtracting  the 
contribution  from  the  composite.  The  calculation 
assumes  that  there  is  no  significant  displacement  of 
the  composite  elements  perpendicular  to  the  fiber 
direction,  which  is  justified  by  the  rigid  gripping  and 
the  stiffness  of  the  composite.  The  assumption  was 
further  supported  by  the  absence  of  significant 
bending  stresses  when  comparing  the  response  of 
additional  gages  placed  on  the  specimen  sides  near 
the  edge  of  the  grips. 

The  stress-strain  behaviour  of  a  butt  joint  (0° 
angle)  with  an  aspect  ratio  of  ~  36,  depicted  in  Fig.  2, 
provides  a  useful  starting  point  for  assessing  the 
effects  of  scarf  angle  and  relative  interlayer  thickness. 
The  metal  interlayer  is  more  compliant  than  the 
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Fig.  2.  Stress-strain  behavior  for  the  composite  elements 
and  the  metal  interlayer  in  the  0°  (butt)  joint. 


composite,  as  expected,  but  less  than  the  uncon¬ 
strained  monolithic  alloy.  Moreover,  the  interlayer 
exhibits  substantial  plasticity  as  well  as  load-bearing 
capabilities  well  beyond  the  tensile  strength  of  the 
monolithic  matrix.  The  relative  stiffening  and 
strengthening  of  the  metal  in  the  interlayer  are  clearly 
a  consequence  of  the  constraint  provided  by  the 
stiffer  neighboring  composite,  as  discussed  in  Ref.  [2]. 
Notwithstanding  the  higher  compliance  of  the  metal, 
the  overall  stiffness  of  the  specimen  is  not  greatly 
compromised  by  the  presence  of  the  joint  owing  to 
the  small  thickness  of  the  interlayer. 

The  behavior  of  the  metal  interlayers  for  the  two 
sets  of  scarf  joint  specimens  is  compared  to  that  of  the 
0°  butt  joint  in  Figs  3(a)  and  (b).  In  all  cases  the  scarf 
interlayers  are  more  compliant  than  that  correspond¬ 
ing  to  the  butt  joint.  The  stress-strain  curves  suggest 
that  the  compliance  reaches  a  maximum  at  ~45°, 
although  the  dependence  of  compliance  on  scarf 
angle  at  the  lower  strains  is  somewhat  erratic.  (This 
is  probably  a  consequence  of  the  uncertainty  involved 
in  the  calculation  of  the  strains,  as  the  interlayer 
thicknesses  are,  in  all  cases,  much  smaller  than  the 
strain  gage  lengths.) 

The  ultimate  tensile  strengths  and  corresponding 
interlayer  strains  for  the  specimens  in  Figs  3(a)  and 
(b)  are  summarized  in  Table  1.  In  general,  the  strains 
at  the  maximum  stress  increase  consistently  with  scarf 
angle,  except  for  the  last  specimen  in  each  series 
where  the  failure  mode  was  different.  In  the  lower  Bjh 
series  the  60°  joint  did  not  fracture  at  the  maximum 
stress  but  continued  to  extend  under  decreasing  load 
until  debond  failure  occurred  at  ~13%  strain.  By 
comparison,  the  60°  specimen  with  the  higher  aspect 
ratio  also  went  through  a  load  maximum  before 
failure,  but  the  subsequent  load  drop  before  failure 
was  much  smaller — see  Fig.  4.  It  is  also  evident  in  this 
figure  that  both  60°  specimens  appeared  to  reach 


tit  should  be  noted  that  strains  above  ~5%  are  only 
semi-quantitative  since  they  exceed  the  nominal  range  of 
the  gages  used.  The  failure  strain  of  the  matrix  was 
measured  with  an  extensometer. 


elongations  well  beyond  that  observed  in  the 
monolithic  matrix  at  failure  (~9%).t 

The  strengths  for  both  sets  of  specimens  in  Table 
I  appear  to  be  relatively  insensitive  to  orientation  at 
the  lower  angles,  and  then  increase  at  the  higher 
angles.  The  75°  specimen  in  the  higher  Bjh  series 
failed  by  fracture  of  the  composite  at  the  grips, 
suggesting  that  the  actual  UTS  for  this  joint  angle 
could  have  been  significantly  higher.  In  all  cases, 
however,  the  joint  strengths  are  only  about  half  of  the 
UTS  of  the  continuous  composite,  but  ~2.5  to  ~5 
times  higher  than  the  yield  stress  of  the  unreinforced 
matrix. 

The  strengths  of  the  lower  Bjh  specimens  are 
consistently  lower  than  those  obtained  with  the 
higher  aspect  ratio  at  comparable  angles.  One  might 
then  be  tempted  to  infer  that  joint  strength  increases 
significantly  with  aspect  ratio.  Prior  analysis  of  butt 
joints  [2]  revealed  that  there  is  indeed  an  effect  of 
aspect  ratio  on  the  load-bearing  capacity  of  the  joint 
(see  the  discussion  below),  but  the  predicted  increase 
is  much  less  pronounced  than  that  observed  in 
Table  1.  Conversely,  butt  joints  with  aspect  ratios 
ranging  from  10  to  64,  fabricated  with  the  same 
matrix  material  and  process  parameters,  were 


Fig.  3.  Stress-strain  behavior  of  the  metal  interlayers  in  the 
two  series  of  joints  investigated:  (a)  higher  aspect  ratio 
joints;  (b)  lower  aspect  ratio  joints.  The  stress-strain  curves 
for  the  45°  and  60°  specimens  extend  beyond  5%  in  both 
cases  (see  Table  1). 
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Table  1.  Summar>'  of  mechanical  performance  of  joints  investigated 


Scarf 

angle 

B.lh 

Higher  aspect  ratio  (Blh  >  15) 
UTS  (MPa)  Cuts  (%) 

Blh 

Lower  aspect  ratio  (R//i  <  10) 
UTS  (MPa)  Cuts  (%) 

0° 

36 

319 

0.5 

9.5 

250 

0.4 

15° 

33 

329 

1.7 

— 

— 

— 

30° 

48 

308 

2.8 

3.3 

253 

2.1 

45° 

22 

297 

6.0 

7.2 

298 

8.2 

60° 

17 

364 

18“ 

4.4 

301 

4.3" 

75= 

27 

>485* 

>3.3* 

— 

— 

— 

“Strain  corresponding  to  maximum  load.  Strain  to  failure  was  substantially  higher  in  both  cases.  Values  above  ~5%  are 
only  semi-quantitative  since  they  exceed  the  nominal  gage  range. 

‘Specimen  failed  at  the  grips. 


characterized  by  remarkably  consistent  strengths  in 
the  range  of  250-265  MPa,  with  no  apparent 
correlation  with  aspect  ratio  [9]. 

Although  the  role  of  aspect  ratio  on  joint  strength 
is  yet  to  be  quantified  in  a  rigorous  manner,  one 
might  speculate  at  this  point  on  the  source  of  the 
unexpected  difference  in  strength  between  the  low 
and  high  B/h  series.  Thermogravimetric  analysis  of 
the  pyrolysis  behavior  of  the  spacer  films  used  in  the 
two  specimen  groups  revealed  that  the  PVAc  film 
oxidizes  noticeably  more  slowly  than  cellulose,  and 
hence  leaves  more  residue  after  comparable  heating 
times.  This  behavior  may  be  further  accentuated 
when  the  preform  is  completely  encapsulated  in  the 
porous  ceramic  mold.  Thus,  it  is  possible  that  the 
differences  in  strength  might  have  arisen  from  varying 
levels  of  carbon  contamination,  as  has  been  reported 
for  other  metal-ceramic  interfaces  [10].  This  hypoth¬ 
esis  implies,  however,  that  the  rather  remarkable 
consistency  in  strength  (250-265  MPa)  observed  for 
earlier  butt  joints  prepared  with  the  PVAc  spacer 
material  may  be  somewhat  fortuitous.  The  issue 
remains  unresolved  and  clearly  deserves  further 
investigation. 

3.2.  Microstructural  analysis  of  fracture  surfaces 

With  the  exceptions  noted  above,  all  joints  that 
failed  did  so  by  separation  at  the  interface(s)  between 


Fig.  4.  Stress-strain  behavior  of  the  60‘  joints  with  two 
different  aspect  ratios.  Note  the  extensive  elongation  and  the 
load  drop  prior  to  debond  failure. 


the  metal  interlayer  and  the  composite  elements.  The 
typical  macroscopic  features  of  the  fracture  surfaces 
are  illustrated  in  Fig.  5.  In  general,  cracks  appear  to 
evolve  on  both  sides  of  the  interlayer  and  eventually 
link  by  metal  shear.  There  is  often  one  dominant 
crack  on  each  side  of  the  interlayer,  as  shown  in  Figs 
5(c)  and  (d),  although  patchwork  surfaces  such  as 
those  in  Figs  5(a)  and  (b)  suggest  that  there  may  be 
a  distribution  of  interfacial  strengths  leading  to 
multiple  crack  initiation  sites. 


Fig.  5.  Macroscopic  views  of  the  fracture  surfaces  of  the  0" 
(a,  b)  and  45‘  (c,  d)  joints.  Failure  occurs  by  debonding  on 
both  interfaces  coupled  with  metal  shear  through  the 
interlayer.  The  brighter  regions  correspond  to  the  “metal 
side"  of  the  fracture  surface. 


226 


BRINK  et  a!.:  ALUMINUM  MATRIX  COMPOSITE  JOINTS 


2769 


Fig.  6.  Closer  views  of  the  “metal”  and  “fiber”  sides  of  the  fracture  surfaces  in  Fig.  5.  Parts  (a,  b) 
correspond  to  the  0°  joint  and  (c,  d)  to  the  45°  joint.  Note  the  relatively  clean  debonding  at  the  fiber  tips 
and  the  extensive  plasticity  accompanying  the  fracture  process. 


Closer  examination  of  the  fracture  surfaces,  e.g. 
Fig.  6,  reveals  that  failure  occurs  predominantly  by 
debonding  at  the  fiber  ends,  whereupon  the  fracture 
surface  can  be  conveniently  described  as  having  a 
“fiber  side”  and  a  “metal  side”.t  Debonding  is 
accompanied  by  plasticity  in  the  metal  regions 
between  the  fibers,  which  show  localized  extensive 
deformation  prior  to  failure.  In  the  case  of  the  butt 
joint  the  deformation  leads  to  a  modest  amount  of 
lateral  debonding,  schematically  depicted  in  Fig.  7(a), 
which  clearly  delineates  the  original  fiber  “sockets”, 
but  is  not  sufficient  to  distort  significantly  the 
“footprint”  of  the  associated  fiber  ends.  The  larger 
metal  ridges  observed  on  the  fiber  side.  Fig.  6(b), 
correspond  to  regions  of  lower  fiber  packing  density 


(Fiber  fragments  are  occasionally  found  embedded  in  the 
metal  side,  suggesting  fiber  tip  failure,  and,  rather  less 
frequently,  macroscopic  metal  patches  indicative  of 
voidage  failure  within  the  metal  interlayer  may  be  found 
on  the  fiber  side.  This  is  consistent  with  previous 
observations  by  Burr  et  al.  [2]  in  butt  joints  of  varying 
thickness. 


and  give  rise  to  the  metal  side  texture  observed  in  the 
macroscopic  views  of  Fig.  5. 

As  the  scarf  angle  increases  the  appearance  of  the 
debond  surfaces  changes,  with  the  exposed  fiber  area 
becoming  increasingly  dominated  by  the  lateral  fiber 
surfaces,  rather  than  the  fiber  tips,  and  the  sockets 
assuming  a  semi-cylindrical  shape,  e.g.  Figs  6(c)  and 
(d).  Closer  examination  of  the  “metal  side”  reveals 
that  the  lateral  debond  process  involves  substantial 
amounts  of  interfacial  sliding  and  metal  shear,  rather 
than  separation  normal  to  the  tip  surface  as  suggested 
by  the  appearance  of  the  butt  joint  sockets.  One  may 
then  infer  that  some  shear  deformation  parallel  to  the 
plane  of  the  joint  must  be  taking  place,  whereupon 
the  debonding  process  would  evolve  as  schematically 
depicted  in  Fig.  7(b).  However,  the  details  of  the 
initiation  and  propagation  of  debonding  at  the 
microscopic  level  are  still  unclear  and  remain  to  be 
elucidated  by  further  work. 

4.  STRESS  ANALYSIS  OF  JOINTS 

The  relevant  geometry  is  depicted  in  Fig.  8,  with  a 
uniform  remote  stress  applied  along  the  longitudinal 
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Fig.  7.  Schematic  of  the  debond  process  for  the  butt  and 
scarf  joints.  The  metal  layer  moves  only  in  the  vertical 
direction  in  the  top  illustration,  whereas  it  experiences  a 
small  but  finite  displacement  along  the  plane  of  the  joint  in 
the  bottom  diagram. 


axis  of  the  specimen,  and  the  reference  coordinate 
system  normal  to  the  plane  of  the  metal  interlayer. 
Owing  to  the  rigid  constraint  of  the  grips  and  the 
higher  stiffness  of  the  composite,  one  may  assume  as 
a  first  approximation  that  displacements  in  the 
transverse  direction  can  be  neglected,  (d5  w  0),  and 
hence  that  the  lateral  surface  of  the  top  and  bottom 
composite  elements  remain  perfectly  aligned  through¬ 
out  the  test.  Following  Burr  et  al.  [2]  it  is  further 
assumed  that  the  interlayer  may  be  divided  into  two 
distinct  regions:  a  core,  where  the  principal  stresses 
are  reasonably  uniform,  and  a  band  surrounding  the 


tOngoing  FEM  calculations  by  Mailand  confirm  this 
assumption  for  the  scarf  joints,  as  discussed  elsewhere 
[11], 

JThe  results  are  not  significantly  different  if  axisymmetric 
conditions  are  assumed,  as  discussed  in  Ref.  [2], 


core  which  slides  inward  as  the  core  stretches. f  The 
constraint  imposed  by  the  neighboring  composite 
elements  builds  up  a  hydrostatic  stress  as  the  slipping 
band  is  pulled  inward  by  the  core,  enabling  the 
development  of  normal  stresses  in  the  interlayer  well 
beyond  the  yield  strength  of  the  unconstrained 
monolithic  metal.  Since  the  projected  width  of  the 
specimen  (W/cos6)  is  always  larger  than  the  depth 
(5),  and  both  are  much  greater  than  the  thickness  (h), 
the  interlayer  may  be  considered  to  be  in  plane  strain, 
(633  =  0),J:  whereupon  the  slipping  region  may  be 
taken  as  consisting  of  two  parallel  rectangular  bars 
on  the  sides  of  the  core,  as  illustrated  in  Fig.  8. 

Using  the  von  Mises  criterion  for  an  elastic-per- 
fectly  plastic  interlayer  in  plane  strain 
(<r33  =  j[(Tn  +  0-2:]),  the  relevant  yielding  condition  is 

o-s  =  |(o-2:  -  (7„y  +  3(t?2  -b  rj,)  (1) 

where  (To  is  the  yield  stress  of  the  unconstrained  metal. 
Within  the  core  region  ri2  «  0,  whereupon  the  yield 
condition  becomes 


<^0  =  |(0':2  -  (Tii)^  +  3t?,,  (2) 

The  associated  plastic  strain  increments  are: 


Pff22  4  ffo 


(3a) 


dy23 


.  d<7o 
'  dtii 


.  3r23 
(To 


(3b) 


where  /.  is  the  plastic  multiplier. 

If  the  relative  displacement  of  the  composite 
elements  is  restricted  to  the  axial  direction  (di  »  0), 
as  noted  above,  and  the  magnitude  of  the 


Fig,  8.  Schematic  of  the  core  and  slipping  regions  in  the 
metal  interlayer  and  the  relevant  stress  and  strain 
relationships  in  each  case.  The  model  in  this  paper  is  based 
on  the  assumption  of  no  lateral  displacement  (d.t  =  0). 
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displacement  increment  is  du,  the  corresponding 
incremental  strains  are: 

dsiT  =  ^  cos  6  (4a) 

n 


,  du  .  „ 
dy23  =  -^  sin  0. 

Combining  equations  (2)-(4) 


^  =  ^^^^  =  tan0  (5) 

Vffo  -  3t?3 

and  solving  for  the  shear  stress  component,  T23,  gives: 


y3(4  +  tan^6l) 

Since  ^23  is  dependent  only  on  the  scarf  angle  and 
the  magnitude  of  the  yield  stress,  the  yield  condition 
in  equation  (2)  may  be  conveniently  redefined  as: 

2  2 

(ff22-(rii)  = - StIj  =  — -  (7) 

73  73 

2 

CyO  =  (S) 

^4  +  tan-  6 

where  Cyo  is  an  effective  tensile  yield  stress  at  a  given 
scarf  angle.  In  the  same  manner,  one  may  define  an 
effective  yield  stress  in  shear  as: 


^3  J4  +  tan-  6  73 

The  solutions  developed  by  Burr  et  al.  [2]  for 
the  butt  (0°)  joint  may  now  be  extended  to  the  scarf 
joints  with  the  aid  of  the  above  definitions. f  The 
normal  stress  distribution  in  the  slipping  regions  is 
given  by: 


C722  2  X\  ^  K  < 

^7 

_ ^  it  I  !E  _ - 


^22  _  2  L  71  t 

(7o  ^  _2h  4_ 

__2_r^  Tul _ 2 


and  the  average  in-plane  stress  in  the  Xi  direction  at 
the  intersection  of  the  core  and  slipping  regions,  dn, 
is  given  by: 


The  latter  stress  is  essentially  the  force  necessary  to 
pull  the  slipping  elements  inward  against  the  shear 
induced  by  the  upper  and  lower  interfaces  with  the 
composite  elements  (Fig.  8).  The  ensuing  hydrostatic 
component  of  stress  at  the  core  may  then  be 
expressed  as: 


where  Xi  is  the  distance  from  the  free  surface,  normal 
to  the  broad  face  of  the  specimen — see  Fig.  8.  The 
average  normal  stress  in  the  slipping  regions 
(0  ^  Xi  ^  L)  is  consequently 


— ^  =  X  [ffll  +  (T22  -h  <?33].V|  =2 

(Tq  5 


■./;[*  V. 


:■  (13) 


14  -I-  tan-  Q 


Once  plasticity  has  spread  through  the  entire 
interlayer,  the  normal  stress  in  the  core,  a%, ,  which  is 
approximately  constant  [2,  1 1],  may  be  obtained  from 
equations  (7),  (8)  and  (12).  This  results  in: 


£22  _  ^  2  £y£  _  2 

<r„  ~  cro 


/4-f  tan^e 
(14) 


This  result  is  slightly  different  to  that  obtained  by 
setting  Xi  =  L  in  equation  (10)  owing  to  the 
assumption  that  the  boundary  between  the  core  and 
the  slipping  regions  is  sharp,  as  discussed  in  Ref.  [2]. 

A  force  balance  in  the  longitudinal  direction  (Fig. 
8),  with  appropriate  consideration  for  the  relation¬ 
ships  between  the  cross-sectional  area  of  the 
specimen,  BW,  and  the  areas  of  the  core  and  slipping 
regions  in  the  interlayer,  (B  —  2L)Wjcos6  and 
2LIF/COS  9,  respectively,  yields 


(7a  —  (7^  1  — ^  j  -t-  C22  f~ffj  ’^23  tan  9.  (15) 


Combining  equations  (6),  (11),  (14)  and  (15)  yields 
the  relationship  between  the  length  of  the  slipping 
regions  and  the  applied  stress  for  a  given  scarf  angle 


[-I71H-K-5)] 


14  -t-  tan-  9 


tin  this  extension  it  is  assumed  that  the  shear  stress 
component  X23  is  constant  over  the  composite-interlayer 
interface.  This  is  confirmed  by  the  calculations  in  Ref. 
[11], 


■|[3(4-ftan=0)'7  ^ 


For  a  butt  joint  (0  =  0°)  of  high  aspect  ratio,  i.e. 
B/fi»[2  —  (7c/2)],  the  above  expression  reduces  to 
that  proposed  by  Burr  et  al.  [2], 


_2  j_ii 
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The  applied  stress  may  now  be  rewritten  as: 

2L 

Ca  =  0*2  +  T23  tan  0  -  —  ((t,*2  -  (T22)  (18a) 


£a_£22_| _ tan^  9  _ 4 _ 

^3(4  +  tan^  9)  ^3(4  +  tan^  0) 


(18b) 


where  the  second  term  on  the  RHS  represents  the 
load-bearing  contribution  of  the  out  of  plane  shear 
stress,  •t23,  and  the  last  term  represents  the 
knockdown  effect  associated  with  the  reduced  normal 
stress  in  the  slipping  regions  relative  to  the  core.  The 
latter  effect  is  minimized  by  utilizing  interlayers  with 
high  aspect  ratios,  B/h,  in  agreement  with  the  butt 
joint  analysis  [2],  and  is  further  reduced  by  increasing 
the  scarf  angle. 

A  significant  result  of  the  model  is  that  the  shear 
stress  contribution  is  independent  of  the  applied 
stress,  assuming  that  plasticity  has  fully  developed 
through  the  interlayer.  The  onset  of  plasticity  is 
readily  deduced  from  equation  (16)  as  the  minimum 
stress  necessary  for  Ljh  >  0,  which  is 


£a  /  4  +  tan-  0 
(To  ^  V  3 


(19) 


It  may  also  be  shown  from  compatibility  that  the  slip 
length  when  the  yield  condition  is  satisfied  at  the  core 
is  approximately  Ljh  k.  213  [2].  Further  analysis 
reveals  that  this  critical  slip  length  is  also  relatively 
insensitive  to  scarf  angle.  Therefore,  the  development 
of  full  interlayer  plasticity  requires  a  minimum  stress 
given  by: 


/4  +  tan^0^  4  [6  -  (16  -  37t)(/3/g)l 
^0  \  ^  9^  ^4  +  tan^  0 

Comparison  of  equations  (8)  and  (19)  reveals  that 
both  the  effective  yield  stress,  <7 yd,  and  the  applied 
stress  at  the  onset  of  interlayer  plasticity  are  only 
functions  of  the  scarf  angle  when  normalized  by  the 
nominal  yield  stress,  co.  However,  while  o-yj  decreases 
with  increasing  angle,  the  actual  onset  of  plasticity 
(L/h  >  0)  requires  progressively  higher  applied 
stresses,  as  illustrated  in  Fig.  9(a).  This  is  a  direct 
consequence  of  the  increasing  influence  of  the  shear 
stress  contribution,  T23  tan  0,  as  0  increases.  The 
actual  magnitude  of  the  shear  stress  is  never  greater 
than  aoly/s,  as  shown  in  Fig.  9(a),  but  the 
concomitant  increase  in  joint  area  with  angle  makes 
the  net  contribution  of  the  projected  component  of  T23 
along  the  tensile  axis  greater  than  T23  for  values  of  0 
greater  than  45°.  Figure  9(a)  also  shows  that  the 
stress  increment  necessary  to  yield  the  core  after  the 
onset  of  plasticity  near  the  surface,  i.e.  the  second 
term  on  the  RHS  of  equation  (20),  is  of  the  order  of 


<70  for  the  0°  joint  but  decreases  significantly  with 
increasing  angle  above  45°. 

Contrary  to  the  terms  in  Fig.  9(a),  the  normal  and 
hydrostatic  stresses  are,  as  expected,  a  function  of  the 
applied  load.  These  are  plotted  in  Fig.  9(b)  for  joints 
with  a  fixed  aspect  ratio  {B/h  =  30)  and  <7.  =  3<7o, 
approximately  corresponding  to  the  failure  stress  for 
the  butt  joint  in  Fig.  2.  It  is  immediately  evident  that 
as  the  scarf  angle  increases  the  contribution  from  the 
shear  stress  increases,  while  the  normal  and 
hydrostatic  stresses  decrease.  Similar  trends  have 
been  found  in  elastic  analyses  of  adhesively  bonded 
scarf  joints,  e.g.  Ref.  [5],  It  is  these  latter  stresses  that, 
in  principle,  provide  the  driving  potential  for 
debonding  and  cavitation  processes  [12].  Figure  9(b) 
also  reveals  that  the  knockdown  eflFect  produced  by 
the  slipping  regions  is  relatively  small,  even  for  the 
moderate  aspect  ratio  selected,  and  decreases  further 
with  angle  as  anticipated  from  equation  (18b). 

5.  EXPERIMENTAL  CORRELATION 

Equations  (13),  (16)  and  (18a)  can  be  used  in 
conjunction  with  the  ultimate  strengths  and  aspect 
ratios  in  Table  1  to  calculate  the  normal  and 
hydrostatic  stresses  in  the  interlayer  at  the  moment  of 
failure.  The  results  are  summarized  in  Table  2.  The 


(t>)  Scarf  Angle  (degrees) 


Fig.  9.  Relevant  terms  in  the  stress  analysis  of  the  scarf 
joints.  Part  (a)  depicts  terms  independent  of  the  applied 
stress,  whereas  (b)  shows  the  variation  of  the  terms  that  are 
expected  to  drive  the  debond  process  at  a  fixed  value  of  the 
applied  stress. 
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Table  2.  Stresses  at  failure  in  the  joints  with  higher  aspect  ratio 


Angle 

0 

15 

30 

45 

60 

75“ 

Failure  stress,  (Tuts/uo 

3.19 

3.29 

3.08 

2.97 

3.64 

4.85 

Shear  stress  cont.,  x-a  tan  S/cio 

0.00 

0.02 

0.09 

0.26 

0.66 

1.90 

Aver,  normal  stress,  afijca 

3.19 

3.27 

2.99 

2.71 

2.98 

2.95 

Core  normal  stress,  a^/an 

3.33 

3.44 

3.11 

2.90 

3.53 

3.68 

Pressure  stress,  (Th/(7o 

2.63 

2.74 

2.40 

2.27 

3.00 

3.35 

Effective  breadth  (1-2L/5) 

0.90 

0.88 

0.93 

0.84 

0.64 

0.57 

“Specimen  failed  by  composite  fracture  at  the  grips. 


initial  analysis  is  limited  to  the  higher  aspect  ratio 
joints,  since  those  for  which  Bjh  <  10  and  0  >  0  in 
Table  1  failed  at  stresses  wherein  the  model  would 
predict  plastic  collapse  in  the  absence  of  hardening 
(see  the  discussion  below). 

The  peak  normal  stresses  for  the  specimens  that 
failed  by  debonding  (0-60°)  fall  within  a  relatively 
narrow  range  (+ 10%)  of  3.25(7o-  This  suggests  that 
debond  failure  occurs  when  the  normal  stress  at  the 
core  reaches  a  critical  value,  consistent  with  the 
behavior  of  the  butt  joints  [2].  If  the  aspect  ratio  is 
sufficiently  high,  the  knockdown  effect  of  the  slipping 
regions  is  minimal  and  the  net  effect  of  the  scarf  angle 
may  be  expressed  as: 

<rf(0)  ,  Tiitang 

OT(0°)  ~  ‘  CTc 


Hence,  the  strengthening  relative  to  the  butt  joint 
arises  then  solely  from  the  shear  stress  contribution, 
T23  tan  0,  and  the  magnitude  of  the  effect  depends  on 
the  relative  debond  resistance  of  the  joint,  CTc/cto. 
Figure  10  depicts  the  strengthening  effect  predicted 
by  the  model  for  joints  with  a  critical  (debond)  stress 
Cc  =  3.25c7o,  and  for  aspect  ratios  representing  the 
bounds  of  the  range  investigated.  The  predictions  are 
reasonably  consistent  with  the  experimental  results, 
and  confirm  that  the  strengthening  is  significant  only 


Fig.  10.  Comparison  between  the  experimental  and 
predicted  strengthening  effect  of  the  scarf  angle  for  the 
average  value  of  the  “debond”  stress  calculated  for  the 
0-60°  joints  and  the  relevant  range  of  aspect  ratios. 


for  angles  above  ~45°.  Moreover,  the  effect  of  the 
aspect  ratio  (which  is  already  embedded  in  the 
magnitude  of  the  butt  joint  strength)  is  rather  small, 
even  for  the  moderate  Bjh  values  depicted. 

The  discussion  above  implies  the  existence  of  a 
critical  debond  stress,  but  the  physical  observations 
suggest  that  the  failure  process  is  more  complicated 
than  a  simple  interfacial  decohesion  at  a  “threshold” 
value  of  the  normal  stress.  For  example,  the  failure 
in  Figs  6(c)  and  (d)  appears  to  occur  by  debonding 
of  the  metal  at  the  fiber  tips,  probably  by  interfacial 
void  nucleation  and  coalescence  [13],  followed  by  a 
form  of  “pull-out”  involving  sliding  against  one  half 
of  the  lateral  surface  of  the  socket  and  debonding 
from  the  other  side — see  Fig.  7(b).  These  obser¬ 
vations  clearly  indicate  the  occurrence  of  some  lateral 
displacement,  i.e.  dy:}  >  dfe  tan  0,  which  is  at 
variance  with  the  assumptions  of  the  model. 

One  further  complication  arises  from  the  estimate 
of  the  core  normal  stress  at  the  moment  of  failure  for 
the  75°  joint  in  Table  2.  This  joint  reaches  the  highest 
value  of  (72*,  yet  it  fails  by  composite  fracture  at  the 
grips  rather  than  by  debonding.  One  possible 
explanation  is  that  the  joint  was  about  to  debond 
when  it  failed  prematurely  elsewhere,  and  that  the 
estimated  value  of  the  peak  normal  stress  is  still 
consistent  with  the  concept  of  a  “threshold”  debond 
stress  within  the  limits  of  experimental  error.  It  is  also 
possible  that  the  value  of  (T2I  at  failure  is 
overestimated  since  the  composite  beams  may 
experience  some  finite  deflection  in  the  transverse 
direction  and  partially  relax  the  normal  stress  at  the 
joint. 

Figure  8  shows  that  the  net  effect  of  relaxing  the 
constraint  on  beam  bending  and  allowing  a  finite 
lateral  displacement  (ds  >  0)  is  to  make  dy^j/ 
d822  >  tan  0.  If  the  ends  of  the  bar  are  still  firmly 
gripped  this  would  produce  a  small  rotation  of  the 
joint  plane,  which  is  equivalent  to  an  increase  in  the 
scarf  angle  to  0'  >  0.  More  importantly,  one  can 
readily  show  from  equation  (5)  that  the  relaxed 
constraint  produces  a  net  increase  in  the  shear  stress 
component  Tb.  An  accurate  estimate  of  T23  and  0' 
would  require  a  full  elasto-plastic  analysis  which  is 
beyond  the  scope  of  this  paper.  However,  one  can 
estimate  an  upper  bound  to  the  effect  of  the  shear 
stress  increase  on  the  joint  strength  by  noting  that  the 
maximum  value  of  T23  for  an  elastic-perfectly  plastic 
material  would  be  to  =  110/^3  and  by  assuming  that 
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Fig.  1 1 .  Illustration  of  the  potential  effect  of  relaxing  the 
rigid  constraint  assumption,  hence  allowing  lateral  displace¬ 
ments  during  the  deformation  of  the  joint  specimen,  on  the 
shear  stress  contribution  and  the  average  stress  normal  to 
the  interlayer. 


9'  K  6.  The  result  is  plotted  in  Fig.  11  as  To  tan  6,  and 
compared  with  the  value  of  T:.!  tan  6  for  the  fully- 
constrained  case.  The  actual  value  of  the  shear  stress 
contribution  would  fall  somewhere  between  these  two 
curves  in  Fig.  1 1 . 

Since  the  normal  stress  is  essentially  the  difference 
between  the  applied  stress  and  the  shear  contribution 
T23  tan  9,  assuming  the  joint  is  fully  plastic,  the  larger 
shear  stress  expected  under  the  relaxed  constraint 
conditions  in  Fig.  1 1  further  decreases  the  stress 
available  to  “drive”  the  debond  process.  One  might 
infer  that  the  normal  core  stress  at  the  moment  of 
failure  could  be  overestimated  by  as  much  as  ~0.26c-o 
for  9  =  75°,  which  would  bring  it  in  line  with  the 
range  observed  for  the  other  specimens  (9  <  60°), 
suggesting  that  the  interlayer  was  indeed  near 
debonding  when  failure  occurred  at  the  grips.  (This 
hypothesis  is  further  supported  by  microstructural 
analysis  of  the  75°  specimen,  which  revealed  evidence 
of  sub-critical  debonding  at  some  fiber  tips.)  It  is  also 
clear,  however,  that  the  debond  stresses  calculated  for 
the  other  specimens  may  also  be  overestimated, 
although  the  differences  would  be,  in  all  cases,  of  the 
order  of  10%  of  the  core  normal  stresses  listed  in 
Table  2.  Further  insight  into  this  problem  will  be 
gained  by  ongoing  finite  element  analyses  to  be 
reported  in  a  separate  publication  [11]. 

6.  DESIGN  IMPLICATIONS 

If  the  performance  of  joints  was  indeed  predomi¬ 
nantly  controlled  by  the  scarf  angle  and  some  critical 
level  of  the  normal  (debond)  stress,  etc,  one  may  use 
the  present  model  to  develop  failure  regime  maps 
such  as  those  depicted  in  Fig.  12.  For  joints  with  high 
aspect  ratio.  Fig.  12(a),  the  behavior  is  elastic  at  the 
lower  stresses  with  interlayer  plasticity  developing 
above  the  solid  curve.  The  joint  will  fail  by  debonding 
when  the  curve  corresponding  to  a  critical  value  of 
<Tc/tXo  is  reached.  It  is  also  noted  that  for  any  given 
debond  stress  there  is  a  critical  angle  above  which  the 


estimated  joint  strength  surpasses  that  of  the 
composite,  allowing  the  latter  to  be  loaded  to  its  full 
capacity. 

An  additional  failure  mechanism  may  appear  in  the 
map  w'hen  the  joint  aspect  ratio  decreases.  Even 
though  the  onset  of  yield  is  shifted  to  higher  stresses 
with  increasing  scarf  angle,  once  the  interlayer  yields 
the  slipping  regions  near  the  surface  grow  more 
rapidly  with  stress  owing  to  the  reduced  effective  yield 
stress  in  shear,  equation  (9).  If  the  slipping  lengths 
overlap  before  the  core  stress  reaches  the  critical 
debond  value,  a  plastic  limit  load  w'ill  be  reached  and 
the  joint  will  fail  by  plastic  collapse.  The  limit  load 
may  be  estimated  by  setting  L  =  5/2  in  equation  (11) 
and  then  adding  the  shear  stress  contribution 
t;3  tan  9.  This  gives 

gji  ^  [(B/h)  -F  7t  -I-  tan^  g]  ^^2) 

^3(4  4-  tan=  9) 

The  effect  of  plastic  collapse  is  illustrated  in  Fig. 
12(b),  where  the  debond  stress  has  been  fixed  and  the 
aspect  ratio  allowed  to  vary.  As  the  applied  load  is 
increased,  the  joint  will  be  first  elastic  and  then 
become  plastic  upon  reaching  the  onset  stress  defined 
by  the  solid  curve.  If  the  aspect  ratio  is  sufficiently 


Fig.  12.  Failure  mechanism  maps  for  the  scarf  joints 
calculated  with  the  present  model.  The  top  map  illustrates 
the  effect  of  the  debond  strength  for  joints  of  high  aspect 
ratio.  The  bottom  map  illustrates  the  possibility  of  failure 
by  plastic  collapse  when  the  aspect  ratio  of  the  joint  is 
reduced. 
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high,  the  joint  will  fail  by  debonding  when  the 
corresponding  curve  is  reached.  However,  if  the 
aspect  ratio  is  low,  the  joint  will  fail  by  debonding  if 
the  angle  is  to  the  left  of  the  plastic  limit  curve  in  Fig. 
12(b),  and  by  plastic  collapse  if  the  angle  is  within  the 
plastic  collapse  and  plastic  onset  curves  in  this  figure. 
The  map  is  in  qualitative  agreement  with  the 
observed  behavior  of  the  60°  joint  with  an  aspect 
ratio  of  ~4,  which  extended  plastically  up  to  ~  13% 
strain  prior  to  debond  failure — see  Fig.  4.  The  model 
also  predicts  that  the  30  and  45°  joints  with  low 
aspect  ratios  in  Table  1  should  have  failed  by  plastic 
collapse,  but  they  failed  instead  by  debonding,  albeit 
without  the  load  drop  observed  in  the  60°  specimen. 
The  observed  behavior  may  be  associated  with  strain 
hardening  effects,  which  would  shift  the  reference 
stress  (To  in  Fig.  12(b)  but  are  neglected  in  the  present 
model.  The  actual  boundary  between  the  debond  and 
plastic  collapse  mechanisms  would  then  have  to  be 
determined  by  numerical  calculations.  Alternatively, 
the  problem  is  easily  avoided  by  selecting  an 
interlayer  with  sufficiently  high  aspect  ratio. 

7.  CONCLUDING  RE-MARKS 

Investigation  of  the  tensile  behavior  of  thin  metal 
interlayers  between  composite  elements,  oriented  at 
different  angles  relative  to  the  applied  stress,  has  led 
to  an  improved  understanding  of  the  mechanical 
performance  of  interfaces  relevant  to  the  design  of 
composite-monolith  transitions.  The  typical  failure 
mode  is  separation  at  the  metal-composite  interfaces, 
apparently  initiated  by  debonding  at  the  fiber  tips. 
Because  of  the  constraint  imposed  by  the  neighboring 
composite,  the  interlayers  may  be  loaded  well  beyond 
the  normal  tensile  strength  of  the  constituent  metal. 
Significant  plasticity  is  observed  in  all  cases, 
increasing  from  ~0.5%  strain  for  the  0°  joints  to  well 
over  10%  at  ~60°,  wherein  the  applied  stress  goes 
through  a  maximum  prior  to  debond  failure.  The 
joint  strengths  are  relatively  insensitive  to  scarf  angle 
below  45°,  but  increase  substantially  for  the  higher 
angles. 

A  simple  model  for  the  plastic  behavior  of  a  thin 
metal  interlayer  between  two  fully  rigid  composite 
elements  was  found  to  be  reasonably  consistent  with 
the  experimental  results.  For  interlayers  with 
sufficiently  high  aspect  ratios  debonding  appears  to 
occur  at  a  relatively  constant  value  of  the  tensile 
stress  normal  to  the  macroscopic  composite-metal 
interface.  The  observed  strengthening  arises  primarily 
from  the  increased  fraction  of  the  applied  load 
carried  by  the  shear  stress  as  the  scarf  angle  increases, 
which  is  predominated  by  the  concomitant  increase  in 


the  interfacial  (load-bearing)  area.  The  model  may 
be  used  to  develop  failure  maps  which  reflect 
the  interplay  between  different  failure  mechanisms 
as  a  function  of  interfacial  strength  and  the 
geometric  parameters  of  the  joint.  It  is  shown  that 
for  any  level  of  interfacial  (debond)  strength  there 
should  be  a  critical  angle  above  which  the  joint 
can  reach  a  strength  comparable  to  that  of  the 
composite. 

The  analysis  also  shows  that  the  relaxation  of  the 
rigid  constraint  assumption  may  have  important 
implications  in  the  relative  magnitudes  of  the  normal 
and  shear  stresses  in  the  interlayer.  These  issues  are 
currently  under  investigation. 
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ABSTRACT 

Two  kinds  of  kink-band  propagation  in  the  compression  of  aligned-fiber  composites  are  studied  analytically: 
band  broadening,  discovered  experimentally  by  Moran,  Liu  and  Shih  in  1995,  in  which  a  uniform  kink  band  grows  in 
the  direction  of  loading  at  constant  stress  under  increasing  deformation;  and  transverse  kink  propagation,  in  which  a 
kink  band  traverses  a  specimen  quasi-statically  under  constant  overall  shortening.  The  analysis  is  based  on  a  ID, 
geometrically  nonlinear  couple-stress  theory  of  composite  kinking  that  takes  elastic  fiber  bending  resistance  into 
account  together  with  idealized  nonlinear  stress-strain  relations,  but  assumes  non-breaking  fibers.  Simple  results  for 
the  band-broadening  and  transverse  propagation  stresses  are  deduced,  and  their  significance  is  discussed. 

INTRODUCTION 

Elementary  analyses  of  localized  kinking  under  compression  of  aligned-fiber  polymer- 
matrix  composites  (Budiansky  and  Fleck,  1993),  considered  together  with  experimental  data, 
provide  compelling  evidence  that  compressive  kinking  strength  is  governed  primarily  by  the  yield 
strength  in  shear  of  the  composite,  and  by  fiber  misalignment.  The  indeterminacy  of 
misalignments  accounts  for  the  notorious  scatter  in  kinking  data.  (For  some  general  reviews  of 
kinking  studies,  see  Budiansky  and  Fleck,  1994;  Schultheisz  and  Waas,  1996,  Waas  and 
Schultheisz,  1996;  Fleck,  1997).  On  the  basis  of  various  geometrical  and  physical  models  of  the 
composite,  detailed  2D  finite-element  calculations  have  recently  been  used  to  study  the  initiation, 
metamorphosis,  and  propagation  of  kink-bands  in  the  presence  of  various  initial  distributions  of 
fiber  misalignment  or  notches  (e.g..  Fleck  and  Shu,  1995;  Kyriakides  et  al,  1995;  Sutcliffe  and 
Heck,  1996;  Kyriakides  and  Ruff,  1996).  Such  numerical  studies  provide  useful  insights  into  the 
kinking  process,  and  also  serve  to  assess  the  accuracy  and  relevance  of  elementary  analyses.  We 
note  that  fiber  fracture  has  not  yet  been  incorporated  into  2D  finite-element  cailculations;  but  fiber 
fracture  can  generally  be  expected  to  occur  only  after  the  peak  compressive  stress  has  been 
attained  (Heck  et  al,  1995). 

In  this  paper  we  use  one-dimensional  analyses  to  explore  two  kinds  of  steady-state  kink 
propagation:  hand  broadening,  in  which  an  established  kink  band  grows  in  the  direction  of 
loading,  and  transverse  propagation,  in  which  a  kink  band  travels  across  the  width  of  a  composite 


236 


2 


specimen.  Remarkably,  band  broadening  without  fiber  fracture  was  discovered  experimentally 
only  recently  by  Moran  et  al  (1995).  On  the  other  hand,  transverse  propagation  (which  precedes 
band  broadening)  is  ubiquitous,  though  often  dynamic,  and  not  usually  steady-state.  Both  types 
of  propagation  have  been  smdied  theoretically  on  the  basis  of  various  physical  models,  (e.g.  Fleck 
and  Budiansky,  1991;  Sutcliffe  and  Fleck,  1994;  Moran  et  al,  1995;  Liu  and  Shih,  1996).  Our  aim 
here  is  to  present  some  fairly  rigorous  studies  of  the  mechanics  of  band  broadening  and  transverse 
propagation,  including  the  effects  of  fiber  bending  resistance.  With  the  further  use  of  idealized 
constitutive  models,  succinct  results  will  be  shown  for  both  types  of  kink  propagation.  Because 
compressive  kinking  strength  is  a  random  variable  sensitive  to  initial  imperfections,  we  will 
discuss  briefly  the  possibility  (Moran  et  al,  1995)  of  adopting  one  or  another  of  the  kink 
propagation  stresses  as  a  rational  working  stress  for  design  purposes. 

REVffiW  OF  BASIC  KINKING  THEORY 


To  set  the  stage,  we  will  summarize  briefly  some  basic  results  of  the  elementary  theory  of 
kinking  (Budiansky  and  Fleck,  1993).  We  show  in  Fig.  1  the  conventional  picture  of  a  kink  band 
oriented  at  an  angle  P,  within  which  the  fibers,  originally  misaligned  by  (j)  with  respect  to  the 


direction  of  loading,  have  rotated  by  the  additional  angle  (j)  under  the  compressive  stress  o.  For  (j) 


and  (j)  small,  equilibrium  requires 
that  the  shear  stress  x  and  the  tensile 
transverse  stress  Ct  defined  in  Fig.  1 
be  related  to  the  applied  compressive 
stress  a  by 

(1) 

and,  for  inextensional  fibers,  the 


shear  strain  y  and  the  transverse 
strain  ej  are  given  by 


ry  =  (|) 

[et  =<j)tanP 


Dropping  the  contribution  of  ctt  to  a,  and  adopting  the  elastic-ideally-plastic  relation  between  x 


and  Y  sketched  in  Fig.  1,  we  find  that  a  maximizes  at  (t)^YVi  this  gives  the  lower-bound  estimate 


_'^Y 
(t)  +  YY 


(3) 


for  the  critical  kinking  stress.  In  the  limiting  case  (j)  =0,  this  gives  the  Rosen  (1965)  result  0c=G, 


where  G  is  the  elastic  shear  modulus  of  the  composite;  for  Yy=0,  we  get  the  Argon  (1972) 
estimate  ■ 
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Two  points  deserve  emphasis.  Even  though  Eq.  (3)  does  not  contain  p,  comparisons  made 
by  Budiansky  and  Fleck  (1993)  indicate  that  over  a  reasonable  range  (say,  up  to  ^=40°)  it 
provides  a  fair  approximation  to  critical  stresses  derived  for  strain-hardening  composites,  with 
interactive  effects  of  x  and  aj  taken  into  account,  and  Xy  equal  to  a  nominal  yield  stress.  Second, 
the  compressed  composite  is  very  imperfection-sensitive.  For  example,  with 
(j)  =  1.7°  and  Yy  =  .01,  Eq.  (3)  gives  a^/G  =  1/4  and  G;. /Xy  =  25;  small  changes  in  (j) 
overwhelm  the  effects  of  Gt  and  p. 

Another  fact  to  be  noted  is  that  fiber  fracmre  does  not  influence  Gc.  The  detailed  studies 
of  Fleck  et  al  (1995),  in  which  fiber  bending  resistance  is  considered,  show  that  fiber  fracture 
occurs  while  the  compressive  load  is  dropping,  at  rotations  much  larger  than  those  corresponding 
to  the  attainment  of  maximum  load.  This  holds  even  if  the  fibers  have  no  tensile  strength;  for  this 
case,  a  simple  approximate  formula  for  the  fiber  rotation  at  fiber  fracture,  that  follows  from  the 
analyses  by  Budiansky  (1983)  and  Fleck  et  al  (1995),  gives 


where  E  is  the  Young's  modulus  of  the  composite.  For  the  plausible  value  Xy/E=.0004,  this  gives 
<j)fracture=-09  —  much  larger  than  the  value  ^=Jy  at  which  Gc  is  reached. 

BAND  BROADENING:  OBSERVA’nONS 

In  recent  tests,  Moran  et  al  (1995)  and  Moran  and  Shih  (1996)  observed  the  longimdinal 

kink-band  broadening  shown  schematically  in  Fig.  2.  The 
composite  was  composed  of  60%  IM7  fibers  in  a  PEEK 
matrix  and  the  broadening  evidently  occurred  without 
fiber  fracture  and  at  constant  applied  stress.  The  growing 
band  of  straight  fibers,  shown  shaded,  remained  inclined 
at  an  angle  (|)  approximately  equal  to  twice  the  band 
orientation  P=20'.  This  kind  of  fracture-free  broadening 
was  later  seen  by  Fleck  et  al  (1997)  in  an  IM8/PEEK 
composite. 

Band  broadening  of  the  type  illustrated  in  Fig.  3, 
in  which  the  straight  portion  of  the  broadening  band 
consists  of  broken  segments  of  approximately  equal 
length,  has  recently  been  observed  by  Sivashanker  et  al 
(1996),  Kyriakides  and  Ruff  (1996),  and  Vogler  and 
Kyriakides  (1996).  In  these  cases  the  composite 
contained  AS4  carbon  fibers,  less  strong  and  less  stiff 
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than  IM7  and  IMS.  We  will  study  only  fracture-free  band 
broadening  in  this  paper,  but  we  will  also  determine  the 
magnitudes  of  fiber  strength  that  permit  its  occurrence. 

In  the  experiments  of  Vogler  and  Kyriakides 
(1996)  the  fiber  rotation  during  broadening  was  found  to 
exceed  2P  somewhat.  We  will  nevertheless  use  <|)jnax=2P 
as  a  reasonable  approximation,  based  on  the  idea  of  "lock¬ 
up",  to  be  discussed. 

LARGE-ROTATION,  ONE-DIMENSIONAL  BENDING  THEORY 


We  will  develop  here  equations  governing  the  response  to  compression  of  an  aligned-fiber 
composite,  appropriate  for  the  study  of  band-broadening,  and  later,  transverse  kink  propagation. 
The  theory  embodies  couple  stresses  that  account  for  the  bending  resistance  of  the  fibers,  but 
extends  the  linear  analyses  by  Budiansky  (1983)  and  Fleck  et  al  (1995)  to  large  rotations.  Small 
initial  misalignments  will  be  neglected  in  comparison  with  the  much  larger  rotations  that  occur 


We  contemplate  a  geometry  in  which  the  kinking  orientation  is  pre-set  at  |3  and  (see  Fig. 
4)  the  fiber  rotation  (j)  is  invariant  along  P-lines  x+ytan|3=constant.  Assuming  inextensional  fiber 
deformations,  we  can  introduce  the  one-dimensional  function  (j)(s),  where  s  is  distance  along  an 
arbitrary  fiber,  and  define  the  longimdinal  stress  Ol,  transverse  stress  Oj ,  sliding  shear  stress  Xs= 
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transverse  shear  stress  Tt.  and  couple  stress  m,  as  shown  in  Fig.  4.  These  are  all  smeared-out  true 
stresses,  and  are  considered  to  be  functions  of  s;  Gl  and  Ts  are  parallel  to  the  fibers,  Gj  and  Xj  act 
normal  to  the  fibers,  and  m  is  the  couple  stress  on  the  defoimed  plane  normal  to  the  fibers. 

Distances  along  P  lines  do  not  change,  but  the  rotated  portions  of  the  composite  undergo 
transverse  stretching.  Let  h  denote  the  original  thickness  in  the  y-direction  of  a  portion  of  the 
composite,  and  let  h  be  the  stretched  thickness  normal  to  the  fibers  (Fig.  4(d)).  Then  the 
transverse  stretch  ratio  is 


h  cosp 


(5) 


The  function  g(P,4))  will  appear  frequently  in  the  derivations  that  follow. 

The  assumptions  of  inextensionality  and  plane  strain,  i.e.  zero  strain  in  the  thickness 
direction  normal  to  the  x-y  plane,  imply  that  the  composite  suffers  a  volumetric  increase,  also 
given  by  the  ratio  g(P,4)).  (It  is  generally  believed  that  this  dilatation  is  accommodated  by 
microcracking  in  the  polymeric  matrix.) 

Force  equilibrium  in  the  direction  normal  to  the  fibers  at  the  right  end  of  the  free  body  in 
Fig.  4(b)  implies  that 


G  cos  p  sin  <})  =  Tt  cos(P  -  <j))  +  G-r  sin(p  -  (ji) .  (6a) 

and  equilibrium  in  the  fiber  direction  gives 

-G  cos  P  cos  <{)  =  Xg  sin(P  -(}))  +  Gl  cos(P  -  6)  (6b) 

These  agree  with  the  equilibrium  equations  given  by  Budiansky  and  Fleck  (1993)  for  a  constant- 
rotation  kink,  in  which  there  is  no  bending  and  Xs=Xx.  But  now  moment  equilibrium  of  the 
element  in  Fig.  4(c,d)  requires  that 

;^(mg)  =  (Xs-Xx)g  (7) 

ds 

and  this  permits  the  elimination  of  Xj  from  (6a)  to  give 

GcosPsin  (()  +  cosP-^(mg)  =  Xg  cos(p  -  (|))  -i-  Gj  sin(p  -  (b)  (8) 

ds 

We  will  soon  drop  Gj,  but  we  keep  it  temporarily,  in  order  to  define  strains  via  the  principle  of 
virtual  work.  For  convenience  (this  is  not  crucial)  say  that  (})  vanishes  at  each  end  of  the 
composite  specimen  in  Fig.  4(a),  and  note  that  the  shortening  is  A  is 

A  =  |(l-cos<}))ds  (9) 


where  the  integration  is  over  the  original  specimen  length.  We  assert  that  strain  variations  87  and 
5£t,  and  bending-strain  variations  5k,  conjugate  in  the  work  sense  to  Xg,  Gx.  and  m,  satisfy  the 
principle  of  virtual  work 

g5|  (1  -  cos(t))ds  =  J  (Xg5y  +  GxSex  +  m5K)g(P,(t))ds  (10) 

for  strain  variations  compatible  with  5(i)(s)  and  all  combinations  of  stresses  (Xs,  Gx)  and  couple 
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stresses  m  that  satisfy  equilibrium.  Eliminating  a  via  Eq.  (8),  and  doing  one  integration  by  parts, 
leads  to 

jT^s[5Y-5<j)]  +  aT[5eT~S(t)tan(P-(t))]  +  m  5k-5^  |g(p,(j))ds  =  0.  (11) 

This  implies  the  energetically  consistent  strain-rate  definitions 

fY  =  (j) 


=(i)tan(p-(i)) 
K  =  d(j)/ds 


which  integrate  to  the  strains 


Ej  -  lo{ 


cos(P  -  <|)) 


slogg(P,(l)) 


[K  =  d(!)/ds 

The  first  two  of  these  agree  with  the  results  derived  by  Fleck  and  Budiansky  (1991)  for  (j) 
independent  of  s  and  <[)  =  0;  the  expression  for  Et  is  also  consistent  with  the  stretch  ratio  (5). 

To  complete  the  theoretical  set-up  we  need  constitutive  relations.  Transverse  tension  tests 
point  to  early  failure  at  transverse  strains  less  than  1%  (e.g.  Fleck  and  Jelf,  1995;  Kyriakides  et  al, 
1995),  and  so  at  this  point  we  will  drop  Ot  from  the  equilibrium  Eq.  (8)  as  long  as  the  transverse 
strain  Sj  is  positive.  We  then  consider  ts  ^  5?©  a  function  only  of  (Here  we  abandon  the 
unrealistic  assumption  made  by  Fleck  and  Budiansky  (1991)  that  Xs  becomes  zero  when 
transverse  failure  occurs.)  We  note  further  that  the  transverse  compressive  strains  that  would 
want  to  occur  for  <[)  >  2P  will  be  resisted  elastically,  at  least  initially,  because  matrix  cracks  will 
have  closed,  and  so  henceforth  we  make  the  simplifying  "lock-up"  assumption  (Fleck  and 
Budiansky,  1991),  and  say  that  <j)  can  not  exceed  2p. 

The  bending  will  be  presumed  to  be  resisted  elastically  only  by  the  fibers,  with  the 
bending  moment  M  in  each  circular  fiber  given  by 

Ttd^  dd) 

M  =  Ef— ^  (14) 

^  64  ds 

where  Ef  is  the  fiber  modulus  and  d  its  diameter.  In  terms  of  the  fiber  volume  concentration  Cf  of 
the  undeformed  composite,  the  couple  stress  m  in  the  deformed  material  is 

m=  ■  -  (15) 

g(P,(t>)(7td2/4) 

and  so,  with  the  approximation  E=CfEffor  the  initial  composite  modulus,  we  get  the  bending 
constitutive  relation 


16g(P,<t))  ds 
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Using  (16)  in  (8),  with  Ct  dropped,  gives 

2  2 

+  asin4)  =  Xs((t))g(P,<!))  (17) 

16  ds 

for  (j)  <  2p.  We  will  now  neglect  elastic  strains  in  the  relation  ts(<J)),  and  suppose  that  Ts  jumps  to 
a  finite  value  for  ({)={)+.  We  can  then  expect  rotations  (!)(s)  confined  to  a  finite  domain  (0,  2s*), 
symmetrical  about  s=s*,  and  satisfying  (t)(0)=<t)'(0)=0;  this  would  lead  to  the  picmre  in  Fig.  4a, 
with  ({)  identically  zero  for  s  <  0  and  s  >  2s*,  and  continuity  of  displacement,  rotation,  and  bending 
moment  maintained. 

A  first  integral  of  (17),  valid  in  (0,s*)  for  (j)  <  2P,  gives 
2  2 

+o(l-cos<j))  =  (Q^XsWg(P>W  (18) 

and  since  d(t)/ds  vanishes  at  s=s*,  the  connection  between  a  and  (j)max=<l>(s*)  is 

4* max 

jxs((t))g(p,<j))d({) 

a  =  -2 - .  (19) 

1  —  COS(j)^,ax 

Note  that  a  is  generally  a  monotonically  decreasing  function  of  (t)max.  starting  at  o=°°,  and  so  the 
kinking  stress,  which  occurs  at  small  (t)=0(YY),  is  not  captured  by  the  theory.  But  as  long  as 
P»')Y,  this  should  not  matter  much  in  the  analysis  of  either  band  broadening  or  transverse  kink 
propagation,  both  of  which  involve  large  rotations,  up  to  ({)=2p. 

BAND  BROADENING:  CALCULATIONS 


Lock-up  will  first  occur  when  (t)max  reaches  the  value  2p.  The  corresponding  value  of  the 
applied  stress  a  given  by  Eq.  (19)  is 

2P 

jTs(<t>)cos(P-(t))d(j) 

ah=-2 - •  (20) 

sinPsin2P 

This  is  the  band  broadening  stress!  With  the  loading  held  constant  at  a  =  Gt,.  the  successive 


configurations  shown  in  Fig.  2  can  evolve,  with  bent  shapes  identical  to  those  at  the  initiation  of 
lock-up  emerging  from  a  straight,  locked  interval  of  increasing  size.  All  requirements  of 
equilibrium  and  continuity  remain  fully  satisfied  during  this  band  broadening.  (It  also  has  to  be 
verified  that  in  the  locked  region,  where  m=0,  the  transverse  stress  given  by 

=  [~^bSiu2P-hTs(2p)]cotP  (21) 

according  to  Eq.  (8),  is  negative.  This  will  always  be  true  for  t'(y)  >  0  and  t"(y)  ^  0.) 

Because  the  basic  equations  of  the  theory  were  formulated  to  be  consistent  with  virtual 
work  principles,  the  result  for  the  band-broadening  stress  should  emerge  from  a  simple  energy 
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calculation.  Let  w  represent  the  length  along  the  fibers  in  the  locked  portion  of  the  kink  band  (see 

Fig.  2).  The  shortening  during  an  increment  5w  during  broadening  is  5A=5w(l-cos2P),  and  the 

(•23 

additional  work  done  by  the  sliding  shear  stresses  is  5wJ^  Ts((j))g(P,(t))d(j)  per  unit  thickness  of 
the  composite.  The  virtual  work  equality 

ab5w(l  -  COS2P)  =  5wJ^^%s(‘t))g(P><l))d^  (22) 

recovers  Eq.  (20). 

Finally,  we  will  display  a  convenient  explicit  result  for  the  band-broadening  stress, 
corresponding  to  the  rigid-ideally-plastic  idealization  Ts(y)sTL.  (Here  we  distinguish  Tl  from  the 
value  Xy  (Fig.  1)  that  appears  in  the  estimate  (3)  for  the  kinking  stress.  The  yield  stress  Xy 
corresponds  to  very  small  shear  strains,  whereas  Xl  should  be  regarded  as  representative  of  the 
stresses  associated  with  the  large  rotations  that  occur  during  the  evolution  of  band-broadening, 

and  may  be  substantially  higher  than  Xy.  See,  for  example,  the  composite  shear  stress-strain 
curves  measured  by  Kyriakides  et  al  (1995)).  With  Xg  ((]))  =  Xl,  Eq.  (22)  becomes 

ab5w(l  -  cos  2P)  =  5w(2Xl  tan  P)  (23) 


and  we  get 


2x1 

ctu  = — ^ 

sin2P 

for  the  band-broadening  stress.  The  transverse  stress  (21)  in  the  locked  region  reduces  to 

Ot  =-'<^L  co^P- 


(24) 

(25) 


FIBER  FRACTURE  CRITERION 


In  order  to  assess  the  validity  of  the  assumption  that  fiber  fracture  does  not  occur,  we  will 
calculate  the  maximum  fiber  tensile  strain  during  band  broadening.  As  before,  we  take  the  datum 
for  distance  s  along  a  fiber  to  be  the  left-hand  end  of  its  curved  region,  as  shown  in  Fig.  2.  Fiber 
rotation  begins  at  s=0  and  the  fibers  have  rotated  through  2P  to  a  locked-up  state  at  s=s.  The 
fiber  tensile  strain  due  to  bending  and  longitudinal  stress  is  given  by 

;(P,(|>)aL(s) 

E 


^  ^  d  d(i)(s)  ^  g( 


2  ds 


(26) 


for  s  in  (0,s).  (The  factor  g  in  the  second  term  reflects  the  effect  of  transverse  stretching  on  the 

local  composite  stiffness  in  the  fiber  direction.)  We  will  use  the  rigid-ideally  plastic  relation 
Xg  (9)  =  'Cl’  introduce  the  nondimensional  coordinate 


to  rewnte  e  as 


d 


e  =  2j^<P'  +  ^ 


(27) 


(28) 
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where  ^  and  Ol  are  now  functions  of  S,  and  the  primes  denotes  differentiation  with  respect  to  S. 
Setting  a=ab  and  tg  (()))  =  Xj^in  Eq.  (18)  gives  the  connection 

f  =  ^2cotP[g(p,<|))-l]  (29) 

between  <])'  and  (})  in  the  curved  portion  of  the  kink  during  band  broadening,  and  Eq.  (6b)  provides 

g^L  ^  cos(!)  ^sin(p-(l))1 

E  E  sin^cosp  cosP 


For  each  Xi/E,  the  maximum  strain  ti  can  now  be  found  by  maximizing  (28)  with  respect  to  (j)  in 
(0,  2P);  the  maximum  occurs  for  <{)>P,  giving  the  curves  shown  in  Fig.  (5).  Actually,  the  peak 
strain  occurs  so  close  to  the  point  where  (j)=P  that  these  results  are  indistinguishable  from  those 


given  by  explicit  formula 


(31) 


obtained  by  substituting  4)=P  in  Eqs.  (28-30). 


possible  for  a  given  fiber  breaking  strain.  For  example,  for  a  nominal  fracture  strain  Ef  of  1)4.%, 
fracture-free  band  broadening  with  P=30°  could  occur  only  for  less  than  the  unreasonably 


low  value  .0001;  but  for  Ef  =  2%  and  P=15”,  we  would  only  need  Xi/E  <  .00045. 


TRANSVERSE  KINK  PROPAGATION 


We  now  contemplate  a  kink  band  propagating  transversely  at  an  angle  P  across  a 
uniformly  compressed  specimen  (Fig.  6a)  into  an  unkinked  region.  Since  the  height  L  of  the 
specimen  is  finite,  the  inclined  kink  would  eventually  have  to  run  into  the  upper  edge  of  the 
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specimen.  But  we  presume  that  the  propagation  will  be  essentially  steady-state  under  constant 
end  shortening  A  as  long  as  the  kink  front  remains  far  from  the  boundaries.  Alternatively,  the 
analysis  that  follows  is  also  applicable  (perhaps  more  so)  to  the  horizontal  steady-state 
propagation  of  a  kink  band  inclined  at  P  in  the  thickness  direction  (Fig.  6b). 


We  must  now  partially  relinquish  the  assumption  of  fiber  inextensionality,  because  the 
elastic  shortening  of  the  composite  specimen  due  to  fiber  compression  is  likely  to  dominate  the 
shortening  Aiunk  associated  with  the  fiber  rotations,  which  occur  over  very  small  distances 
compared  with  the  specimen  length  L.  However,  far  back  from  the  leading  edge  of  the  kink,  the 
total  shortening  A  may  be  approximated  by 

A  =  a£)L  /  E  -i-  Ajjink  (32) 


where  an  is  the  downstream  boundary  stress,  E  is  the  composite  modulus,  and  Ajdnk  is  based  on 
the  inextensional,  one-dimensional  bending  theory  that  we  have  developed.  We  anticipate  that 
lock-up  will  occur  downstream,  and  therefore,  as  indicated  in  Fig.  6,  the  downstream  stress  an 
will  be  equal  to  the  broadening  stress  Ob.  The  downstream  shortening  Ajank  will  be  written  as  the 
sum 

Akink  =  ^bend  +  ^(1  “  C0S2|3)  (33) 

where  Abend  is  the  shortening  due  to  fiber  bending,  and  the  last  term  is  provided  by  the  rotation  of 
the  locked  portion  of  the  kink.  Then,  for  a  kink  propagating  statically  under  a  fixed  shortening  A, 
the  upstream  boundary  stress  Ou  tnust  satisfy 

auL/E  =  abL/E  + Abend +w(l-cos2p)  (34) 

During  steady  kink  propagation,  upstream  strain  energy  is  converted  to  downstream  strain 
energy  and  plastic  shear  dissipation.  Accordingly,  in  units  of  energy  per  unit  original  width,  per 
unit  composite  thickness 
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J^  =  J^+W„  +  W,+OtW(l-cos2|3)  (35) 

where  Wm  is  the  bending  strain  energy,  is  the  work  done  by  the  sliding  shear  stresses  in  the 
bent  portions  of  the  kink,  and  the  last  term  (see  Eq.  (22))  is  the  work  that  has  been  done  by  the 
shear  stress  Tl  in  the  locked  kink  segment  of  length  w.  We  can  eliminate  w  from  Eqs.  (34-35)  to 
get  the  result 

[2E 

+  W,  -  CbAb^nd)  (36) 

for  the  upstream  propagation  stress. 

To  make  this  explicit,  we  adopt  the  rigid-plastic  idealization  ts  ((}>)  =  The  shortening 


due  to  bending  is 


Abend  =2^(1 -cos  ()))ds  =2 


l-COS(j) 


■d(J) 


(37) 


lo  d(!)/ds 

and  making  use  of  the  nondimensionalization  (27)  as  well  as  the  connection  (29)  between  d(}>/dS 
and  ([)  leads  to 


Abend  —  ^ 

Similarly  (see  Eq.  (16))  we  have 

W 


E  (tanP 

2p 


^l-g(|3,(i))cos^P 
0  Vg(P,<t))-l 


■d(t) 


^  J  * d<|. 

A  n  ^  ^  ^ 


and 


s  S' 

w,  =  2'tLj|g(P,e)deds  =  2TL 


00 


d(j)/ds 


cosP  j^^M(2tanp) 


,3/2 


P 

I: 


d(j) 


47xi7E  J  .Jg(P,(|))-l 

0 


Putting  (38)-(40)  into  Eq.  (36)  yields  the  result 

Tl  'Cl  VLj  VeJ 
for  the  propagation  stress,  illustrated  in  Fig.  7  for  several  values  of  p. 


tanp 


fl! 


'|l/2 

|jVg(P,<{>)-l  d(t) 


(38) 


(39) 


(40) 


(41) 
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The  size  w  of  the  locked  part  of  the  downstream  kink  may  now  easily  be  found  from  Eq. 
(34).  For  the  range  of  parameters  in  Fig.  7,  w  does  indeed  turn  out  positive,  verifying  the 
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A  few  remarks  follow  about  these 
calculations  and  results,  before  we  discuss 
their  significance,  or  lack  thereof,  vis-a-vis 
design. 

(a)  An  asymptotic  approximation  to 
(41)  for  small  (3  gives 


sl/2 


where 


L 


dfx. 


T2J 


-3/2 


P 


3/4 


(42) 


(43) 


Remarkably,  if  we  retain  the  exact  result 
(24)  for  Gb  in  (42),  the  difference  from  the 
exact  answers  (41)  plotted  in  Fig.  7  stays 
well  under  1%  throughout  the  range  shown. 

(b)  The  small- P  results  for  A,  Wm  and  are 


Fig.  9  Maxwell  diagram  connecting  upstream  and 
_ downstream  states  during  kink  propagation. 


d  V  E  8  tLd  2  TLd  t'  \  ^ 

In  this  approximation  the  bending  strain  energy  is  one-fourth  the  work  of  shear  stress  in  the 
curved  part  of  the  kink;  the  exact  ratio  W„j/W.t  given  by  Eqs.  (39-40)  is  only  slightly  less  than  1/4 
at  P=30®.  It  can  be  verified  that  Eqs.  (36)  and  (44)  are  consistent  with  (42). 

(c)  The  calculation  of  Ou  on  the  basis  of  Eqs.  (34-35)  is  entirely  equivalent  to  that  implied 
by  the  Maxwell  stress-displacement  diagram  shown  schematically  in  Fig.  9.  The  dots  denote  the 
upstream  and  downstream  states  of  the  propagating  kink,  each  at  the  same  shortening  A, 
consistent  with  Eq.  (34).  Equality  of  the  shaded  regions  ensures  that  the  work  done  per  unit 
width  downstream  is  the  same  as  that  upstream,  as  specified  by  Eq.  (35). 

(d)  Locked  kink  widths  predicted  in  Fig.  8  for  steady-state  transverse  propagation  can  be 
much  greater  than  the  sizes  of  kink  segments  bounded  by  fiber  breaks  studied  by  Fleck  et  al 
(1995).  For  example,  'tL/E=.0008,  P=150,  and  d/L=10-^  give  w/d=48;  from  Reck  et  al  (1995),  we 
find  that  for  'ty/E=.0004  and  a  fiber  failure  strain  equal  to  .015,  the  broken-segment  size  is 
w/d=16. 

(e)  If  kinking  does  not  occur  until  a  shortening  A  larger  than  the  critical  value  auL/E  for 
steady  propagation  has  been  imposed,  we  can  expect  accelerating  transverse  kink  propagation 
under  this  fixed  A.  When  the  process  is  completed,  the  stress  will  have  dropped  to  ab,  and  a 
locked-up,  broadened  kink  can  be  expected  to  extend  transversely  across  the  full  width  of  the 
specimen.  The  size  of  the  locked  portion  of  the  kink  could  then  be  estimated  by 
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l-cos2P  l-cos2p 

(f)  We  have  so  far  ignored  the  possible  effects  of  testing-machine  compliance  in  the 
analysis  of  transverse  propagation.  This  extra  compliance  can  be  roughly  taken  into  account  by 
replacing  the  specimen  length  L,  wherever  it  appears  in  any  of  the  results,  by  a  larger  effective 
length  L'. 

DISCUSSION  AND  CONCLUDING  REMARKS 

It  will  not  have  escaped  the  reader's  attention  that  we  have  taken  the  kink  angle  p  as  a 
prescribed  quantity  in  our  treatments  of  both  band  broadening  and  transverse  propagation,  but 
have  said  nothing  about  how  P  is  to  be  chosen.  The  P  question  has  come  up  repeatedly  in  the 
literature,  and  suggestions  of  varying  degrees  of  plausibility  have  been  offered  to  predict  kink 
angles.  A  wide  variety  of  p's  have  acmally  been  observed,  and  simple  theoretical  criteria  for  P 
based  only  on  analyses  of  final,  uniform  kinked  states  are  not  promising.  Sutcliffe  and  Fleck 
(1997)  have  made  extensive  numerical  2D  finite  element  studies  of  kink  initiation,  evolution,  and 
propagation,  showing  clearly  how  kink  fronts  reorient  themselves  naturally  as  they  propagate  in 
order  to  point  in  stabilized  P  directions.  But  while  the  dependence  of  P  on  various  physical 
parameters  was  studied,  and  trends  discerned,  easy  recipes  are  not  yet  available.  So  in  the  present 
work,  we  leave  p  unspecified. 

But  this  may  not  matter  much  when  we  consider  what  roles  the  band-broadening  stress  or 
the  transverse  propagation  stress  might  play  in  design.  Because  both  are  deterministic  quantities, 
not  sensitive  to  initial  imperfections,  waviness,  or  notches,  it  is  enticing  to  adopt  one  or  the  other 
as  a  design  limit,  but  a  glance  at  their  magnitudes  is  sobering.  Assuming  P  <  20°,  we  could  say 
(Fig.  7)  that  kink  propagation  could  not  occur  if  we  kept  g/Tl  <  3.  But  this  would  constitute  a 
severe  restriction.  For  example,  take  'CL=2tY  andyY=.01;  then,  the  propagation  stress  a=6TY  is 
substantially  less  than  the  peak  kinking  stresses  Gc  =  16ty  given  by  Eq.  (3)  for  an  imperfection 
.^  =  3°.  This  is  just  an  example,  but  it  highlights  the  dilemma  facing  the  composites  designer;  he 
or  she  must  come  to  grips  with  the  statistics  and  control  of  imperfections,  echoing  the  similar 
situation  long  faced  by  engineers  who  must  design  shells  against  buckling.  Picking  Gu,  or  the 
even  lower  band-broadening  stress  Gb,  as  the  design  stress  is  unduly  conservative.  On  the  other 
hand,  the  availability  of  continued  deformation  at  the  band-broadening  stress  confers  a  welcome 
pseudo-ductility  on  the  composite  after  its  initial  kinking  stress  is  reached. 

Finally,  we  suggest  that  the  present  results  found  for  the  band-broadening  stress,  derived 
on  the  assumption  that  there  is  no  fiber  fracture,  remain  approximately  applicable  when  multiple 
fiber  fracture  occurs  (Fig.  3).  During  band  broadening  under  increasing  shortening,  the  applied 
stress  can  be  expected  to  oscillate  if  fibers  break  and  lock-up  proceeds  in  discrete  steps,  not 
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necessarily  in  unison  all  along  the  kink  band;  but  the  average  stress  during  broadening  should  be 
about  the  same  as  that  for  intact  fibers. 
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Singularities  in  bi-materials:  parametric 
study  of  an  isotropic/anisotropic  joint 
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Schmauder  (1989),  Kelly  et  al.  (1992).  Reedy  (1993).  The  study  has  been  extended  to 
anisotropic  layers  by  Leguillon  and  Sanchez  Palencia  (1987)  using  a  numerical  method 
and  then  by  Desmorat  (1996)  who  derives  the  clo.sed-form  fields.  The  main  results  of 
these  studies  is  that  the  singular  fields  for  displacement  and  stress  can  be  expressed  as 
a  function  of  the  polar  coordinates  r  -  6  &&  (vectors  are  represented  by  bold  characters 
and  tensors  are  underlined): 

(1)  u  =  hr^g{e),  a  =  hr^-'^F{e) 

where  the  singularity  exponent  6  is  the  solution  of  an  eigenvalue  problem  defined  by 
the  boundary  conditions  close  to  the  tip.  The  intensity  factor  h  of  the  problem  depends 
on  the  external  load  and  the  geometry  of  the  structure.  Obviously  for  cracks  in  isotropic 
materials,  6  =  0.5  and  h  is  the  stress  intensity  factor  K.  For  interfacial  cracks  between 
dissimilar  materials  (Rice,  1988),  <5  =  0.5  +  ie  where  e  is  the  oscillatory  index.  For 
interfacial  cracks,  s  is  generally  small  and  has  a  very  localized  effect  at  the  crack  tip  on 
a  scale  smaller  than  the  scale  of  the  occurrence  of  plasticity. 

A  knowledge  of  the  existence  and  the  strength  of  a  singularity  is  important  in  FE 
computations  because  it  is  easy  to  misjudge  a  singularity  as  a  stress  concentration 
even  with  a  refined  mesh  of  the  zone  close  to  the  singular  corner.  The  singular  fields 
also  provide  a  means  of  obtaining  additional  information  about  the  stress,  strain  and 
displacement  fields  by  using  the  theoretical  singular  solution  as  an  input  to  a  vers 
detailed  FE  computation  (Me  Meeking,  1977). 

In  the  present  paper,  we  will  focus  on  joints  consisting  of  anisotropic  layers  and 
particularly  on  the  composite  joint  described  in  Figure  2  when  a  bar  of  metal  matrix 
composite  (MMC)  is  embedded  in  a  uniform  isotropic  metal.  For  our  application  the 
MMC  considered  is  the  AL2O3/AI  composite  (materials  properties  in  appendix),  with  the 
direction  of  the  fibers  coinciding  with  the  longitudinal  direction  of  the  bar.  The  isotropic 
metallic  joint  is  an  aluminium  alloy  (Young’s  modulus  Ea  =  70  GPa,  Poison’s  ratio 
i^A  =  0.3).  The  geometry  of  the  joint  is  a  particular  case  of  Figure  1  with  an  isotropic 
layer  A  and  with  6  =  180°C. 

The  closed-form  singular  expression  of  the  stress  and  displacement  fields  is  derived 
from  an  anisotropic  complex  potential  method  in  plane  elasticity.  Generalized  Dundurs 
parameters  are  introduced  for  joints  consisting  of  two  orthotropic  layers.  The  exponent 
6  IS  shown  to  be  the  solution  of  an  eigenvalue  problem  and  is  the  root  of  a  nonlinear 
equation.  The  intensity  factor  h  may  be  derived  from  a  path-independent  integral  using 
the  reciprocal  elastic  theorem  and  a  singular  function  (Stem  and  Soni,  1976;  Babuska 
and  Miller,  1984;  Leguillon  and  Sanchez-Palencia,  1987).  The  expression  for’/i  will  be 
derived  in  the  present  analysis,  but  its  evaluation  is  left  to  a  later  paper. 

1.1.  Inte.nsity  factor  a.nd  mixed  modes 

As  it  is  for  the  crack  problem,  the  intensity  factors  are  defined  for  each  mode.  1  or  2  as: 

=  fi-i-  lini 
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The  factors  kj  play  a  role  similar  to  that  of  the  stress  intensity  factors  kj  of  interfacial 
crack  problems  (Rice,  1988),  with  the  same  property  of  mixed  modes  as  we  will  see 
later.  The  factors  hi  and  /12  are  related  to  the  global  intensity  factor  h  for  which  the 
dependence  on  the  structure  size  L  and  the  applied  load  acc  is  given  by  Reedy  (1990): 

k,  =  \Jh\  +  h\  =  haocL^~^ 

where  ft  is  a  dimensionless  shape  factor.  The  mixity  angle  ih  is  classically  defined  as: 

(4)  tan  vj  =  — 

fti 

and  is  not  size  dependent. 


1.2.  Dundurs  parameters 


Following  Dundurs  (1967, 1969)  for  bi-materials  composed  of  elastic  isotropic  layers  A 
and  B  with  in-plane  loading  and  no  applied  displacement  (Fig.  1),  the  material  parameters 
which  define  the  stress  field  are  reduced  to  two  Dundurs  parameters  Oiso,  Aso  defined  as: 


(5) 


_  r(i  Kjj)  1  Kb  _  r(Kyi  —  1)  —  Kb  -f  1 

r(i-f-K;.A) -n-t-Ks’  ~  r(i  +  ka)  +  i  +  kb 


where  T  is  the  ratio  of  the  shear  moduli  Gb  /Ga  and  k  is  the  plane  deformation  parameter, 
—  3  —  41^  for  plane  strain  and  «  =  (3  —  v)/{l  -F  t/)  for  plane  stress  state,  u  being  the 
Poisson  s  ratio.  With  these  notations,  the  value  of  the  oscillatory  index  e  is  given  by: 


(6) 


Dundurs  Parameters 

a  _r(l^-K,)-l-K. 

r(i<-K„)+i-t-K, 

p  _  -i)-K.  fi 


r 


K 


3-v 

1+v 


(plane  >lmu) 


k=:3~4v  (pJwwnwin) 


Fig.  1.  -  Bi-material  consisting  of  layers  A  and  B:  local  geometry  and  Dundurs  parameters. 


EUROPEAN  JOURNAL  OF  MECHANICS.  A/SOUDS,  VOL.  16,  N®  5,  1997 


4 


R  DESMORAT  AND  F  A.  LECKIi; 


For  pairs  of  materials  with  the  same  Poisson’s  ratio,  k.j  =  ko  =  k.  the  relationship 
between  the  mismatch  parameters  is  simply  3, so  =  q,so(«  -  !)/(«  -h  1).  It  is  illustrated 
by  Schmauder  (1986)  and  Kelly  et  al  (1992)  that  two  large  classes  of  joints  exists  for 
which  either: 

(7)  a)  3isc^0  or  b)  Aso  =  ^ 

4 

depending  on  the  material  combinations.  This  means  for  such  circumstances  the  number 
of  independent  material  parameters  can  be  reduced  to  one. 

2.  The  complex  potential  method  for  anisotropic  elasticity  or  L.E.S.  representation 
-  in-plane  loading 

The  complex  potentials  for  anisotropic  bodies  have  been  introduced  by  Lekhnit- 
skii  (1963),  Eshelby  et  al.  (1953),  Stroh  (1958)  and  summarized  by  Suo  (1990).  For 
convenience  the  works  of  Lekhnitskii,  Eshelby  and  Stroh  are  referenced  to  as  the  (L.E.S.) 
representation.  The  complex  potentials  formally  satisfy  the  equilibrium,  the  compatibility 
equations  and  the  elastic  stress/strain  laws  but  the  specific  form  of  the  solution  is  sained 
by  matching  boundary  conditions. 

For  a  general  anisotropic  material  the  elastic  behavior  may  be  written  as  a  linear 
relationship  between  the  generalized  strains  £  and  stress  a: 

C  G 

(8)  =  or  o,  =  Ylc,j£j 

j=i  r=i 

with  the  standard  notations, 

(9)  {£)•}  =  [eii,  £22,  £33,723  ,  731  ,7i2]^,  {a,}  =  [an,  aaz,  azz,a2z  .asi  .an]^ 

(■)7  being  the  transpose.  The  6x6  matrices  [c,yj  and  [s,y]  are  the  compliance  and 
stiffness  matrices  respectively. 

For  two  dimensional  problems  with  in-plane  loading  of  orthotropic  materials,  the 
strains  and  stresses  reduce  to: 

(10)  =  [^11,  £22,  712]^,  {a,}  =  [an,  <^22,  ^12]^ 

where  [c,j]  and  [s;j]  are, 

/cii  C12  0  \  /.s,,  .s,2  0  \ 

(11)  [C';]  =  I  £12  c-22  0  1.  I  £12  •'>■22  0  j 

\  0  0  COG  /  V  0  0  ••>0.:,  / 

For  an  isotropic  material  under  plane  stress  or  plane  strain  deformation.  .«;]  =  .m>  = 

(1  ■+  k)/8  G.  .si2  =  (k  -  3)/8G  and  .see  =  1,/G. 
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For  the  in-plane  loading  condition,  the  elastic  field  may  be  represented  by  two 
holomorphic  functions  fi(zi)  and  f2{z2),  where, 

(12)  zj=x  +  fijy 

are  the  complex  coordinates  (for  orthotropic  materials  these  two  coordinates  are  usually 
different).  The  complex  numbers  fj,j  depend  on  the  materials  properties.  The  means  of 
obtaining  those  numbers  have  been  proposed  by  Eshelby  et  al.  (1953)  and  Lekhnitskii 
(1963)  and  are  summarized  by  Suo  (1990).  For  onhotropic  materials.  are  the  roots 
with  positive  imaginary  part  of  the  fourth  order  equation. 

(13)  +  2pAi^V^  +  1  =  0 


which  is  valid  for  both  plane  stress  and  plane  strain  states.  For  plane  stress,  the  constants 
A  and  p  which  measure  the  material  anisotropy  are  given  by: 


(14)-  -  7^’  P  =  ^(2512  -f  S66)(snS22) 

^22  ^ 

General  expressions  for  the  complex  numbers  are 


(15) 


where. 


p.i=iX~^{n  +  m),  p.2  =  + 

Pi  =  A“  <  {in  +  rn),  p2  =  A~  <  {in  -1-  m) 
Pi  =  P2  =  iX~* 


for  1  <  p  <  oc 
for  -1  <  p  <  1 
for  p  =  1 


(16) 


'1 , 

1/2 

1 1 

1/2 

n  = 

2(1  +  P)_ 

,  m  = 

l^d-p) 

The  positiveness  of  the  strain  energy  requires  that  A  >  0  and  -1  <  p  <  oc.  For 
isotropic  materials.  A  =  p  =  1.  =  ;li2  =  t.  Plane  strain  deformation  can  be  treated 

by  a  simple  change  of  compliance  with; 


(17) 


S,j 


*'33 


The  value  of  the  different  parameters  of  the  FP/Al  layer  {see  appendix)  shown  in 
Figure  2  for  a  plane  strain  state  are: 


(18)  A  =  0.699,  p  =  1.388,  pi  =  1.676i,  /12  =  0.714i 

The  displacements  u,  stresses  a  and  resultant  forces  on  an  arc  T  (the  medium  being 
kept  on  the  left  hand  side  as  the  observer  travel  in  the  positive  direction  of  the  arc, 
Fig.  1)  can  be  derived  from  the  complex  potentials  and  are: 


(  ^  '1 

(19) 

u,  =  2Re\'£AijMzj)\, 

Ti  =  — 2Re<  ^^Lijfj{zj)  7 

'-7=1  J 

S=i  J 
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Uniform  isotropic  metal 


Applied  Stress 


2.  —  MMC  Joint:  bar  of  FP/AI  embedded  in  an  aluminium  body. 

(20)  a2.  =  2Re|f:  rr,.  = 

S=i  '•j=i 

where  /'  is  the  derivative  of  f.  For  arbitrary  anisotropic  materials,  seneral  expressions 
for  A  and  L  are  given  by  Lekhnitskii  (1963).  For  orthotropic  materiaFs.  they  simplify  as: 


(21) 


A=  [  ,  S22 

~  \  S21A1  +  - 

\ 


(  snii] 


512 

sn 


SllJi2  +  51 
2 

S2'>^ 


I)' 


-/'2 

1 


(21) 


B  =  iAL-^  = 


In  order  to  define  the  stress  and  displacement  field  for  isotropic  materials  (Stroh. 
1958)  introduced  the  connection  between  the  (L.E.S.)  and  isotropic  complex  potentials 
(Muskhelishvili,  1963)  by  the  means  of  the  positive  hermitian  matrix 

r-i  ^  (  2nA^/‘‘(siiS22)’''^  i[(5iisi2)’/^ +  S12]' 

y— l[(5n5i2)^^^  +  S12]  2nA^/‘*(sil522)^^^ 

which  comes  from  the  (L.E.S.)  representation  but  remains  defined  for  isotropy.  We  will 
later  use  the  B  matrices  to  derive  the  generalized  Dundurs  parameters. 

For  isotropic  materials,  p  =  1  and  the  matrices  A  and  L  of  eq.  (16)-(17)  can  no  longer 
be  inverted.  In  this  circumstance,  another  complex  representation  has  to  be  considered 
(Suo  er  al.  1990).  The  connection  between  both  degenerate  and  anisotropic  stress  field 
is  done  in  paragraph  4.4. 


3.  Bi-material  matrices  and  generalized  Dundurs  parameters 

For  joints  consisting  of  two  orthotropic  layers  A  and  B  {Fig.  I).  two  bi-materi:il 
matrices  H_  and  G,  which  are  hermitian.  positive-definite  and  involve  material  elastic 
constants  of  both  layers  are  defined  as: 

iL  —  M.A  B_ij .  G  =  ^  ^ 
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For  a  pair  of  materials  with  symmetries  as  high  as  those  defining  orthotropy, 
the  expression  of  the  ff-matrix  simplifies  and  reveals  the  constant  /?  which  is  the 
generalization  of  the  second  Dundurs  parameter  (Suo,  1990), 


H  =  Hn 


Hu  -  [2nA^/'‘(snS22)^''^i.4  +  [2nA^/'‘(siiS22)’''']z? 

.  H22  =  [2nA-i/^(siiS22)^^-].4  +  [2nA-’/-<(.sii.s2,)’''-]fl 

25)  3  =  [(^11^12)^^^  +  ^22]fl  -  [(ausi2)^''-  +S12I.4 

(HnH22y/^- 

For  orthotropic  materials,  the  second  b-material  matrix  G  becomes  (Eq  23)- 

..J  ' 


where  two  additional  generalized  Dundurs  parameters  qi,  ©2  appear.  They  reduce  to 
ai.,„  when  both  A  and  5  are  isotropic.  A  fourth  parameter  x  =  H22IHU  also  appears 
in  the  expressions  of  H  and  G  which  reduces  to  unity  for  isotropic  layers.  For  the 
orthotropic  bimaterial,  we  define 

(27)  n,  =  -  [2nA^/'‘(siisi2)^/^l4 


(28)  02  =  ^'^‘*(^11^12)^'^-]^  -  [2nA~^/^(sn3i2)^^'^].4 

Hn 

Generally  for  orthotropic  materials  is  close  to  unity  (for  the  FP/Al  A^/'‘  =  0.9l.j). 
and  thus  the  parameters  qj  and  02  are  almost  equal,  leading  to  y  «  1.  and  may  be 
approximated  by  a  mean  value  a.  The  expression  for  a  is  the  average  value  of  qi  and  o >, 

(29)  a  =  [n(A^/^  +  A-V^)(s„si2)^/^b-f2n(AV^  +  A-V4)(5„,j,)i/2] , 

Hu 

and  using  A^/^  +  A~^/^  a;  2  gives  the  simpler  form  which  be  used  in  the  followin'^ 
development:  ® 

(30)  a  =  -  27i.,4(siisi2)y^ 

^11 
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This  expression  for  q  and  those  for  aj.  a,  3  reduce  naturally  for  isotropic  laves  lo 
the  corresponding  classical  mismatch  parameters  a.,o.  3,,,.  ' 

Let  us  consider  now  the  condition  when  ^  is  isotropic  B  is  isotropic.  Then  the  matrix 
5,  and  the  expression  of  £  and  G  (Eq.  27  and  26)  remain  valid,  with  the  equality. 

(31)  [2nA'/-‘(s„Si2)V2]^  ^  [2nX-y\snsi2)^''^U  =  (1  +«4)/4G.4 

The  generalized  Dundurs  parameters  for  the  joint  qi.  ^2  are  still  given  by  Eq.  (27)-(28) 


(32) 


V  -  ^22  , 

X  -  -  1  +  a2  -  a] 


In  case  of  two  isotropic  layers  A  and  B  Eq.  (32)  becomes  ^  =  1,  with  qj  =  az  = 

®  ~  Qliso- 


4.  Singular  solutions  for  corners  in  bi-materials 

We  now  consider  the  singularities  in  stre.ss  and  strain  which  occur  when  a  corner  is 
forrned  with  two  completely  anisotropic  elastic  materials  .-1  and  B  {Fi"  I )  Perfeci 
bonding  between  and  B  is  assumed. 

For  general  anisotropy,  the  most  general  expressions  for  the  matrices  A  and  B  have 
to  be  considered.  For  the  particular  case  of  orthotropic  layers.  A  and  B  are  defined  bv 

s.2d(  “ "" '' 

The  singular  solutions  exhibit  a  major  term  close  to  the  singular  point  5  for  which 
he  tresses  are  proport, onal  to  and  the  displacements  to  In  case  of  complex  ,5. 
the  teal  part  of  the  expressions  containing  6  is  selected  in  order  to  give  real  fields  The 

•mfsma  L-1hf  ^TT  '  --- 

und  smalle.  th^  1  for  the  stress  field  to  be  singular.  Us  value  depends  on  the  local 

^eometiy  (by  the  angles  a  and  b)  and  on  the  material  properties  of  each  layer  (by  the 
5  L""oMhe  form  O'-  materials  i  and 

(32)  A^(zf)  =  <^^.(zff 

T  introducing  four  real  constants  to  be 

determ  ned  for  each  component  of  the  joint.  They  are  related  to  the  normalizino  ft.facor 
(bq.  1).  Using  polar  coordinates,  the  complex  coordinates  are  (Eq.  12): 

(34)  =  ,(cos  &  +  sin  ^1.  zf  =  r(cos  ^  sin  ff] 

Defining  for  each  layer: 


(35) 


#-[©1.02]^.  1  =  diagfei.  22].  f=[/i./_’: 


jr 
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then  the  complex  potentials  may  be  represented  by  the  vector: 

(36)  f  = 

The  various  field  quantities  are  now  from  Eq.  (16); 

(37)  u={ui}=^f  +  2f  = 


(38)  -T  ^  {-Ti}  =  Lf  +  Lf  =  +  LT  ^ 

4.1.  Singularity  exponent  as  an  eigenvalue  problem 

It  proves  convenient  to  introduce  the  2  x  2  matrices  X,  Y,  1,  0  defined  by 

(39)  X  =  LZ^L-\  Y  =  xr"x,  0  = 

The  equilibrium  and  the  compatibility  equations  are  automatically  satisfied  by  Eq.  (37)- 
(38).  The  boundary  conditions  of  the  joint  of  Figure  I  are  of  two  kinds.  At  the  free 
surfaces  where  6  =  a  and  6  =  -6.  T  =  0  and  since  the  interface  I  is  assumed  fully 
bonded,  u.^  =  and  T.4  =  Tc  for  0  =  0.  The  application  of  these  conditions  leads 
to  a  set  of  linear  equations  which  can  be  written: 

(40)  K(6)V  =  0 


X  is  an  8  X  8  matrix  depending  on  the  matrix  B^,  Bg,  Y_^  =  Y_($  =  a,  6), 
Y_b  =  YiS  =  h,  S)  and  V  depends  on  8  real  constants  to  be  determined. 


(Ya  1  Q  0  \ 

({mA\ 

K  = 

0  Q  1 

,  v  = 

(i^).4 

i  i  -1  -i 

—B_^  —S.D  S.D  ) 

\(L^)b  / 

The  matrices  Y  generally  depends  on  the  angle  a  (or  -b),  the  exponent  6  and  on  the 
complex  numbers  Hk  of  the  considered  layer.  From  Eq.  (39), 


Ya  =  LA{ZAi^)r^L^^LAiZAia)r^L-2\ 

Yd  =  In(lDi-b))-^Z~D^Lg{Zg{-b))-^L-^^ 


The  search  of  nontrivial  solution  leads  to  an  eigenvalues  problem  which  gives  the 
singularity  exponent  6  as  the  smallest  positive  root  of  det  X((5)  =  0.  By  defining 


(43) 


{L^)a  {L^)d 

h  h 
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ii  is  possible  to  reduce  the  size  of  the  determinant  from  8  x  8  to  2  x  2,  the  eigenvalues 
problem  (40)-(41)  becoming 

(44)  =  0,  y  4V  +  V  =  0 
where  ^  is  the  2  x  2  matrix  defined  by 

(45)  A  =  B,  + 1.4 y  4  -  do  -f  loZo!  •  (1  -  ye)"'  ■  (i  - 14  ) 

and  the  singularity  exponent  is  now  found  as  the  smallest  positive  mot  of  the  2  x  2 
determinant: 

(46)  det^((5)=0 

For  each  layer,  B  and  Y_  are  functions  of  the  stiffness  sn,  S22,  sn,  sec-  Thus, 
the  singularity  exponent  6  depends  on  8  material  parameters  (for  a  bi-material)  when 
the  geometry  is  represented  by  the  two  angles  a  and  b.  Singular  solutions  also  exist 
for  which  5*  <  0  and  use  shall  be  of  one  of  them  later  to  determine  the  h-factor.  It 
should  be  noticed  that  if  (5  is  a  solution  then  6"  =  —6  is  also  a  solution  (Leguillon 
and  Sanchez-Palencia,  1987). 

If  the  composite  joint  consists  of  a  pair  of  isotropic  materials,  or  if  just  one  of  them 
is  isotropic,  Eq.  (45)-(46)  still  define  the  singular  exponent  6.  This  will  be  justified  by 
unifying  the  writing  of  the  boundary  conditions  at  the  interface  for  both  isotropic  and 
anisotropic  representations  (paragraph  4.4). 

4.2.  Determination  of  the  eigenmode 

The  complex  eigenvector  v  solution  of  Eq.  (44)  is  found  by  solving  the  eigenvalue 
problem: 

(47)  ^  •  [1  -  (114  -!)-'•  (1:4  +  1)]  •  Re{v}  =  0 

where  Re{v}  means  the  real  part  of  v.  The  imaginary  part  is  then  given  by 

(48)  Im{v}  =  i{Y^  -  1)-’  ■  (y4  +  1) .  Re{v} 

We  normalize  v  by  considering  the  definition  of  the  intensity  factor  h  (Eq.  2-3)  as 
well  as  the  expressions  of  the  stresses  at  the  interface  (Eq.  20  with  9  =  0).  This  ends  up 
to  ||Re{v}||l/2(5.  The  eigenvector  w  is  finally  found  to  be: 

(49)  w  =  (i-yo)-’-(i-n)v 

It  should  also  be  noticed  that  the  mixity  angle  is  a  function  of  the  singularity  exponent, 
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4.3.  Stresses  a.nd  displacements  in  anisotropic  layers 

The  knowlegde  of  the  eigenvector  v  directly  leads  to  the  determination  of  ihe  comple.\ 
potentials  f.  From  Eq.  (36)  and  (43), 

(51)  w 

We  get  the  closed-form  expression  of  the  vector  g  and  the  tensor  F  for  each  layer 
from  Eq.  (19)-(20).  We  only  give  here  the  full  results  for  material  B,  because  those  for 
A  are  found  by  replacing  w  by  v  (for  convenience  the  subscripts  B  are  omitted), 


(52) 

g  =  2Re{AZ_  L  ^w} 

(53) 

Fii  =25Re{(Ll^“^L-iw)i} 

(54) 

F2i  =  -25Re{(LMl*“^  w), 

with  Z_  =  diag  [cos  ^  -I-  /rj  sin  cos  6  +  fjL2  sin  d],  fi  =  diag  [fii ,  pa] • 

For  isotropic  layers  the  Muskhelishvili’s  formulation  has  to  be  considered.  The  related 
isotropic  potentials  complex  are  derived  in  next  paragraph. 

4.4.  Degenerate  case  and  isotropy 

For  the  degenerate  case  when  p  =  1  (which  includes  isotropy  when  A  =  «  =  1 ).  the 
complex  numbers  pj  are  double  roots  of  Eq.  (13)  and  the  complex  coordinates  reduce 
to  the  single  value, 

(55)  + 

Furthermore  the  matrices  A  and  L  of  Eq.  (21)  can  no  longer  be  inverted,  so  that 
the  L.E.S.  representation  is  unable  to  define  the  various  fields.  In  this  circumstance, 
another  complex  representation  may  be  used.  It  was  introduced  for  layers  with  p  =  1 
and  is  the  basis  of  the  rescaling  method  introduced  by  Suo  et  al.  (1990a)  in  order 
to  convert  an  anisotropic  elasticity  problem  to  an  equivalent  isotropic  problem.  The 
resulting  complex  potential  formulation  is  analogous  to  Mushkhelishvili’s  representation 
and  the  holomorphic  functions  ^(z)  and  n(z)  define  the  displacements  u,  stresses  a 
and  resultant  forces  as  follow; 

(56)  +  022  =  4Re{u)'} 

(57)  0'22  ~  -f  2zA^'^^cri2  =  2\ziJ'  -I- 

(58)  2G(ui  -h  i\^^^U2)  =  —  zUj  —  fl 

(59)  z(A^^^ri  -I-  iTi)  =  uj  +  zuf  -i-  ft 
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where  (■)  is  the  conjugate  and  the  isotropically  equivalent  shear  modulus  G  and  plane 
deformation  parameter  it  are  defined  for  plane  stress  by: 

(60) 

^  _  _1_  _ _ 1 _  1  -i-  K  _ 

SGG  2((sii522)^^“  -  Sl2  4  (-Sll  522  -  Si’  s’CG 

and  their  value  for  plane  strain  are  obtained  by  the  change  of  compliance  of  Eq.  (14).  For 
isotropic  materials  we  need  to  find  the  complex  potentials  u}{z)  and  fl(z)  corresponding 
to  a  stress  singularity  of  exponent  6—1.  These  potentials  have  the  following  form, 

(61) 

■  Knowing  that  the  L.E.S.  representation  gives  the  correct  boundary  conditions  even 
for  isotropic  layers,  we  Just  have  to  match  those  at  the  interface  for  both  methods, 
anisotropic  and  isotropic.  Along  the  interface  /,  the  displacements  and  resultant  forces 
can  be  rewritten  as  (z  >  0):  ■ 


(62) 

u  =  —ihx^{By  -  Bv, 

T  =  -/ix*(v  =  v) 

anisotropic 

(63) 

u  =  /iz^(£b+£b, 

T  =  /iz*(Cb  +  Cb 

isotropic 

where: 

(64) 

1  f  i  \ 

-"2  +  -0 

-6  -n 

+  6  -i ) 

Matching  displacements  and  forces  of  both  methods  gives: 

(65)  b  =  •  [(C~'  -  iDr^B)v  +  +  iDr^B)V] 

Finally,  for  an  isotropic  layer,  g  and  F_  are  such  as: 

(66)  2G(pi  +  igo)  =  Kbie'-'*  - 

(67)  Fn  +  f22  =  26(6ie'"'-'>''  +  (ftie"'''-' 

(68)  F22  -  fii  +  2iFn  =  26{(6  -  l)(6ie‘'^-^'*'  -F  (620''''“^'") 
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Thus,  we  verify  here  that  for  isotropic  materials  (or  degenerate  materials  if  only  p  =  1) 
the  elastic  solution  may  be  gained  by  using  the  anisotropic  complex  representation  in 
order  to  derive  the  eigenvalue  problem  based  on  the  boundary  conditions.  By  using  the 
degenerate  representation  (56)-(59),  we  obtain  the  stress  and  displacement  fields. 

4.5.  Remark  on  the  limiting  case  of  a  crack 

The  singular  solution  at  a  crack  tip  between  two  dissimilar  anisotropic  elastic  materials 
is  obtained  here  as  the  limiting  case  of  the  comer  problem,  with  a  =  -6  =  tt.  The 
eisenvalue  problem  to  be  considered  is  still  (44),  but  the  matrix  A  can  be  expressed 
in'^  terms  of  bi-material  matrices:  A  =  +  as  shown  by  Suo  (1990)  who 

completened  the  stress  analysis. 

For  a  crack  between  orthotropic  materials,  the  oscillatory  index  e  has  formally  the 
same  expression  as  for  the  isotropic  case  (Eq.  6),  where  /3iso  is  replaced  by  its  orthotropic 
generalization  /?.  For  a  crack  between  aluminum  and  FP/Al  the  value  is  s  =  0.035. 

5.  Composite  joint 

The  expressions  which  have  been  developed  are  now  applied  to  the  jcnni  gcimetry 
shown  in  Figure  2  which  consists  of  a  bar  of  the  MMC  FP/AL  (materia!  B)  embedded 
in  a  body  of  aluminium  (material  A).  The  loading  is  assumed  to  be  in-plane  (tiaction 
on  the  bar  with  an  applied  stress  ctoc)  and  we  will  consider  a  plane  strain  state.  The 
desisn  parameters  are  the  elastic  properties  of  each  layer,  the  global  geometry  of  the 
joint,  defined  by  the  inclination  angle  o,  the  embedded  length  L,  the  thickness  of  the  bar 
and  the  total  length  of  the  aluminium  body. 

In  the  particular  case  of  this  joint,  6  =  tt,  we  show  here  that  the  singularity  exponent 
is  a  function  of  only  the  3  generalized  Dundurs  parameters  oi,  az.  P-  Furthermore,  for 
most  material  combinations  they  may  be  reduced  to  a  single  parameter. 

Several  different  type  of  failure  have  been  observed  (Zok  et  al,  1995): 

(i)  Interfacial  cracks  may  initiate  et  any  of  the  singular  point  S,  S',  S",  leading  to 
failure  by  delamination  of  the  joint  interface, 

(ii)  Damage  may  be  induced  in  the  composite  B,  leading  to  a  crack  starting  at  the 
comer  5  and  propagating  normally  to  the  interface  I, 

(iii)  Global  failure  of  the  butt  joint  by  delamination,  ductile  failure  at  the  right  hand 
end  of  the  MMC  or  by  void  growth  inside  the  plain  metal  close  to  the  end. 

We  will  focus  on  the  design  of  the  inclined  part  for  which  a  failure  type  (i)  or  (ii)  may 
occur.  The  singularity  comer  5  is  taken  as  the  origin.  The  design  parameters  then  reduce 
to  the  single  value  of  the  angle  a.  since  b  is  now  equal  to  tt.  The  same  study  could  be 
done  for  the  other  singularity  corners  S'  and  S". 

5.1.  Use  of  the  ge.neralized  Dundurs  parameters 

The  singularity  exponent  for  the  composite  joint  is  given  by  Eq.  (45)-(46).  but  the 
expression  of  A  can  be  simplified.  Because  of  the  free  edge  at  6  =  — rr,  zf  and  z-f  are 
both  equal  to  x  -  re~‘~  and  the  expression  of  the  matrix  Yg  (Eq.  42)  becomes. 

(69)  =  =  = 
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For  any  other  angle  than  b  =  n,  the  imaginary  parts  of  the  complex  coordinates  zf 
and  do  not  vanish  and  the  two  parameters  /rf  and  /xf  have  to  be  taken  into  account. 
The  material  A  being  isotropic,  ^  is  defined  as  the  limit  of  Eq.  (42)  for  — »  i  and 
only  depends  on  the  angle  a  and  the  exponent  6, 


(70) 


Y  —  2‘^a  ~  2s^<5^  +  2iSsc  2zi5(l  —  6)s^  N 

^  ®  I,  2i<5(l  +  6)s^  1  -  2s^5^  -  2i6sc  ) 


where  c.  =  cost;,  .s  =  sin  a.  For  the  composite  joint,  with  h  =  -.  the  matrix  A  mav  he 
now  expressed  in  terms  of  bi-materials  matrices  {H_.  G)  and  reduces  to 


(71) 


l-e 


l,tT. 


The  matrix  as  well  as  the  expressions  of  H_  and  G  (Eq.  24  and  26)  remain  valid 
for  an  isotropic  material  A.  Equations  (24),  (26),  (32)  show  that  the  matrix  A/Hy}  is  a 
function  of  the  exponent  6,  of  the  angle  a  and  of  the  3  generalized  Dundurs  parameters. 
Thus,  from  det  ^  =  0,  the  singularity  exponent  6  only  on  aj,  02,  0  and  a. 


5.2.  Parametric  study  of  the  singularity  exponent 


For  orthotropic  MMC’$,  is  generally  close  to  unity,  so  that  the  parameters  oi 
and  Q2  are  alsmost  equal  to  q.  It  means  that  the  singularity  exponent  depends  roughly 
on  the  two  parameters  a  and  d  (Eq.  25  and  30).  For  the  Al-FP/Al  joint  (of  the  category 
for  which  3  »  q/4). 


(72)  Qi  = -0.442.  Q2  = -0.387.  q  = -0.416.  3  =  -0.100 

The  fact  that  layer  B  is  a  bar  (and  that  zfzf  =  2  for  0  =  — tt)  has  played  a  major  role 
in  the  simplification  in  the  number  of  independent  parameters  of  the  eigenvalue  problem. 
For  the  case  of  two  orthotropic  materials  bonded  together  with  the  local  geometry 
generally  defined  by  the  angles  a  and  6,  the  singularity  exponent  was  a  function  of  8 
independent  material  parameters  (6  if  layer  A  is  isotropic).  For  the  composite  joint  with 
A  isotropic  and  b  =  180°,  0  is  a  function  only  of  3  generalized  Dundurs  parameters, 
and  in  most  cases  only  of  a  and  0  or  if  we  assume  the  relation  /?  =  q/4  of  the  single 
Q  {Fig.  3).  This  reduction  is  of  course  helpful  for  designing  the  joint  and  makes  the 
parametric  study  quite  simple. 
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a  =  90”,  b  =  180” 


Figure  4  illustrates  the  various  of  the  singularity  exponent  for  the  composite  joint  as 
a  function  of  the  angle  a  for  the  exact  value  of  the'  generalized  Dundurs  parameters  and 
for  their  approximate  value  qi  «  <12  ~  Another  way  to  represent  the  result  is  to  piot 
the  isovalue  of  6  in  the  cx-ji  plane  for  different  angles  a  (Fig.  3,  a  =  90°).  For  any 
positive  a  or  any  positive  /3  it  can  be  seen  that  the  comer  almost  behaves  as  a  crack 
{6  «  0.5).  The  ci-approximation  makes  it  possible  to  use  pre-existing  results  of  isotropic 
layers  joints  (see  for  instance  the  review  done  by  Kelly  (1992)  in  the  aiso-Aso  plane). 
The  correct  value  of  the  singularity  exponent  for  joints  with  =  tt  will  be  found  by 
replacing  aiso  by  a  and  Aso  by  0. 


angle  a 

Fig.  4.  -  Singulariiy  Exponent  6  vs  Angle  a  (o  =  —0.416.  J  =  -0.109. 


By  considering  the  general  properties  0  x  0 . 0  ~  a/4  valid  for  most  of  the  joints 
of  dissimilar  materials,  we  can  plot  the  curve  Singularity  Exponent  versus  Angle  a  tor 
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different  values  of  the  parameter  a  =  [—0.75,  —0.5,  -0.25,  0,  0.25,  0.5,  0.75]  (Fig.  5). 
It  shows  that  the  singularity  exponent  depends  mostly  (for  a  given  geometry)  on  the 
single  material  parameter  a.  For  angles  smaller  then  90°,  the  value  of  6  decreases  almost 
linearly  and  for  angles  larger  then  90°,  the  singular  behavior  is  almost  the  same  as  that 
for  a  crack  6  «  0.5). 


(a)  M 


(b)  P=ot/4 


Fig.  5.  -  Exponent  6  vs  Angle  a  curves  for  different  value  of  o  and  J  (with  h  =  IXO**'). 

6.  Determination  of  h:  the  tt;-integral 

Considering  two  solutions  of  an  elasticity  problem,  displacements  u",  u^'.  associated 
stresses  £“,  £^,  satisfying  the  same  boundary  conditions  but  obtained  by  different  methods, 
one  of  which  may  come  from  a  global  finite  element  solution  and  the  other  from  the  study 
of  the  singular  solution,  the  difference  of  stored  energy  PF"  —  PF*'  in  the  body  f)  (Fig.  1) 
due  to  these  different  solutions  may  be  expressed  as  a  path  independent  integral  form: 

PP^”  —  PF^^  =  'il)(u‘‘ ,  u'^)  =  -  f  (q°n  •  u**  —  o;*'n  ■  u‘‘)dS 
2  Jc 
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where  the  stored  energy  W  in  the  whole  body  each  solution  is: 

(74)  = 

and  C  is  any  contour  around  the  comer  O,  inside  which  no  externa!  load  is  applied. 

The  path  independence  of  ijj  was  demonstrated  by  Stem  (1976)  and  was  used  to 
determine  the  stress  intensity  at  fixed-free  comers.  Leguillon  (1993).  Leguillon  and 
Sanchez-Palencia  (1987.  1991)  extended  this  method  to  any  geometry  including  2-  or  3-D 
singularities.  The  main  idea  is  to  compare  the  singular  solution  u  =  hr  g.  a_-  hr  F_ 
to  a  reference  solution  (displacements  U,  associated  stresses  E  coming  for  example 
from  a  FE  computation),  by  the  introduction  of  the  extraction  solution  u*  =  g*, 

^  (5*  =  -6  (Babuska  and  Miller,  1984).  This  last  solution  is  more  singular 

than  that  which  describes  the  state  in  the  vicinity  of  the  comer  and  has  the  property 
to  make  the  integral  u*)  finite.  The  solution  u*,  is  fully  determined  by  the 

foregoing  analysis  from  the  knowledge  of  the  singularity  exponent  5*  (eigenproblem 
45-46).  Using  the  path  independence,  the  comparison  between  u  and  U  may  be  written 

(75)  V'C:(u.  u*)  =  V'CoCU,  U*) 


which  leads  to: 

(76) 


t/>c.(U,  u*) 

VI*) 


The  two  contours  Ci  and  Co  may  be  any  contour  of  course  but  it  seems  judicious  to 
take  for  Ci  a  circle  of  center  0  and  of  radius  going  to  zero.  The  integral  L;c,(r''g.  u“) 
can  be  accurately  calculated.  It  has  be  shown  that  even  a  crude  reference  solution  for  U 
can  still  give  a  good  estimation  of  the  intensity  factor  (Stem  and  Soni,  1976).  It  is  also 
recalled  that  the  scaling  law  (Eq.  3)  can  be  used  to  extend  the  knowledge  of  the  intensity- 
factor  for  a  given  sample  to  any  specimen  having  the  same  shape  but  a  different  size, 
in  that  case  the  shape  factor  h  remains  constant. 


Conclusion 

The  present  analysis  allows  fast  calculations  of  2D-elastic  singular  strains,  stresses  and 
displacements  close  to  comers,  edges  or  interface  ends  of  joints  constituted  of  anisotropic 
layers.  The  exact  expression  of  the  singular  fields  is  given,  isotropic  results  are  derived 
as  a  limiting  case  of  the  general  anisotropic  study. 

The  singularity  exponent  of  the  MMC  joint  studied  here  depends  on  the  local  geometry 
defined  by  the  angle  a  and  on  the  materials  properties  defined  by  the  three  generalized 
Dundurs  parameters,  one  of  which  was  known  previously  and  two  have  been  introduced 
in  the  present  study.  They  make  the  design  of  the  joint  quick  and  the  use  of  previous 
knowledge  on  joints  constituted  of  isotropic  layers  can  be  extended  to  the  MMC  joint. 
Fiaure  3  shows  the  plot  of  constant  singularity  exponent  6  in  the  a-3  plane  (eqs.  25 
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and  30)  while  Figure  5  represents  the  variation  of  fi  with  respect  to  the  local  geonieii  y 
(defined  by  the  angle  a)  for  different  bi-materials  (represented  by  the  single  mismatch 
parameter  a  under  the  assumptions  5  w  0  and  3  =  q/4.  For  angles  smaller  then  90°.  the 
value  of  6  decreases  almost  linearly  and  for  angles  larger  then  90°,  the  singular  behavior 
is  almost  the  same  as  that  for  a  crack  6  ^  0.5). 

The  intensity  factor  h  is  determined  from  a  path  independent  integral  valid  not  only 
for  cracks  but  for  any  other  geometry.  We  may  need  FE  computations  to  find  h,  but 
not  necessarily:  analytical  solutions  giving  an  idea  of  a  high  stress  concentration  may 
be  sufficient. 

An  infinite  stress  is  not  really  physical:  at  high  level  of  stress,  plasticity  and  damage  are 
induced,  limiting  or  erasing  the  singularity.  The  present  analysis  does  not  give  directly 
the  final  stress  state  but  may  be  a  useful  tool  for  computing  the  plastic  or  damaged  zones 
(Desmorat,  1996;  Desmorat  and  Lemaitre,  1996): 

•  •  An  estimation  of  the  plastic  zone  shape  and  size  can  easily  found  by  introducing 
the  yield  stress. 

•  Neglecting  the  stress  redistribution,  it  is  possible  to  make  local  post-calculations  of 
the  nonlinear  evolution  laws  of  the  material.  Tfie  final  stress  state  will  take  into  account 
plastic  and  damage.  These  calculations  do  not  need  any  FE  computations. 

•  One  can  use  the  linear  singular  solution  as  an  input  to  a  very  detailed  FE 
computation:  in  a  zone  localized  around  the  singular  point,  the  nonlinear  beha\  ior  is 
taken  into  account  and  the  singular  stress  field  is  used  as  boundary  condition, 

•  Fatigue  behavior  may  be  also  studied  by  assuming  that  the  stress  field  under  cyclic 
loading  may  be  derived  from  the  present  analysis. 


Appendix 


For  a  transversely  isotropic  composite,  such  as  FP/Al  system,  the  stiffness  matrix  s 
introduces  the  five  longitudinal  (L)  and  transverse  (T)  elastic  properties  Ei,  Ej.  Gl, 
Gt-  the  longidudinal  direction  being  parallel  to  the  fibers. 


(.-VI)  s  = 


'El 

'El 
0 

0 

0 


El  El 

1  uj 

Ex  Eh' 

i/x  1 

Eh"  Ex 

0  0 

0  0 

0  0 


0  0  \ 
0  0 
0  0 
0  0 


0 

0 

0 

1 

Gx 

0 

0 


Gx 


Ex 

2(1  +  iy-T) 
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where  these  elastic  properties  have  been  determined  experimentally  by  Jansson  (1991): 


(.42) 

El- 

=  225  GPa, 

Gl  —  GPSly 

=  0-28 

(A3) 

Ex 

=  150  GPa, 

Gx  =  55  GPa, 

£/j-  =  0.31 
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DESIGN  AND  LIFE  PREDICTION  ISSUES  FOR 
HIGH-TEMPERATURE  ENGINEERING  CERAMICS 
AND  THEIR  COMPOSITES 
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Abstract — Perspectives  are  presented  on  ceramics  and  ceramic  matrix  composites  (CMCs)  as 
high-temperature  materials.  The  emphasis  is  on  design  and  life  prediction  requirements  and  their  role  in 
directing  research.  Important  themes  include  the  relative  roles  of  fracture  toughness  and  inelastic  strain 
(ductility),  as  well  as  scaling  and  stochastic  effects  caused  by  manufacturing  defects.  Ceramics  with  high 
toughness  have  been  developed.  However,  because  they  are  inductile,  design  with  such  materials  is 
based  on  elastic  stresses,  combined  with  weakest  link  scaling  and  extreme  value  statistics.  Procedures  that 
ensure  reliable  performance  under  these  circumstances  are  inherently  constrained.  Opportunities  to 
mitigate  these  restrictions  by  matching  mechanisms  to  design  are  explored.  By  contrast  CMCs  exhibit 
inelastic  strain  mechanisms  that  provide  an  efficient  means  of  redistributing  stress.  These  mechanisms 
eliminate  stress  concentrations  and  suppress  scaling  effects,  enabling  design  procedures  similar  to  those 
used  with  metals.  The  sources  and  mechanisms  of  inelastic  strain  are  described,  as  well  as  the  ensuing 
constitutive  models.  Examples  of  their  finite  element  implementation  in  design  are  presented.  A  life 
prediction  methodology  requires  a  robust  procedure  for  characterizing  fatigue  effects  in  conjunction  with 
manufacturing  and  machining  flaws.  A  lifing  approach  is  described  having  commonality  between  ceramics 
and  CMCs.  Copyright  ©  1996  Acta  Metallurgica  Inc. 


1.  INTRODUCTION 

A  goal  for  many  decades  has  been  the  creation  of 
affordable  structural  materials  capable  of  reliable 
operation  at  1200-1400°C,  subject  to  oxidizing 
conditions  as  well  as  tensile  loading.  This  goal  has  yet 
to  be  realized.  The  strategy  has  been  to  begin  with 
stable  materials,  inherently  deformation  resistant  at 
these  temperatures.  Such  materials  are  typically 
ceramics  or  intermetallics.  Because  of  brittleness, 
components  made  from  these  materials  have  not 
exhibited  acceptable  reliability  upon  tensile  loading. 
The  addition  of  reinforcements  has  provided  damage 
tolerance.  Various  approaches  have  been  successful, 
although  each  has  degraded  stability  and  defor¬ 
mation  resistance.  To  exploit  this  promise,  coherent 
engineering  objectives  are  essential.  Guidelines 
needed  for  this  purpose  have  yet  to  be  clarified.  The 
consequence  has  been  minimal  engineering  experi¬ 
ence,  and  few  applications.  The  intent  of  this 
overview  is  to  identify  the  technical  problems  as  well 
as  explore  strategies  which  might  enable  such 
materials  to  be  implemented  extensively  in  commer¬ 
cial  systems.  To  facilitate  this  objective,  method¬ 
ologies  that  have  close  analogies  with  those  currently 
practiced  on  metals  are  emphasized.  Two  parallel 
themes  address  mechanism-based  concepts  in  engin¬ 
eering  design  and  life  prediction;  (i)  the  relative  roles 
of  ductility  and  toughness;  (ii)  engineering  design  and 
life  prediction  methodologies. 


The  earliest  goal  was  to  create  ductility  by  inducing 
dislocation  plasticity  [1-17].  But,  even  when  plasticity 
was  achieved,  the  materials  still  had  a  low  fracture 
toughness  and  were  prone  to  catastrophic  rupture. 
This  paradox  arose  because  cracks  in  ceramics  do  not 
exhibit  plastic  blunting  [11-17].  Subsequently,  the 
research  realigned  into  two  conceptual  directions: 
one  concerned  with  the  development  of  toughness; 
the  other  emphasized  inelastic  deformation  mechan¬ 
isms  and  ‘ductility’.  These  research  efforts  have 
resulted  in  major  discoveries  of  mechanisms  with 
theories  capable  of  characterizing  the  principal 
effects.  An  excellent  overview  is  given  in  the  book  by 
Wachtman  [18].  However,  the  technological  ramifica¬ 
tions  have  still  been  minimal.  One  reason  has  been  an 
ineffectual  translation  of  the  physics  and  mechanics 
concepts  into  design  and  life  prediction  method¬ 
ologies. 

The  central  technical  problem  for  ‘toughened’ 
materials,  is  their  lack  of  ductility.  That  is,  these 
materials  have  no  mechanism  for  redistributing 
stress:  therefore,  strain  concentration  sites  are  also 
regions  of  high  stress.  There  is  an  associated  notch 
sensitivity,  coupled  with  a  scale  dependence  caused 
by  weakest  link  behaviour.  These  factors  impose 
stringent  demands  on  design,  and  engineering 
exploitation  has  been  seriously  impeded.  Conversely, 
materials  designed  to  induce  ‘ductility’,  through 
inelastic  deformation  mechanisms,  enable  stress 
redistribution  and,  in  some  cases,  exhibit  notch 
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insensitivity  [19].  Equally  important,  the  ultimate 
tensile  strengths  become  scale  insensitive,  because 
local  stress  concentrations  are  alleviated  [10-23]. 
These  characteristics  allow  a  design  strategy  similar 
to  that  used  with  metals.  Such  merits  have  given  a 
stimulus  to  the  continued  development  of  materials 
that  exhibit  ‘ductility’,  particularly  ceramic  matrix 
composites  (CMCs). 

Having  a  life  prediction  capability  is  an  equally 
important  requirement  for  the  reliable  implemen¬ 
tation  of  new  materials.  Fatigue,  creep,  stress 
corrosion  and  their  interactions  are  all  involved. 
Here,  some  issues  that  arise  in  fatigue  and  its 
interaction  with  stress  corrosion  are  presented  with  a 
focus  on  approaches  for  realizing  a  life  prediction 
methodology. 

2.  DESIGN  APPROACHES 

Design  procedures  used  in  practice  are  straightfor¬ 
ward  and  robust.  They  are  based  on  rigorous 
mechanics  principles,  but  simplified  to  allow  ready- 
implementation  at  acceptable  precision.  They  use  the 
theories  of  elasticity  and  plasticity,  combined  with 
Gaussian  statistics.  The  engineering  challenge  for 
ceramics  and  their  composites  is  to  provide 
analogous  strategies  that  can  be  applied  with  similar 
confidence.  Central  to  the  challenge  is  the  approach 
used  to  address  the  roles  of  inelastic  strain  and 
fracture  toughness. 

In  the  absence  of  macroscopic  inelastic  strain, 
stress  concentrations  persist  at  slots,  attachments, 
impact  sites,  etc.  The  consequent  design  procedure 
requires  that  the  ‘strength’  be  compared  with  the 
concentrated  stresses  [26-28],  This  design  strategy  has 
deficiencies,  associated  with  the  acquisition  of 
high-fidelity  strength  data.  The  problem  is  caused  by 
weakest  link  scaling  and  the  extreme  value  nature  of 
the  stochastics.  It  can  be  alleviated,  but  not  obviated, 
by  using  higher  toughness  materials.  A  more  robust 
design  strategy  can  be  implemented  if  the  material 
has  a  capacity  to  exhibit  inelastic  strain.  Such  strain 
diminishes  stress  concentrations,  leading  to  a 
decreased  sensitivity  to  manufacturing  flaws,  notches 
and  impacts  [19,  29],  The  effects  are  analogous  to 
plasticity  in  metals.  Further  confidence  is  achieved  if 
weakest  link  scaling  can  be  suppressed  by  imparting 
damage  tolerance  to  the  material,  through  mechan¬ 
isms  that  stabilize  sub-critical  cracks.  The  following 
discussion  summarizes  these  design  issues  and  makes 
a  preliminary  attempt  to  understand  the  opportuni¬ 
ties  for  enhancing  the  ‘design  friendliness"  by- 
optimizing  toughness,  by  inducing  inelastic  strain  and 
by  suppressing  weakest  link  scaling. 

2.1.  Weakest  link  design 

A  consequence  of  material  linearity  is  that  stress 
concentrations  are  overwhelmingly  important.  This 
difficulty  is  exacerbated  by  weakest  link  scaling  of 
the  strength,  as  well  as  the  extreme  value  stochastics. 


These  issues  are  elaborated.  Designing  a  load  bearing 
component  using  a  linear  elastic  material  involves 
two  steps:  (1)  an  elastic  analysis  is  performed  in 
order  to  obtain  the  stresses;  (2)  the  survival 
probability  of  each  element  is  evaluated  using  the 
principles  of  weakest  link  statistics  [23-25,  27-33], 
The  procedure  is  understood  and  has  been  im¬ 
plemented  in  software  programs  compatible  with 
finite  element  codes.  The  codes  calculate  the  survival 
probability,  cp.  of  volume  elements  6V  using  the 
weakest  link  expression  [27], 


(p.  = 


SV 


g^iS)dS 


=  ]-SVG.(co)  (la) 

where  g,(S)  dS  is  the  number  of  flaws  in  a  unit 
volume  having  strength  between  S  and  5  -f  d5, 
Co  is  the  average  stress  within  the  element  at  the 
design  load  and  G,  is  the  cumulative  distribution. 
There  is  a  corresponding  formula  for  the  surface 
elements.  The  survival  probability-  of  the  component 
is  the  product  of  the  survival  probabilities  of 
all  elements  (volume  plus  surface).  Hfi/),)  [25,27], 
Usually.  G,  is  approximated  by  a  power  law  (Weibull 
distribution)  with  a  scale  parameter.  St,,  and  a  shape 
parameter,  m, 

G.(S)K{SiS„r.  (lb) 

The  practical  utilization  of  these  codes  is  limited  by 
the  procedures  used  to  obtain  data.  The  integration 
of  equation  (la)  is  between  zero  and  the  design 
stress.  However,  strength  data  are  normally  obtained 
using  flexure  tests  or  tension  tests  on  small  spec¬ 
imens.  These  provide  information  about  the  flaw 
populations  at  stresses  above  co.  because  of  weakest 
link  scaling  [3]  (Fig.  1),  A  robust  procedure  for 
extrapolating  has  not  been  provided.  It  is  often 
asserted  that  the  scale  and  shape  parameters  obtained 
from  a  power  law  fit  to  laboratory  data  at  high 
strength  levels  apply  at  stresses  below  Co-  Such 
assertions  are  not  justified.  A  polynomial  fit  to  the 
data  could  be  made  with  equal  fidelity,  resulting  in 
large  differences  in  the  predicted  survival  probability 
upon  data  extrapolation.  A  key  question  is  whether 
it  might  ever  be  feasible  to  establish  a  robust, 
affordable  design  procedure  for  systems  having 
these  characteristics.  A  corollary  is  whether  the 
situation  can  be  ameliorated  by  creating  materials 
with  relatively  high  toughness.  The  following  two 
approaches  address  these  problems. 

(1)  Provide  data  which  ensure  acceptable  con¬ 
fidence  in  the  scale  and  shape  parameters  at 
the  design  stress.  For  this  purpose,  tests  must  be 
performed  on  relatively  large  tension  specimens  in 
order  to  obtain  data  close  to  (ZofFig.  1).  However,  the 
gathering  of  such  data  is  costly.  These  costs  might 
be  Justified  when  the  processing  and  machining 
have  been  standardized  and  subjected  to  a  rigorous 
control  regimen,  such  that  the  flaw-  populations  are 
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Fig.  1.  Typical  statistical  data  obtained  upon  tension  testing 
of  ceramics.  The  extrapolation  from  the  (linear)  Weibull  fit 
is  shown,  as  well  as  the  extrapolation  from  a  polynomial  fit. 
These  indicate  the  large  difference  in  the  projected  survival 
probability  (note  that  the  axes  are  logarithmic). 

Stable  and  consistent.  Otherwise,  batch-to-batch 
variations  and  deviations  among  machining  runs 
result  in  population  changes  that  have  to  be 
recalibrated  in  order  to  provide  the  level  of 
confidence  required  for  the  design.  The  associated 
costs  are  usually  prohibitive. 

(2)  With  these  problems,  diminishing  the  sensitivity 
of  the  strength  to  processing  and  machining  flaws 
appears  to  be  the  preferred  alternative.  In  principle, 
improving  the  toughness  should  result  in  these 
attributes.  However,  the  resistance-curve  behaviour 
inherent  in  the  toughening  mechanisms  limits 
exploitation,  because  toughening  cannot  be  utilized 
by  the  small  flaws  typically  introduced  upon  process¬ 
ing  [34-36],  Nevertheless,  the  scaling  difficulties  can 
be  diminished  by  matching  the  design  to  the  crack 
growth  resistance. 

2.2.  Stress  redistribution  and  design 

The  design  situation  is  completely  different  for 
‘ductile’  materials  exhibiting  inelastic  deformation 
modes  such  as  CMCs  (Fig.  2).  Such  deformations 
redistribute  stress  [26, 37].  Two  fundamentally 
different  stress  redistribution  mechanisms  operate 
(Fig.  3).  (a)  One  derives  from  the  inelastic  strain 
produced  by  multiple  matrix  cracking  accompanied 
by  interface  debonding  and  friction.  This  mechanism 
is  subject  to  strain  hardening  [19,  26].  (b)  The  other 
involves  fibre  pull-out,  beyond  the  Ultimate  Tensile 
Strength  (UTS)  after  localization  [19, 38].  This 
mechanism  is  subject  to  strain  softening.  It  is 
associated  with  frictional  tractions  enabled  by  the 
pull-out  of  the  failed  fibres.  These  mechanisms  are  so 
efficient  at  dissipating  energy  by  internal  friction 
that  the  materials  become  notch  insensitive  [37]. 
Inelastic  constitutive  laws  associated  with  these 


mechanisms  have  been  developed  and  implemented 
in  finite  element  codes  [26].  Stress  redistribution  is 
illustrated  by  two  representative  design  calculations: 
one  for  tensile  plates  containing  holes  or  slots 
(Fig.  4a);  the  other  for  pin-loaded  holes  (Fig.  4b), 
which  simulate  mechanical  attachments.  These  calcu¬ 
lations  demonstrate  that  the  inelastic  strain  spreads 
out  the  stress  concentrations  and  diminishes  their 
peak  magnitudes  [26].  In  design  these  peak  stresses 
are  compared  with  the  ultimate  tensile  strength 
[19,  26].  The  UTS  is  scale  insensitive  and  its  distri¬ 
bution  is  Gaussian,  because  it  is  controlled  by  stable 
damage  modes  [20,  21]. 

The  consequence  of  this  stress  distribution 
capability  is  that  components  can  be  designed  with 
small  holes  and  slots,  without  concern  for  stress 
concentrations.  That  is,  a  net-section  stress  calcu¬ 
lation  is  often  adequate.  This  feature  has  been  used 
to  advantage  in  the  design  of  combustors  and  other 
thermally-loaded  components.  Another  consequence 
is  that  mechanical  attachments  can  be  used,  with  the 
loads  transferred  through  holes  drilled  in  the 
material,  again  without  concern  for  stress  concen¬ 
trations.  A  dramatic  illustration  of  this  behaviour  is 
notch  insensitivity  (Fig.  5)  and  the  immunity  of  the 
strength  to  impact  damage,  etc. 


Fig.  2.  Typical  stress-strain  curves  for  CMCs  in  tension  and 
shear. 
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PULL-OUT  AFTER 
LOCALIZATION 


Tensile  Strain,  E  (%) 

Fig.  3.  Tensile  stress-strain  cur\'es  showing  the  pull-out  origin  at  stresses  beyond  the  UTS. 


2.3.  Illustration  of  differences 

The  consequence  of  weakest  link  scaling  is  that 
the  strength  S  of  a  component,  at  specified  survival 
probability,  decreases  as  its  stressed  volume. 
V,  increases  [30].  Large  components  have  much 
lower  strength  than  laboratory  test  specimens,  even 
when  the  flaw  populations  are  calibrated  and 
invariant.  Moreover,  if  a  strain  concentration  is 
introduced,  such  as  a  small  hole  or  attachment, 
the  stress  concentration  interacts  with  the  flaws 
and  further  diminishes  the  strength.  A  large 
component  with  an  attachment  thus  has  a  tensile 
strength  about  one-quarter  of  that  of  a  smooth  tensile 
bar  and  one-eighth  of  that  of  a  flexure  beam.  The 
corresponding  strength  requirements  for  a  'ductile' 
material  are  considerably  less  stringent,  since 
there  are  minimal  scaling  and  stress  concentration 
effects  [22],  That  is.  a  large  component  with  a 
small  hole  has  about  the  same  load  capacity  as  a 
laboratory  tensile  coupon.  Moreover,  most  ceramic 
and  CMC  components  are  designed  primarily  to 
withstand  thermal  loads,  with  minimal  pressure.  In 
such  cases,  design  is  strain-based,  such  that  the 
failure  strain  of  the  material  is  most  relevant.  For 
CMCs,  these  strains  are  typically  0.8%  [19-20.43] 
well  in  excess  of  design  strains  which  are  typically 
<0.2%. 


3.  THE  ROLE  OF  TOUGHENING 

3.1.  Reliahiliiy  through  enhanced  toughness 
The  fracture  toughness  has  no  direct  affect  on 
the  design  of  elastic  materials.  Its  influence  is  The.se 
reflected  in  the  magnitudes  of  the  stochastic  strength 
parameters,  m  and  So.  through  their  effect  on 
strengthening  and  reliability.  An  approach  that 
provides  insights  about  these  effects  is  developed  and 
presented.  Toughening  is  manifest  as  a  fracture 
resistance.  Tr.  that  increases  with  crack  extension.  Acr 
(Fig.  6)  [44-51],  Concepts  of  initiation  toughness,  Fo, 
steady-state  toughness,  AF,,  and  tearing  index.  /.  arc 
needed  to  characterize  this  behaviour.  To  bring  out 
the  concepts  in  the  most  straightforward  manner, 
the  simplest  relation  for  transient  toughening 

(Au  L)  having  a  sound  theoretical  basis  is  used. 
It  is  given  by  [51], 

AFr  =  Fr  -  F„  ^  AF,(Aa/L)'  -  (2a) 

and  for  steady-state  (Ao  >  L). 

AFr  =  AF,  (2b) 

where  L  is  a  reference  length  related  to  the  inelastic 
zone  size.  The  tearing  index  is  a  measure  of  the  slope 
of  the  resistance  curve  and  is  defined  as 

=  (Ar,/To)-/x.  (3) 
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NOTCH  TENSION 


(b) 


PIN-LOADED  HOLES 


Distance  from  Hole  (mm) 


Fig.  4.  (a)  A  notched  tension  test  showing  the  stress  ahead 
of  the  notch.  The  measured  values  are  indicated  as  well  as 
those  calculated  by  FEM  using  equation  (28).  (b)  A 
pin-loaded  hole  test  performed  on  SiC/CAS  showing  the 
stress  across  the  net  section.  The  measured  values  are 
compared  with  those  calculated  by  FEM  using  the  inelastic 
constitutive  law  (equation  (28)). 


Notch  Sensitivity 


Fig.  5.  The  notch  insensitive  behaviour  found  for  SiC/CAS 
and  SiC/AhOj.  The  inset  shows  the  pull-out  mechanism. 


To  develop  understanding,  the  energy  release  rate 
for  the  small  processing  and  machining  flaws  that 
typically  control  strength  is  used 

^  =  Ao-ajnE  (4) 

where  a  is  the  crack  radius,  (a  =  Uo  +  Aa),  with  oo 
being  the  initial  crack  radius  and  o  the  applied 
stress.  The  ultimate  tensile  strength  S  is  obtained 
from  these  equations  ((2)  and  (4))  by  requiring  that 
G  =  rR  and  dG/da  =  dTR/dAo.  Accordingly,  S  is 
determined  to  vary  with  the  tearing  index  in 
accordance  with, 

SjS*  =  [A/2((l  +  A)-'^  -  1)]''-  (5) 

where  A  is  related  to  the  tearing  index  by 

A  =  Aao  (6) 

and  5*  is  the  UTS  of  the  untoughened  material: 

that  is, 

S*  =  (V^/2)(£r„/a„)'  =.  (7) 

The  corresponding  crack  extension  Aa^  when  it 

becomes  critical  is, 

Aajao  =  [(1  -b  A)'"  -  1]7A  (8) 


It  has  units  of  reciprocal  length.  Reliability  is  dictated 
by  the  product  of  /.  with  the  size  ao  of  the  flaws 
responsible  for  component  survival  at  the  design  stress. 


The  larger  A,  the  more  beneficial  the  effect  of 
the  toughening  on  the  strength  and  reliability. 
The  inference  is  that  the  attainment  of  ‘beneficial’ 
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Bridging  Zone 


Fig.  6.  (a)  A  schematic  of  a  resistance  curve  showing 
the  evolution  of  the  inelastic  zones  and  the  parameters 
that  characterize  the  behaviour,  (b)  A  schematic  of  crack 
extension  in  the  presence  of  a  process  zone  and  the 
strain-stress  history  experienced  by  an  element  of  material 
within  the  zone. 

toughening  requires  an  optimization  based  on  L. 
as  well  as  AH.  through  /.  and  A. 

The  key  importance  of  A  is  illustrated  in  Fig.  7. 
When  the  flaws  On  are  very  small  (A«l).  fracture 
occurs  unstably  and  the  strength  stochastics  are 
unaffected  by  the  toughening.  Conversely,  larger 
flaws  arc  able  to  experience  stable  crack  growth  such 
that  the  strength  exceeds  the  untouahened  maanitude 


- Hn  (S)  — 

Fig.  7.  Superior  confidence  associated  with  extrapolation 
when  a  toughened  ceramic  is  used  at  the  optimum  value  of 
the  strengthening  index.  A  s;  I.  That  is.  the  slope  which 
governs  the  shape  parameter  increases  above  ni  when  the 
tearing  behaviour  becomes  significant. 

(34.  35).  and  the  Weibull  shape  parameter  increases 
(m*  >  m.  Fig.  7).  That  is.  the  material  has  a 
diminished  sensitivity  to  processing  and  machining 
flaws  and  size  scaling  effects  arc  alleviated.  Toughen¬ 
ing  mechanisms  that  achieve  a  reliability  enhance¬ 
ment  require:  A  =  /.an  >  1 .  The  means  for  attaining 
this  objective  are  addressed  next. 

3.2.  Toughening  configuration!: 

The  known  toughening  mechanisms  involve 
inelastic  deformation  zones  having  two  distinct 
configurations  (Fig.  6):  (i)  zones  that  concentrate  in 
a  thin  region  around  the  crack  plane  which  rupture 
as  the  crack  extends:  referred  to  as  either  bridging  or 
Dugdale  zones;  (ii)  regions  that  extend  normal  to 
the  crack  plane  and  remain  in  a  deformed  but  intact 
state  after  the  crack  has  propagated  through  the 
material;  these  are  designated  process  zones.  Process 
and  bridging  zone  mechanisms  may  operate  simul¬ 
taneously  and  syncrgistically  [50-53]. 

Toughening  by  bridging  is  caused  by  tractions 
along  the  crack  surface  induced  by  intact  inelastic 
material  ligaments.  Usually,  the  tractions  soften 
as  the  crack  extends.  Then,  in  steady-state,  the 

toughening  AF..  is  [50.  51] 

AF,  =  ^>[?on.]  (9) 

where  m,  is  the  crack  opening  at  the  edge  of  the 
bridging  zone,  h  is  the  peak  traction  and  h  k  1/2. 
The  inelastic  zone  length  is  [51] 

L  a  c{EuJu]  (10) 

where  c=e0.12jr.  The  tearing  index  is  thus 

;.  =  (/)x)-'[/ju,./£n]  (11) 

Note  the  particularly  strong  influence  of  the  traction 
/».  Ductile  reinforcements,  as  well  as  brittle  fibres  and 


278 


EVANS:  OVERVIEW  No.  125 


29 


Fig.  8.  The  effect  of  crack  length  on  the  strengths  enabled 
by  transformation  toughening:  w  is  a  parameter  related  to 
the  tearing  index. 

anisotropic  grains,  toughen  by  means  of  bridging 
tractions.  Some  typical  magnitudes  are  described 
below. 

Process  zone  toughening  may  be  characterized 
by  the  product  of  the  critical  stress  for  activating 
the  inelastic  strain  mechanism,  tro,  the  associated 
stress-free  strain,  €t,  and  the  zone  height,  A,  in 
accordance  with  the  stress-strain  hysteresis  of 
material  elements  within  the  process  zone  (Fig.  6b) 
[48,  52-54]. 

AF,  =  2A<7o£t.  (12) 

The  inelastic  zone  length  is  governed  by  the  zone 
height, 

L  =  CoA  (13) 


Fig.  9.  A  schematic  indicating  the  dissipation  that  occurs 
with  a  bridging  zone:  (a)  ductile  ligaments,  (b)  brittle 
reinforcements. 


where  co  ~  3.  Moreover,  the  zone  height  is  related  to 
the  critical  stress  by 

h^d,\EYol<Tl]  (14) 

where  is  a  mechanism  dependent  coefficient  of  order 
0.1  [54].  The  tearing  index  is  thus, 

;.  =  (4tf„/c)[4£/r„]  (15) 

Note  that  at  this  level  of  simplification,  the  only 
inelastic  material  property  affecting  the  tearing 
and  strengthening  is  the  transformation  strain,  Ct- 
The  critical  stress  and  the  zone  height  are  of 
secondary  importance,  in  contrast  to  their  primary 
influence  on  the  steady-state  toughening.  Because  of 
this,  the  strengthening  flexibility  for  process  zone 
toughening  is  appreciably  less  than  that  for  the 
bridging  mechanisms.  Moreover,  strengthening  pre¬ 
dictions  are  often  optimistic,  because  there  are 
important  short  crack  effects.  For  crack  lengths, 
uo  <  2Z.,  interactions  between  the  inelastic  zones  at 
the  opposite  crack  tips,  reduce  the  toughening.  Some 
appreciation  for  the  effect  is  provided  by  results 
obtained  for  transformation  toughening  [54]  (Fig.  8). 

3.3.  Bridging  mechanisms 

Reinforcing  elements  can  be  either  ductile  or 
brittle.  The  former  rely  on  plasticity  to  create 
ligaments  and  dissipate  energy  [51,55-56]  (Fig.  9). 
When  the  elements  are  brittle,  bridging  requires  either 
microstructural  residual  stresses  or  weak  interfaces. 
Residual  stresses  caused  by  thermal  expansion 
mismatch  can  suppress  local  crack  propagation  and, 
thereby,  allow  intact  ligaments  to  exist  behind  the 
crack  front  [57].  When  these  ligaments  eventually  fail 
in  the  crack  wake,  energy  is  dissipated  through 
acoustic  waves  and  causes  toughening  [36].  Low 
fracture  energy  interfaces  are  more  effective.  They 
cause  the  crack  to  deflect  and  debond  the  interfaces 
[58].  The  debonds  acquire  mode  II  (shear)  char¬ 
acteristics,  leading  to  friction,  stability,  and  intact 
ligaments  [19].  As  the  crack  extends,  further 
debonding  occurs,  subject  to  friction  [19].  Eventually, 
the  bridging  material  fails,  either  by  debonding 
around  the  ends  or  by  fracture.  Following  reinforce¬ 
ment  failure,  additional  friction  may  occur  along  the 
debonded  surfaces.  The  dissipation  thus  includes 
terms  from  the  debonded  interfaces,  the  acoustic 
energy  upon  reinforcement  failure,  and  friction  [36] 
(Fig.  9).  The  latter  is  typically  dominant.  Moreover, 
the  internal  friction  can  become  exceptionally  large, 
resulting  in  toughnesses  approaching  those  for  ductile 
metals  (Section  4)  [19]. 

3.3.1.  Ductile  phases.  There  are  three  distinct 
ductile  phase  microstructures:  (a)  isolated  ductile 
reinforcements  in  an  elastic  matrix;  (b)  interpenetrat¬ 
ing  ductile/elastic  networks;  and  (c)  a  ductile  matrix 
with  a  dispersed  elastic  phase  [36,  50,  55,  59,  60].  An 
important  difference  between  the  first  two  micro¬ 
structures  and  the  third  concerns  the  potential  for 
macroscopic  plastic  strain.  Plastic  strain  in  the  former 
is  limited  by  the  elastic  network,  such  that  the  only 
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Fig.  10.  Effect  of  yield  strength  on  the  tearing  index  for 
several  reinforcement  radii  in  ductile  phase  toughened 
materials  (with  /=  0.2  and  rn=20Jm"-).  For  a 
10 /im  initial  crack  and  1  /im  reinforcements  (A),  the  yield 
strength  needed  to  achieve  appreciable  strcnethenina  is 
800  MPa. 


ductile  material  experiencing  extensive  strain  is  that 
stretching  between  the  crack  surfaces  in  the  bridging 
zone  [55,  56,  60].  The  latter  develop  an  additional 
plastic  zone  which  enables  further,  often  substantial, 
inelastic  dissipation  [61, 62]. 

Ductile  phase  toughening  in  an  otherwise  elastic 
material  is  contingent  upon  the  ligament  failure 
mechanism,  through  the  stress/stretch  relation.  Such 
toughening  can  be  re-expressed  by  noting  that  the 
traction  scales  with  the  uniaxial  yield  strength.  Y. 
of  the  ligaments  and  that  the  plastic  stretch  is 
proportional  to  the  radius  of  the  cross-section  of  the 
reinforcements,  R.  Consequently,  the  asymptotic 
toughening  is 

Ar,  =  yfRY  (16a) 

and  the  zone  length  is 

L  =  PRE!Yf  (16b) 

where  /is  the  volume  fraction  of  the  reinforcement: 
y  and  jS  are  ‘ductility’  parameters,  which  also  depend 
on  the  extent  of  the  interface  debonding  d.  Without 
debonding,  the  traction  attains  high  levels,  because 
of  the  elastic  constraint  of  the  matrix,  but  then 
decreases  as  the  crack  opens  because  of  necking 


Elastic  Mismatch,  a 

Fig.  11.  A  debond  diagram  for  brittle  reinforcements  [58]. 


[55, 60].  Debonding  reduces  the  constraint,  but 
increases  the  plastic  stretch  to  failure  [55,  63].  The 
latter  dominates,  causing  the  dissipation  to  increase 
as  the  debond  length  increases.  Values  of  y  and  /? 
have  been  obtained  both  by  calculation  and  by 
experiment  [55-63].  For  well-bonded  interfaces  with 
ductile  phases  that  fail  by  necking  to  a  point,  y  a  0.5 
and  /  a  0.1.  both  increasing  as  the  strain  hardening 
increases.  Less-ductile  ligaments  that  rupture  pre¬ 
maturely  have  correspondingly  smaller  y  and  p. 
With  debonding,  y  and  p  depend  on  the  reinforce¬ 
ment  morphology.  For  interpenetrating  or  continu¬ 
ous  reinforcing  phases,  y  and  /?  are  both  increased  by 
debonding,  because  the  dissipation  is  spread  laterally 
away  from  the  crack  plane:  y  approaches  8  for  large 
d'R.  For  discontinuous  phases,  debonding  around 
the  ends  of  the  reinforcement  diminishes  y  and  p. 

The  tearing  index  for  such  materials  is  obtained 
from  equations  (3)  and  (16)  as 

}.  =  ly-;p][R:Eri](Yfy.  (i?) 

The  important  implication  is  that  the  scaling  that 
controls  strength  and  reliability  is  most  strongly 
affected  by  the  yield  strength  of  the  reinforcing 
material  Y  and  its  ductility,  through  y.  Other  factors 
are  relatively  unimportant.  A  plot  of  /.  against  F’ 
for  various  R  (Fig.  10)  indicates  the  range  in 
toughening  parameters  needed  as  a  function  of  the 
flaw  size.  For  example,  when  the  manufacturing 
and  machining  flaws  responsible  for  component 
performance  at  the  design  stress  are  typically 
~10/tm.  and  the  reinforcements  are  in  the  I  pm 
range.  Y  should  exceed  800  MPa  if  effective 
strengthening  is  to  be  achieved.  Such  results  guide 
material  design  for  engineering  performance. 

3.3.2.  Brittle  reinforcements.  The  highest  tough¬ 
nesses  are  achievable  in  systems  containing  ‘weak’ 
interfaces,  which  enable  debonding  and  allow 
dissipation  by  internal  friction  [19,35].  There  are 
major  effects  of  the  morphology  of  the  debond  planes 


Fig.  12.  Effect  of  friction  stress  on  the  tearing  index 
at  several  pull-out  lengths  for  reinforcements  with  radii. 
R  =  10  pm  (for  /=  0.4  with  ro  =  20Jm'T.  Note  the 
relatively  small  values  of  r  needed  to  achieve  strengthening 
with  100  pm  flaws. 
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Fig.  13.  The  notch  properties  of  materials  reinforced  with 
short  aligned,  brittle  reinforcements:  m  is  the  Weibull  shape 

parameter  [69], 

(roughness),  the  residual  stresses,  the  failure  stochas¬ 
tics  of  the  reinforcements  and  the  stiffnesses  of  the 
constituent  phases  [64].  A  prerequisite  to  toughening 
is  that  the  debond  criterion  be  satisfied.  That  is, 
Ti/Tf  be  small  enough  to  lie  within  the  debond  zone 
depicted  in  Fig.  11  (typically  <l/4)  [58].  The  extent 
of  initial  debonding  is  small.  However,  further 
debonding  is  induced  in  the  crack  wake,  as  the  crack 
extends,  having  an  extent  governed  largely  by  the 
residual  field,  the  debond  surface  roughness  and 
the  friction  coefficient  [65].  Reinforcement  failure 
involves  stochastics,  subject  to  a  friction  stress  t 
[20-21,  66-69].  Large  r  causes  the  stress  to  vary 
rapidly  and  induces  reinforcement  failure  close  to  the 
crack,  leading  to  a  small  pull-out  length,  p,  and  vice 
versa  [66, 67, 69].  The  consequent  tractions  are 
relatively  complex.  Insight  is  gained  from  solutions 
for  short,  strong,  aligned  reinforcements,  subject  to 
friction.  For  this  case  [36,  69], 

Ar,=ft(plR)-R 

L  =  {clDERIfx  (18) 

where  R  is  the  reinforcement  radius,  p  is  their  length, 
such  that  pjR  is  the  aspect  ratio.  The  corresponding 
tearing  index  is 

;.  =  {llc)[RIErl]{ft)\plRr.  (19) 

Note  the  major  influences  of  the  aspect  ratio  and 
the  friction  stress.  This  toughening  and  strengthening 
is  only  attained  provided  that  the  reinforcement 
strength,  5,  satisfies  [69] 

S  >  x(j>IR).  (20) 

A  plot  of  /.  as  a  function  of  the  aspect  ratio  for  various 
friction  stresses  (Fig.  12)  establishes  the  potential  for 
strengthening.  A  comparison  with  Fig.  10  indicates 
the  relatively  greater  efficiency  of  the  internal  friction 
mechanism  with  aligned,  brittle  reinforcements  than 
the  plasticity  mechanism  with  ductile  reinforcements. 
That  is,  strengthening  by  friction  is  attained  with 
T  ~  10  MPa,  whereas  the  comparable  effect  achiev¬ 
able  with  yielding  requires  Y  ~  500  MPa.  The 
difference  is  attributable  to  the  enhanced  influence 
zone  achieved  by  spreading  of  the  friction  normal  to 


the  crack,  resulting  in  greater  dissipation.  The 
implication  is  that  frictional  toughening  is  more 
effective  than  ductile  phase  toughening. 

When  the  reinforcements  are  long  and  aligned,  but 
susceptible  to  fracturing  as  the  crack  extends,  the 
tractions  are  more  complex  [19]: 

tlfSx  =  y>v  exp[  -  aw""  +  ” -]  (21) 

where  m  is  the  Weibull  shape  parameter  associated 
with  the  reinforcements,  Sl  is  their  average  strength 
at  length  L,,  and  [19] 

w  =  SC'iulL,) 
a.  =  [r(l  +  \/m)]"'l[m  +  1] 

C  =  [E/2E^(\  -/)](£, /Su)'- 
L,  =  SlR/x 


Fig.  14.  Non-dimensional  parameters  that  affect  ligament 
toughening  [72].  (a)  The  toughening  as  a  function  of  opening 
«,  with  o)t  being  steady-state,  (b)  A  tearing  coeflicient  and 
its  dependence  on  ligament  dimensions. 


281 


32 


EVANS:  OVERVIEW  No.  125 


—  Tl/Fo  — ► 

Fig.  15.  Tearina  index  for  elastic  lisament  toushenine 
{dib,  =  4]. 


with  the  subscripts  m  and  r  referring  to  the  matrix  and 
reinforcements,  respectively,  and  here  F  is  the  gamma 
function.  Even  in  this  simplified  case,  the  friction 
stress  and  reinforcement  strength  have  interactive 
effects  on  toughening  and  strengthening  which  are  not 
evident  without  detailed  analysis.  Consequently,  for 
practical  implementation,  the  integrated  effect  of 
these  variables  on  the  notch  sensitivity,  is  more  useful. 
The  notch  behaviour  predicted  by  equation  (21)  for 
short,  aligned  reinforcements  is  plotted  in  Fig.  13.  It 
demonstrates  how  variability  in  the  reinforcement 
strength  (low  m)  alleviates  the  notch  sensitivity. 

3.3.3.  Anisotropic  grains.  Low  fracture  energy 
planes  or  grain  boundaries  can  allow  debonding, 
as  in  reinforced  materials  w'ith  w'eak  interfaces. 


such  that  toughening  involves  the  same  con¬ 
siderations,  Certain  anisotropic  ceramics  with 
elongated  grains  exhibit  such  toughening  (particu¬ 
larly  alumina  and  silicon  nitride  [47,  49,  70]).  The 
dominant  effect  is  the  friction  that  operates  along 
the  rough,  non-aligned,  debonded  grain  boundaries. 
The  trends  are  broadly  consistent  with  the  above 
results  for  short,  strong  reinforcements.  That  is. 
the  toughening  and  the  strengthening  increase  as  the 
grain  radius  R  and  their  aspect  ratio,  p/R  increase 
[70].  Intermetallics  such  as  TiAl  also  toughen  in 
this  manner  [71,72],  because  of  extreme  aniso¬ 
tropy  in  the  cleavage  energies.  But.  in  this  case, 
the  energy  of  the  additional  surface  created  by 
debonding  and  ligament  formation  appears  to 
be  more  important  than  the  friction.  The  relevant 
toughening  and  strengthening  parameters  are  con¬ 
trolled  entirely  by  the  extra  surface  energy  and  are 
given  by  [72], 

-F  AF./Fl  =  wf  (22) 

and 

L  =  2cb\0)*  typ 

such  that 

7.  =  (rL/ro)-WL*xv2c7>i 

where  Fl  is  the  cleavage  energy  on  the  ‘tough’, 
transverse  planes,  is  the  ligament  width  (Fig,  14) 
and  (a*,y  are  non-dimensional  quantities.  The 
inverse  dependence  of  7.  on  size  contrasts  with  that 
for  the  other  mechanisms.  This  dependence  arises 
because  more  surface  is  created  per  unit  area  of 
crack  growth  as  bi  decreases.  The  consequence  is  a 
strengthening  effect  that  can  become  very  large  as 


CERAMIC  MATRIX  COMPOSITES 
Microstructural  Design  Concepts 


a)  Interface  Debonding/Friction  b)  Matrix  Delamination  /  Friction 

Fig.  1 6.  The  two  concepts  for  deviating  cracks  and  inducing  frictional  dissipation  along  debonded  surfaces, 
(a)  Debonding  within  fibre  coatings,  (b)  Debonding  within  the  (porous)  matrix. 
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bi  becomes  smaller.  A  plot  of  the  strengthening 
achievable  as  the  anisotropy  increases  for  different  hi 
(Fig.  15)  quantifies  the  importance  of  the  size  scale. 

In  summary,  when  such  a  mechanism  prevails, 
there  can  be  no  effect  of  the  ligament  width  on 
the  steady-strain  toughening.  The  only  quantities 
affecting  this  behaviour  are  the  aspect  ratio  and 
orientations  of  the  ligaments  that  form,  as  well  as  the 
cleavage  energies.  Conversely,  the  strengthening  is 
influenced  by  the  ligament  size,  with  the  opposite 
trend  to  that  associated  with  frictional  toughening. 
That  is,  the  strengthening  increases  as  the  micro¬ 
structure  is  refined  (Fig.  1 5). 

4.  THE  ROLE  OF  ‘DUCTILITY’ 

4. 1 .  Inelastic  strains 

A  mechanism-based  strategy  for  calculating  stress 
redistribution  is  illustrated  using  results  for  CMCs. 
These  composites  exhibit  inelastic  deformations 
when  matrix  microcracks  are  stabilized  [19,58,73]. 
This  is  achieved  by  using  either  fibre  coatings 
[42, 74,75]  or  porous  matrices  [73]  that  deviate 
cracks  toward  the  loading  axis  (Fig.  16).  The  resultant 
composite  microstructure  and  the  ensuing  mechanical 
responses  resemble  those  found  in  various  naturally 
occurring  materials.  The  fundamental  requirement  is 
that  the  crack  deviating  sites  be  homogeneously 
dispersed  throughout  the  body  and  that  these  regions 
have  a  low  debond  energy  relative  to  the  fracture 
energy  of  the  reinforcements  [58, 76].  Once  the 
deviation  criterion  has  been  satisfied,  the  inelastic 
strain  is  governed  primarily  by  the  number  density  of 


O 
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Fig.  17.  (a)  The  ply  cracking  model  and  the  associated 
stress-strain  curve,  (b)  The  cell  model  for  inelastic  strains  in 
the  0’  plies. 


Fig.  18.  Hysteresis  loops  measured  on  (a)  SiC/Al:Oj  tested 
0/90  in  tension,  (b)  C/C  tested  in  +45°  tension. 


cracking  sites  and  the  friction  stress  that  operates 
along  the  debonded  crack  surfaces  [64]. 

Debonding  and  friction  are  commonly  encountered 
in  thin  brittle  layers.  They  occur  by  the  formation  and 
eventual  coalescence  of  microcracks  en  echelon  within 
a  cohesive  zone  [77].  The  associated  fracture  energy  is 
about  four  times  the  mode  1  fracture  toughness  of  the 
material  in  the  layer.  When  debonding  occurs,  the 
microcracks  coalescence  behind  the  debond  and 
fragment  the  layer.  This  process  results  in  a  slip  zone 
subject  to  a  friction  stress,  t.  Models  and  experiments 
indicate  that  t  is  affected  primarily  by  the  roughness 
amplitude  behind  the  debond  [64].  The  residual  stress, 
the  elastic  compliance  of  the  circumventing  material 
and  the  friction  coefficient  are  also  important  [19]. 

4.2.  Stress-strain  curves 

Two  cell  models  represent  most  of  the  important 
physical  relationships  between  the  inelastic  strains 
and  the  mechanisms  of  matrix  cracking,  friction 
and  debonding.  One  model  applies  to  cracks  that 
first  form  on  the  90°  plies  (Fig.  17(a))  [78-80]. 
The  other  represents  cracks  that  penetrate  the  0° 
plies  [81]  (Fig.  17(b)).  Cracks  form  first  in  the  90°  plies 
by  tunnelling  with  an  associated  inelastic  strain 
[19,80]  (Fig.  17(a)).  Upon  subsequent  loading, 
as  the  cracks  penetrate  the  0°  plies,  they  interact  with 
the  fibres  and  the  coatings  [79].  When  debonding 
and  slip  occur  within  the  coating,  two  stresses 
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Shear  Strain 


Fig.  19.  Stress-strain  curves  for  SiC'CAS  materials:  (a)0'90:  longitudinal  and  transverse  strains:  (b)  ±45  . 
axial  and  transverse  strains:  (c)  shear  stress-strain. 


characterize  the  inelastic  strain:  a  friction  stress  r.  and 
a  debond  stress  a,  [81]  (Fig.  17(b)).  The  latter  is 
related  to  the  debond  toughness  for  the  coating 
and  the  residual  stress.  The  consequent  inelastic 
tensile  strain  e  depends  on  the  stress  c  acting  on  the 
0'  plies.  It  has  linear  and  parabolic  terms,  given  by 
[81,82] 

c  =  (I  +Z’^)(7/£. +  2i^(7-(l  -Z,) 

X  (1  +  Z,  +  2Z^)  -  a'^iE  (23) 


where  Z,  is  the  non-dimensional  debond  stress. 
(Z,  =  (7,/(r).  E-  is  the  diminished  elastic  modulus 
caused  by  matrix  cracking,  (t’’  is  the  residual  stress 
(Z'^  =  cr'^/cr)  and  S£  is  an  interface  friction  index, 
given  by  [82] 


(24) 


with  d  being  the  crack  spacing.  The  parameters  £.. 
d£  and  Z,.  evaluated  from  hysteresis  loops  [82] 


(Fig.  18)  provide  understanding  about  the  separate 
influences  of  debonding,  friction  and  matrix  cracking 
on  the  inelastic  strain.  They  also  provide  the  insight 
needed  to  develop  a  constitutive  law  compatible  with 
finite  element  codes.  Simulations,  as  well  as  hysteresis 
measurements  have  established  the  influences  of 
friction  and  debonding  on  the  stress-strain  behavior 
of  CMCs  [65.  82].  The  principal  effects  associated 
with  (23)  are  as  follows.  The  inelastic  strain  and  the 
hysteresis  loop  w'idth  increase  as  the  friction  stress  t 
decreases  (or  df  increases).  Small  r  accounts  for  the 
wide  hysteresis  loops  in  SiC/CAS.  A  large  debond 
stress  <7,  limits  the  role  of  friction  and  diminishes 
both  the  inelastic  strain  and  the  hysteresis.  Large  a, 
accounts  for  the  narrow  hysteresis  loops  in  SiC/SiC 
and  Sic  MAS. 

These  insights  have  led  to  the  formulation  of  a 
constitutive  law.  The  plane  stress  relation  for  the 
stresses  and  strains  in  directions  (1,2)  obtained  by 
expressing  the  inelasticity  through  the  stress  drops 
that  occur  upon  matrix  cracking  in  (Fig.  19)  [26], 
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Strain  (%) 

Fig.  20.  (a)  The  S/N  curve  for  a  SiC/SiC  composite, 
(b)  Hysteresis  loop  measurements. 

<7,  =  -j — ^  (ei  +  vo£2)  +  A(7i  cos-  6  -b  Affi,  sin-  6 

1  —  Vj 

F 

(ji  =  ^  I  (£•>  H“  vo€i)  +  Acti  sin"  6  +  A<7ii  cos"  6 

“  1  -  Vo  " 

T  =  -  ^ — ryi2  -  (A(7i  -  AffiOsin  0  COS0  (25) 

—  V4sl 

where  t  is  now  the  macroscopic  shear  stress,  £1.2  the 
normal  strains  and  712  the  shear  strain:  Acri.n  are 
the  stress  drops  upon  matrix  cracking  at  fixed  strain, 
parallel  and  normal  to  the  fibre  directions,  9  is  the 
angle  between  (1)  and  the  fibre  direction.  Some 
calculations  of  stress  redistribution  in  a  pin  loaded 
configuration  have  been  summarized  on  Fig.  4.  These 
calculations  use  (25)  with  the  data  for  SiC/CAS 
on  Fig.  19.  A  comparison  with  experiment  is  also 
shown.  These  results  establish  that  appreciable  stress 
reduction  is  enabled  by  the  inelastic  strain,  resulting 
in  a  response  insensitive  to  the  strain  concentration 
caused  by  the  hole.  Other  configurations  have  also 
been  analysed,  in  some  cases  demonstrating  notch 
insensitivity  [26,  83,  84]. 

4.3.  The  ultimate  tensile  strength  (UTS) 

The  UTS  of  CMCs  is  not  subject  to  weakest 
link  have  limited  susceptibility,  because  of  the  stress 
redistribution  enabled  by  internal  friction.  The 
important  consequence  is  that  these  materials  are 
scale  insensitive  and  subject  to  Gaussian  statistics 
[20,21,68].  Design  practice  is  thus  essentially  the 
same  as  that  used  in  metals.  Namely,  the  peak  tensile 
stress  obtained  through  FEM  calculations  is  equated 
to  the  UTS. 

The  underlying  phenomena  governing  the  UTS 
reside  in  the  effects  of  internal  friction  on  the 
dimension,  5,  over  which  the  stress  concentrations 
in  failed  fibres  are  eliminated.  This  length  becomes 
an  internal  scale  parameter,  enabling  the  UTS  to  be 


independent  of  the  actual  size  of  the  body  [22]. 
The  stress  evolution  of  fibre  failures  still  satisfies 
extreme  value  statistics  and  is  characterized  by 
a  shape  parameter,  m.  Hence,  m  appears  in  the 
expression  representing  the  UTS  [22].  For  CMCs 
in  which  the  fibre/matrix  interfaces  enable  stress 
redistribution  through  debonding  and  friction, 
fibre  failures  occur  in  a  spatially  uncorrelated 
manner,  resulting  in  global  load  sharing  (GLS) 
characteristics.  In  consequence,  beyond  a  slip  transfer 
length,  the  stress  in  the  fibres  is  unaffected  by  the 
existence  of  the  failure  [22].  This  length  dictates 
the  dimension  5  governing  the  fibre  bundle  strength. 
For  materials  of  infinite  size,  the  UTS  is  given  by 
[22] 

S„=AF(m)  (26) 

where 

F{m)  =  [2/(m  +  1)]'  f""*-  '>[(m  +  l)/(m  +  2)] 

and 

Sc  =  So 


r  t<5  ' 


where 


^  =  [Lo(SoF/t )'”]""- '> 

with  To  being  a  reference  guage  length  (normally 
25  mm).  The  main  features  described  by  this  result 
are  that  the  UTS  is  affected  by  friction,  which 
sets  the  ‘internal  guage  length’  and  that  there  is  a 
weak  dependence  on  the  shape  parameter  m,  but  a 
strong  effect  of  the  reinforcement  scale  parameter, 
So  (or  equivalently,  the  mean  reinforcement  strength, 
Sl). 

Even  when  the  friction  is  less  effective  and  some 
concentrated  stresses  persist  upon  fibre  failure,  result¬ 
ing  in  local  load  sharing  (LLS),  the  effects  on  the  UTS 
are  not  especially  deleterious.  Actual  composites 
having  finite  size,  subject  to  LLS,  exhibit  strengths 
slightly  smaller  than  that  predicted  by  equation  (26). 
They  also  exhibit  a  moderate  dependence  of  the  UTS 
on  the  guage  length  characterised  by  a  Weibull  shape 
parameter  over  an  order  of  magnitude  larger  than 
that  for  the  fibres  alone  [21,68].  Moreover,  the 
strength  distribution  is  essentially  Gaussian,  rather 
than  an  extreme  value.  The  ‘design  friendliness’  is 
thus  retained. 

Large  manufacturing  flaws  could  have  a  more 
profound  effect  on  the  UTS.  These  flaws  induce  a 
stress  concentration  governed  by  the  following  index, 
[54,  85], 


itpErEax 

”  (1  -/)=£j,RSA 


(27) 


such  that  the  composite  strength  S  becomes  [85], 

5/S„  =  (l +r=)-'"  (28) 

where  a  is  the  size  of  the  largest  manufacturing  flaw, 
/is  again  the  fibre  volume  fraction,  A  is  an  anisotropy 
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Fig.  21.  The  phenomena  aceompanying  cyclic  loading  of 
CMCs  at  maximum  stresses  above  that  needed  to  introduce 
matrix  cracks. 

coefficient  of  order  unity.  When  r/  — *  0,  there  is  no 
effect  of  manufacturing  flaws.  Otherwise,  such  flaws 
could  degrade  the  UTS.  Note  that  materials  with  a 
high  friction  stress  and  relatively  weak  fibres  are  most 
prone  to  degradation  by  flaws. 

Usually,  the  damaging  flaws  are  limited  in  size  by 
the  ply  dimension,  h  [19.79,80].  For  typical  fibre 
strengths,  this  results  in  a  maximum  acceptable  x 
that  ensures  flaw  insensitivity  and  enables  attainment 
of  the  GLS  strength.  This  value  is,  tmax  =5:  50  MPa. 
Otherwise,  the  UTS  would  be  lower  than  the  GLS 
magnitude  and  the  material  would  have  a  diminished 
inelastic  tensile  strain  capacity.  Decisions  regarding 
the  behaviour  of  ‘ductile’  materials  need  to  be  made 
subject  to  this  level  of  understanding. 

5.  FATIGUE  LIFE  PREDICTION 

Cyclic  degradation  acts  upon  the  mechanisms 
that  provide  the  toughening  and  the  inelastic 
deformation,  causing  the  materials  to  embrittle.  An 
understanding  of  the  degradation  mechanisms  and  of 
their  roles  in  diminishing  either  toughness  or  inelastic 
strain  enables  development  of  a  fatigue  life  prediction 
methodology.  In  contrast  to  metals,  there  is  no  cyclic 
growth  mechanism  operating  at  the  crack  front, 
because  there  is  no  plastic  blunting  [86].  Instead, 
fatigue  operates  in  the  crack  wake.  For  materials 
toughened  by  bridging,  two  principal  mechanisms  are 
involved:  (i)  the  friction  stress  r  diminishes  by  a  'wear' 
phenomenon  acting  along  the  debonded  interfaces 
[86-93];  (ii)  the  reinforcement  strength  decreases  by 
an  abrasion  mechanism,  exacerbated  by  environmen¬ 
tal  interactions.  Diagnosis  of  these  tw'o  factors  is 
achieved  with  hysteresis  and  retained  strength 


measurements  (Figs  20-22).  The  method  is  particu¬ 
larly  well-developed  for  CMCs  [86-93],  By  measuring 
and  analysing  hysteresis  strains,  changes  in  the 
friction  stress  and  the  debond  energy  upon  cycling 
can  be  determined  [86],  Changes  in  the  reinforce¬ 
ment  strengths  are  obtained  by  measuring  the  UTS 
retained  after  cycling. 

Typically,  x  decays  after  cycling  from  the  initial 
value  To  to  a  steady-state  value  t,  (of  order 
5-10  MPa).  An  empirieal  function  that  represents  the 
experimental  measurements  is  (Fig,  22), 

(T  -  t,)/(t„  -  T,)  =  (1  -h  /)„)(1  +  />oA')-'  (29) 

where  bo  is  a  coefficient:  j  is  an  exponent  which 
determines  the  rate  at  which  x  drops  with  the  number 
of  cycles  A.  It  is  dependent  upon  the  properties  of  the 
interface.  Both  bo  and  j  must  be  obtained  by 
experiment.  The  reasons  for  steady-state  friction,  r, 
arc  not  understood,  but  its  existence  is  crucial  to  the 
presence  of  a  threshold  stress.  (Fig,  20).  When 
there  is  no  reinforcement  degradation,  the  ambient 
temperature  fatigue  threshold  for  CMCs  becomes 
[86.  93], 

S,h/S.  =  (T./T„)'‘'”*"  (30) 

Because  the  power  law  exponent.  \l(m  1),  is  small. 


EFFECTS  OF  CYCLING  ON  FRICTION 


Fig.  22.  (a)  Hysteresis  and  retained  strength  measurements 
upon  fatigue  testing  of  SiC/MAS  composites,  (b)  The 
change  in  friction  stress  upon  cycling  evaluated  from  the 
hysteresis  measurements. 
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Fig.  23.  An  approach  for  measuring  the  fatigue  threshold 
stress  for  ceramics. 


S,h  is  a  large  fraction  of  the  UTS:  typically  0.7  to 
0.8  (Fig.  20).  Consequently,  for  lower  temperature 
applications,  where  the  fibres  retain  their  strength, 
fatigue  does  not  present  life  prediction  challenges  for 
CMCs,  Design  of  the  threshold  provides  a  robust 
strategy. 

Similar  characteristics  arise  in  ceramics  toughened 
by  a  bridging  zone.  Changes  in  the  bridging  tractions 
upon  cycling  lead  to  crack  growth.  A  simple  model 
again  identifies  the  predominant  characteristics. 
In  the  model,  cyclic  degradation  proceeds  uniformly 
in  accordance  with  equation  (29),  whereupon  it 
will  be  shown  that  A(A^)  fully  characterizes  cyclic 
crack  growth.  The  energy  release  rate  at  the 
maximum  stress  is  always  equal  to  the  current 
fracture  resistance  T r  and  the  tip  energy  release  rate 
remains  at  To.  That  is,  for  the  crack  to  extend, 

G„„/ro  -  I  =  (A/flo)'-^  (31) 

But  A  is  now  cycle  dependent  and  given  by  equations 
(19)  and  (16)  with  t  as  a  variable: 

A  =  Ao(t/to)’[1  +  Aa/flo]  (32) 

with  Ao  being  the  magnitude  of  A  after  the  first  cycle, 
when  T  =  To.  Fracture  is  considered  to  occur  in 
accordance  with  the  same  requirements  used  for 
monotonic  loading:  that  is,  when  Aa  reaches  a  critical 
magnitude  An,.,  still  given  by  equation  (8).  Combin¬ 
ing  equation  (31)  with  (5)  and  (7),  gives  the  fracture 
relation, 

(S/5.)-[l  -h  Aajao]  =  (AAaJao)'  -  +  1  (33) 

With  equation  (8),  this  becomes, 

A  =  4{SIS.y[l  -  {S./Sf]  (34) 

The  cycle  dependence  of  A  is  now  invoked,  by 
combining  equation  (32)  with  (29), 

A  =  Ao[(l -h6o)(l +A?)]-'  (35) 


Af,=  U1  -h  l/bo) 


(sjsr'^u  -  n-]' 


- 1 


(36) 


There  is  a  threshold  stress,  Sih,  as  TV/  — >co.  The 
parameter,  Q  =  5,h/S„,  is  a  reference  stress  ratio, 
with  being  the  UTS.  The  S/N  behaviour  associated 
with  these  results  is  summarized  in  Fig.  23.  The 
straightforward  dependence  on  a  few  parameters  that 
can  be  calibrated  by  selected  experiments  provides  a 
basis  for  a  life  prediction  methodology.  A  relatively 
few  test  data  calibrate  the  key  quantities,  particularly 
the  threshold  stress  parameter,  fi.  This  life  prediction 
approach  is  analogous  to  that  developed  for  stress 
corrosion  cracking  [94-102].  More  complexity  could 
be  added  to  the  model,  but  the  methodology  then 
becomes  less  tractable. 

Cyclic  tests  are  performed  at  three  or  more  peak 
stress  S  levels,  and  the  cycles  to  failure  measured.  The 
results  at  each  S  are  ordered  to  obtain  the  survival 
probability  Os  as  a  function  of  Nj,  by  using  order 
statistics.  Then,  the  data  at  given  O,  are  correlated 
and  plotted  as  a  function  of  S  to  obtain  the  slope  of 
the  S/N  plot.  Specimens  that  exhibit  run-out  (no 
failure  after  a  designated  number  of  cycles)  provide 
particularly  important  information.  These  data  give 
the  threshold  stress,  at  the  associated  Os.  These  Sih 
may  be  compared  with  the  initial  strengths  Sa  at  the 
same  O,  to  determine  the  reference  threshold  stress, 
fl(Os).  This  is  the  crucial  quantity,  because  it  scales 
all  other  data  required  for  life  prediction. 

Most  non-oxide  materials  are  susceptible  to  stress 
oxidation  [19,  104-105];  a  high-temperature  mani¬ 
festation  of  stress  corrosion  (Fig.  24).  Again,  the 
phenomenon  degrades  the  toughening.  It  is  particu¬ 
larly  debilitating  for  very  tough  non-oxide  CMCs, 
especially  at  intermediate  temperature  (700-900°C); 


Combining  equations  (34)  and  (35),  the  cycles  to  pig.  24.  A  schematic  of  the  stress  oxidation  mechanism  that 
failure  Nf  becomes,  operates  in  non-oxide  CMCs. 
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that  is,  ‘pest’  behavior  applies.  Matrix  cracks  created 
upon  loading  become  pathways  for  the  relatively 
rapid  ingress  of  oxygen.  The  oxygen  reacts  to  form 
both  solid  and  gaseous  products.  There  is  a  threshold 
stress  below  which  the  phenomenon  does  not  occur, 
given  by  [104] 


For  CMCs.  this  stress  is  typically  small,  of 
order  10-50  MPa,  and  too  low  to  enable  efficient, 
lightweight  design.  Degradation  when  a  >  S.t,  occurs 
according  to  two  rate-limiting  phenomena  [104].  (i) 
When  the  oxygen  flow  within  the  cracks  is  relatively 
rapid,  all  reinforcements  bridging  surface-connected 
cracks  oxidize  and  weaken  simultaneously.  When 
they  have  degraded  sufficiently  to  fail,  the  surface 
cracks  extend  across  the  weakened  zone  and  form 
new  crack  segments  bridged  by  pristine  reinforce¬ 
ments  (Fig.  24).  This  new  bridged  region  again 
gradually  weakens  and  fails.  The  process  continues 
in  a  manner  resembling  reaction-controlled,  stress 
corrosion  cracking.  This  is  the  more  important 
regime,  because  it  governs  the  rupture  life  at  long 
times,  (ii)  When  the  matrix  crack  opening  is  narrow, 
oxygen  gradients  develop  along  the  crack,  resulting  in 
a  degradation  front  that  progresses  into  the  material. 
This  process  is  similar  to  diffusion  controlled,  stress 
corrosion  cracking  (Fig.  24). 

In  order  to  provide  a  life  prediction  methodology, 
three  principal  phenomena  must  be  addressed  [104]: 
(a)  the  reduced  strength  of  the  reinforcements  with  an 
oxide  reaction  layer;  (b)  the  stress  concentration  on 
the  reinforcements  at  the  perimeters  of  unbridged 
crack  segments,  (28);  (c)  the  oxygen  concentration 
within  the  matrix  cracks,  which  is  coupled  with 
the  thickness  of  the  oxide  reaction  product  on  the 
reinforcements.  Analysis  of  these  effects  leads  to  an 
expression  for  the  failure  time  At,.  [104] 


At,  »  to 


Si^/WoR-’' 

(cr'^r' ■')/!’“ 


(38) 


The  features  emphasized  by  (38)  are  the  explicit 
effects  of  the  applied  stress  and  the  friction  stress 
as  well  as  the  fibre  strength.  However,  the  major 
issue  relates  to  the  chemistry,  which  determines 
the  reference  time  h-  The  basic  kinetic  factors  are 
presently  unresolved.  An  alternative  approach  is 
to  implement  all-oxide  systems,  which  use  a  porous 
matrix  to  stabilize  cracks  and  to  induce  internal 
friction  (Fig.  16(b)). 


6.  CHALLENGES  AND  OPPORTUNITIES 

Ceramics  have  the  disadvantage  that  w'eakest  link 
statistics  must  be  used  for  design.  The  associated  size 
scaling  causes  practical  difficulties  in  the  acquisition 
of  design  data,  since  the  survival  probabilities  at 
design  stress  levels  must  be  specified  with  high 


confidence.  Such  testing  becomes  prohibitively  costly 
unless  either  proof  testing  can  be  performed  on  every 
component  or  the  manufacturing  is  so  consistent  that 
batch-to-batch  variability  in  the  stochastic  par¬ 
ameters  is  within  a  narrow  range.  The  latter  would 
require  a  processing  regimen  that  regulates  the 
stochastic  strength  parameters.  The  stringency  of 
the  testing  and  control  regimen  can  be  ameliorated 
by  using  reinforcing  schemes  that  toughen  the 
material.  The  toughening  goals  arc  set  by  require¬ 
ments  for  diminished  variability  in  the  stochastic 
parameters  governing  component  survival  prob¬ 
abilities  at  the  design  stresses.  The.se  goals  are 
manifest  in  the  tearing  index  for  the  toughening 
process.  This  index  has  explicit  forms  for  each 
important  toughening  mechanism.  Derivation  and 
discussion  of  these  indices  has  demonstrated  prefer¬ 
ences  for  two  mechanisms,  (i)  Internal  friction, 
achievable  through  the  use  of  aligned,  strong 
reinforcements  with  'weak'  interfaces.  Materials  that 
optimize  this  mechanism  can  become  sufficiently 
tough  that  ductility  is  achieved.  The  thcrmomechani- 
cal  phenomena  that  dictate  design  and  reliability 
change,  are  elaborated  next,  (ii)  Microstructures 
having  fine  scale  cleavage  anisotropy  sufficient  to 
form  elastic  ligaments,  such  as  lamellar  TiAI.  have  a 
tearing  index  that  increases  as  the  microstructure  is 
refined,  resulting  in  potent  strengthening.  There  are 
opportunities  to  exploit  these  toughening  and 
strengthening  mechanisms  in  a  manner  that  enhances 
‘design  friendliness'. 

Materials  that  develop  inelastic  deformation 
have  the  advantage  that  these  strains  enable  stress 
redistribution  and  the  implementation  of  familiar 
design  rules  used  for  metals.  Such  materials  are 
exemplified  by  ceramic  matrix  composites  reinforced 
with  continuous,  aligned  fibres.  Moreover,  the 
damage  stabilization  mechanisms  that  operate  in 
such  materials  lead  to  an  ‘internal'  scaling,  which 
causes  the  UTS  to  be  insensitive  to  size  and  to  be 
distributed  in  a  Gaussian  manner.  The  remaining 
problems  with  these  materials  concern  high- 
temperature  degradation  and  cost.  For  non-oxide 
CMCs.  oxidation  embrittlement  is  debilitating. 
Retarding  the  degradation  requires  research  on 
multiple  coating  concepts,  as  well  as  on  the 
development  of  fibres  having  high  purity,  at 
acceptable  manufacturing  costs. 

Implementation  requires  a  robust  life  prediction 
methodology  in  addition  to  design  strategics.  One 
component  of  such  a  methodology  involves  fatigue. 
Some  of  the  principles  governing  development  of 
fatigue  life  prediction  methods  have  been  discussed, 
through  phenomena  common  to  toughened  ceramics 
and  CMCs.  especially  those  that  rely  on  internal 
friction  to  impart  toughness  and  ductility.  It  is 
predicated  on  the  interplay  between  cyclic  friction 
and  reinforcement  degradation.  However,  much 
additional  analysis  and  modelling  is  needed  to 
establish  a  comprehensive  fifing  methodology.  The 
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phenomena  still  to  be  addressed  include  stress 
oxidation,  cyclic  creep  and  thermomechanical 
fatigue. 
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APPENDIX  1:  NOMENCLATURE 

a  flaw  size 

flo  initial  flaw  size 

Aa  crack  extension 

Aflc  critical  crack  extension 


A  anisotropy  factor  (about  unity) 

6o  interface  fatigue  coefficient 

b  toughening  coefficient  (9) 

c  inelastic  zone  length  coefficient  (10) 

d«  process  zone  size  coefficient  (14) 

d  crack  spacing 

E  Young’s  modulus  for  composite 

E«  longitudinal  modulus  of  ply 

El  transverse  Young’s  modulus 

£m  Young’s  modulus  for  matrix 

E<  Young’s  modulus  for  fibres 

£•  Young’s  modulus  of  CMC  with  matrix  microcracks 

/  reinforcement  volume  fraction 

g  attachment  factor  bctw'ccn  fibre  and  matrix 

g,  frequency  function  for  strength 

G  strain  energy  release  rate 

Cmj,  maximum  C 

h  ply  thickness  in  CMCs 

h  process  zone  size 

j  fatigue  exponent 

if  interface  friction  index 

L  inelastic  zone  size 

m  Weibull  shape  factor 

N  number  of  cycles 

N(  number  of  cycles  to  failure 

p  reinforcement  pull-out  length 

R  reinforcement  radius 

5  tensile  strength 

Sc  reference  fibre  strength 

S, h  threshold  stress  for  fatigue 

Sc  ultimate  tensile  strength 

So  strength  scale  factor 

t  lime 

to  reference  time  for  oxide  growth  on  reinforcements 

Ar,.  rupture  time 

t  traction 

III  maximum  traction 

u  crack  opening  displacement 

SV  volume  element 

6  stress  transfer  length 

c  tensile  strain 

Cl  transformation  strain 

Vo  Poisson’s  ratio  for  0’  loading 

V45  Poisson’s  ratio  for  45'  loading 

£2  ratio  of  cyclic  threshold  stress  to  UTS 

Fr  fracture  resistance 

Fo  initiation  fracture  energy 

r,  interface  toughness 

Ff  reinforcement  toushness 

AFr  transient  toughening 

ij  stress  eoncentration  index 

A  strengthening  index 

7.  tearing  index 

a  applied  stress 

(7r  ply  level  residual  stress 

a.  debond  stress 

<7i  misfit  stress 

A<zui  stress  drops  upon  matrix  cracking  in  the  1  and  II 
orientations 

Z,  non-dimensional  debond  stress 

Zr  non-dimensional  misfit  stress 

T  friction  stress  at  interface 

To  initial  value  of  t 

T,  steady-state  x  after  cycling 

cul  ligament  toughening  coefficient 

■/  ligament  strengthening  coefficient 
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Abstract — Oxide  scales  that  form  on  superalloys  eventually  spall,  especially  upon  thermal  cycling.  This 
phenomenon  is  motivated  by  the  large  residual  compression  in  the  oxide.  Buckling  and  interface  crack 
propagation  are  known  aspects  of  this  behavior,  but  the  origin  of  the  interface  separation  that  precedes 
and  activates  buckling  is  not  understood.  One  mechanism  is  described  and  analyzed  in  this  article.  It  relies 
on  the  observation  that  the  interfaces  are  typically  non-planar.  Such  non-planarity  can  result  in  cyclic 
straining  of  the  substrate,  near  the  interface,  leading  to  crack  initiation  by  fatigue.  The  conditions  that 
lead  of  cyclic  plasticity  are  analyzed  for  a  typical  range  of  parameters.  ©  Acta  Metallurgica  Inc. 


1.  INTRODUCTION 


Thermally  grown  oxide  thin  films  on  metal  alloy 
substrates  are  known  to  spall  from  the  substrate  upon 
thermal  cycling,  particularly  Al:03  on  Ni  or  Fe-based 
alloys  [1-4].  The  oxide  is  typically  in  residual 
compression,  caused  primarily  by  the  thermal 
expansion  mismatch  between  the  oxide  film  and  the 
substrate.  Recent  measurements  suggest  that  at  room 
temperature  these  stresses  are  of  the  order  of  3-5  GPa 
[5, 6].  In  some  cases,  growth  stresses  are  superposed, 
but  they  are  relatively  small.  It  has  been  surmised  that 
these  stresses  motivate  the  spalling  event.  One  key 
connection  between  the  stresses  and  the  spalling 
mechanism  is  addressed  in  this  article. 

It  is  established  that  large  compressive  stresses  can 
cause  buckling  when  an  initial  decohesion  exists  at 
the  interface.  The  critical  requirement  for  a  circular 
decohesion  is  that  its  radius,  b,  satisfy  [8] 


b  >  1.11/! 


(1  -  vr)tr 


(1) 


where  o  is  the  residual  compressive  stress,  h  the  film 
thickness,  £i  and  Vj  are  the  Young’s  modulus  and 
Poisson’s  ratio  of  the  film.  Moreover,  upon  buckling, 
there  is  an  energy  release  rate  that  can  extend  the 
crack  and,  thereby,  cause  spalling.  The  critical 
requirement  for  this  to  occur  is  expressible  through  a 
non-dimensional  parameter  [7] 


n  = 


a-h 

W, 


(2) 


where  Ti  is  the  interface  toughness.  For  the  buckled 
configuration  to  extend,  it  is  required  that  Q  exceed 
a  critical  magnitude,  flc,  of  the  order  of  6  [8].  Often 


the  buckles  propagate  in  a  linear  or  “telephone  cord” 
morphology  [9]  (see  Fig.  1). 

While  the  buckling  and  crack  growth  aspects  of  the 
spalling  phenomenon  are  quite  well  understood,  and 
experimentally  validated  [10]  it  is  not  known  how  the 
initial  decohesions  needed  to  satisfy  the  buckling 
condition  (1)  are  created.  Since  the  pre-existence  of 
decohesions  this  large  is  unlikely,  there  have  been 
various  speculations  about  their  formation,  such  as 
void  formation  and  coalescence  by  diffusion  [2,  11], 
but  most  of  these  are  kinetic  processes  which  occur 
at  a  rate  governed  primarily  by  the  time  spent  at  the 
highest  temperature.  The  practical  experience  is  that 
thermal  cycling  is  often  more  important  than 
prolonged  isothermal  exposure  [12,  13].  The  impli¬ 
cation  is  that  thermal  fatigue  is  involved,  embodied 
in  cyclic  plastic  strains  occurring  either  at  the 
interface  or  in  the  substrate  close  to  the  interface. 
This  realisation  provides  the  basis  for  engineering 
models  that  characterise  the  cycles  to  failure,  but  a 
mechanistic  basis  has  yet  to  be  established.  Such 
mechanism-based  models  are  needed  to  identify  the 
key  variables  and  to  understand  scaling  effects  with 
those  variables.  The  objective  of  this  article  is  to 
provide  a  plausible  cyclic  mechanism  with  the 
associated  analysis. 

For  a  perfectly  planar  interface  between  the  oxide 
and  the  substrate,  there  are  no  shear  stresses  along 
the  interface,  except  near  free  edges  and  terminations 
[14-16].  Consequently,  for  typical  thick  substrates  the 
yield  condition  can  only  be  attained  in  these  regions 
and  spalls  that  occur  remote  from  edges  and  features 
could  not  be  explained.  Thus,  the  idea  that  cyclic 
plastic  strain  at  the  interface  could  be  important  has 
been  largely  discounted.  However,  most  interfaces 
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Fig.  1.  A  spalled  region  of  an  oxide  scale  formed  at  lOOO  'C  on  a  Ni  aluminidc  bond  coat  indicating  the 
telephone  cord  morphology.  The  light  grey  areas  arc  the  spalled  regions,  while  the  dark  grey  areas  arc 
still  attached  (J.  S.  Wang,  unpublished  research). 


W'ith  thermally  grown  oxides  are  non-planar,  because 
of  growth  instabilities  (Fig.  2)  [17].  It  will  be  shown 
that  even  small  morphological  perturbations  from 
planarity  have  a  surprisingly  large  effect  on  the 
stresses  at  the  interface,  as  well  as  in  the  substrate. 
The  conditions  under  which  these  stresses  can  induce 
cyclic  plastic  strains  arc  analysed  as  a  possible  source 
of  the  initial  interface  decohesions  that  precede 
buckling.  An  elastic  perturbation  solution  is  pre¬ 
sented  first  in  order  to  elucidate  trends  and  to  identify 
the  salient  variables.  These  results  are  also  used  to 
estimate  the  plastic  zone  morphology  and  the 
shakedown  conditions.  Thereafter,  detailed  finite 
element  results  are  obtained  that  embrace  the  full 
range  of  conditions  expected  in  practice. 

2.  PERTURBATION  SOLUTION 

An  elastically  isotropic  coating  with  Young's 
modulus  El,  Poisson's  ratio  v,  and  average  thickness 
h  is  bonded  to  an  infinitely  deep  substrate  which 
is  also  isotropic  with  £:  and  v;.  The  upper  surface  of 
the  coating  is  assumed  to  be  planar,  but  its  interface 
with  the  substrate  is  wavy  having  amplitude  A 
and  wavelength  L,  varying  according  to  y  =  {A 
2)cos(2r..Xi:L)  (Fig.  3).  The  substrate  coating  system 
is  taken  to  be  infinite  in  extent  in  the  x,  and  .V:, 
directions.  Gao  [IS]  considered  the  same  type  of  wavy- 
interfaces,  but  for  the  case  where  both  the  substrate 
and  the  region  above  the  interface  are  semi-infinite  in 
extent  in  the  direction  perpendicular  to  the  interface. 
Let  7~(i  be  the  temperature  at  which  the  coating  is 
deposited  on  the  substrate,  and  define  cj  to  be  the 


thermal  mismatch  strain  of  the  coating  at  any  other 
temperature  T  as 


t?  = 


'r 

(Si  -  y.:)dT 

T, 


(3) 


where  y.,  and  s;  are  the  coefficients  of  thermal 
expansion  of  the  coating  and  substrate.  If  the 
interface  is  planar  (A  =  0).  the  substrate  is  unstressed 
and  two  non-zero  components  of  stress  in  the  coating 
are 


Cn  =  Cr.  =  -• (4) 

I  —  1 1 

If  the  undulation  amplitude  A  is  non-zero,  the 
stress  and  strain  changes  relatix’e  to  the  case  w'ith 
A  —  0  satisfying  the  equations  of  plane  strain.  In 
what  follows,  a  perturbation  solution  for  the  stresses 
and  strains  in  the  coating  and  substrate  is  given  with 
A  as  the  perturbation  parameter.  The  solution,  w'hich 
is  obtained  to  lowest  order  in  A.  will  be  seen  to  be 
reasonably  accurate  for  surprisingly  large  non-pla¬ 
narities.  It  remains  valid  as  long  as  the  maximum 
slope  of  the  interface,  which  is  proportional  to  A  /L. 
is  not  too  large.  There  is  no  restriction  on  the 
magnitude  of  h:L.  Denote  components  of  stress, 
strain  and  displacement  in  the  (.Yi..v;)  plane  using 
Greek  subscripts  in  the  standard  manner,  and  write 
the  perturbation  expansion  of  the  in-plane  quantities 
according  to 


u,  =  lA  -f  Ah,  -  O(A-) 


292 


EVANS  et  at.:  THERMAL  FATIGUE  OF  THIN  FILMS 


3545 


Fig.  2.  Scanning  electron  microscopy  of  a  double  cross  section  of  an  alumina  scale  on  an  iron-based 
superalloy  (FeAlCr)  (M.  Ruble,  unpublished  research).  The  sections  are  attached  by  an  epoxy  bond 
(black).  The  dark  grey  regions  are  the  oxide  and  the  light  grey  the  alloy.  Note  the  undulations  at  the 
oxide/alloy  interface  and  the  protuberances  into  the  alloy. 


■!“  O(A-) 

fi/!  =  +  Aa,i!  +  O(A').  (5) 

All  the  zeroth  order  quantities  vanish  in  the  substrate, 
while  in  the  coating  =  crS,  =  0,  <7?,  is  given  by 
equation  (4),  and 

„»  =  0,  uI  =  X2€L  en  =  0,  4  =  (6) 

The  first  order  perturbations  in  equations  (5)  must 
satisfy  equilibrium,  —  0,  the  strain-displacement 


Fig.  3.  A  schematic  of  the  configuration  analysed,  indicating 
the  relevant  parameters. 


relations,  4^  =  and  the  plane  strain 

stress  and  strain  relations 

or  4,  =  (d.,  -  v4.5./!)  (7) 

with  (E,  v)  =  (£|,  V,)  in  the  coating  and 
{E,  v)  =  (£2,  V2)  in  the  substrate.  Equilibrium  is 
satisfied  by  stresses  generated  from  an  Airy  stress 
function: 

dll  =  d^.225  ^22  —  ^.11,  0^12  =  — (8) 

Compatibility  of  the  strains,  with  equation  (7), 
requires  that  the  Airy  stress  function  satisfy 

V'd)  =  0.  (9) 

Continuity  of  displacements  and  tractions  must  be 
maintained  across  and  along  the  wavy  interface, 
X2  =  y(xi).  It  is  these  conditions  which  produce  the 
non-homogeneous  terms  in  the  perturbation  pro¬ 
cedure.  First,  consider  the  continuity  condition  for 
displacements,  y(xi))  =  y(xi)),  where 

superscripts  (1)  and  (2)  will  be  used  to  denote 
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quantities  in  the  coating  and  substrate,  respectively. 
From 


The  final  step  is  to  make  use  of  equation  (14)  and 
identities  derived  from  equation  (14),  to  arrive  at 


uf(x,,y(x,))  =  0)  +  ^  (^1,  0)y(x,)  +  •  •  •, 


it  follows  from  displacement  continuity  that 

4'>(x,,0)-«f(A:,,0)  = 


dX2 


(x„0)-g(^„0) 


>■(•>^0  + 


(10) 


Conditions  along  the  wavy  interface  are  thereby 
replaced  by  conditions  along  x^  —  0.  When  terms  of 
the  order  of  A  are  retained  in  these  two  equations 
after  having  been  expressed  in  terms  of  the 
expansions  (5),  one  obtains 


(1  -  aD)<U.';!  -  (1+  ao)^®  +  2(olo  -  =  0 

on  X:  =  0.  (15) 

The  first  step  in  the  reduction  of  equation  (11b)  starts 
with  two  derivatives  of  the  equation  with  respect  to 
Xi,  permitting  displacement  quantities  to  be  replaced 
by  strains.  From  this  point  on,  the  procedure 
parallels  that  just  described,  except  in  the  final  step 
when  equation  (13a)  is  used  to  eliminate  the 
non-homogeneous  term.  The  result  is 

(1  -  aD)<l>!ll:  -  (1  +  5aD  - 

+  (1  -«d)^>!]1:-(1 +aD)<I>g;  =  0  on  X;  =  0. 

(16) 


5S''(X„  0)  -  iinxuQ)  =  0 
and 

iJ"’(xi,  0)  —  Mf’(xi,  0)  =  — !«:!  cos(2nx,IL).  (1  la.b) 

Similar  treatment  of  traction  continuity  gives 

(?l:'(xi,  0)  —  <tSV(xi,  0)  =  —{njL)a\x  sin(27EXi/Z,) 

and  <t(:'(xi,  0)  —  dS’Xvi,  0)  =  0.  (I2a,b) 

The  Airy  stress  function  will  be  used  to  generate 
the  perturbation  solution  in  each  of  the  two  regions. 
It  is  therefore  expedient  to  obtain  conditions 
equivalent  to  those  in  equations  (11)  and  (12) 
expressed  in  terms  of  <t>.  Conditions  from  equations 
(12a,b)  follow  immediately: 


The  four  continuity  conditions  are  supplemented 
by  the  condition  that  the  top  surface  of  the  coating 
is  traction-free  (O'lj  =  =  0  on  X:  =  h)  and  the 

requirement  that  the  stresses  in  the  substrate  decay  to 
zero  as  X;  -*■  —  cc.  The  system  of  equations  admits  a 
separable  solution  of  the  form 

<!>''’  =  (ffoM)/'’(x2)cos(2nXi/L) 

and  O'-' =  (<7oM)/"’(-V:)cos(27iXi/L)  (17) 

where  ).  =  2nlL.  The  general  solution  to  equation  (9) 
satisfying  the  traction-free  condition  on  X;  =  h  and 
zero  stress  as  x;  -►  —  co  is 

/"  =  ai[sinh  z(x:  —  h)  —  /.(x:  —  h)cosh  /.(x;  —  h}] 
-f  (3;2(x:  —  /!)sinh  z(x:  —  h) 

/-' =  OjC''- +  aJA.V:e'■'^  (18) 


•t*!!’  -  <t’Ii2  =  (tt/f')<tM  sin(2;tX|  /L)  The  four  continuity  conditions.  (13a,b),  (15)  and  (16), 

provide  the  equations  for  the  four  coefficients,  a,: 
and  0!11  -  =  0  on  X2  =  0  (13a,b)  ^  ^ 


where  O’"  governs  in  X2  >  0  and  in  X2  <  0.  It  is 
less  straight  forward  to  obtain  replacements  for 
equations  (lla,b).  It  is  useful  at  this  juncture  to 
anticipate  the  general  result  of  Dundurs  [19]  which 
states  that  the  inplane  stresses,  can  be  expected 
to  depend  on  the  elastic  mismatch  between  the 
coating  and  the  substrate  through  only  two  mismatch 
parameters,  txo  and  /Jo-  For  plane  strain,  the  Dundurs 
mismatch  parameters  are 


i-£: 

£,  -h  E. 


and 


1  ^,(1  -2v2)-/t2(l  -2V|) 

2  ^2,(1  -V2)-f/t2(l  -v.) 


(14) 


M.,a,  =  b.(i=\,A)  (19) 

/-  l,.! 


where  6,  =  1/2  with  6,  =  0  for  i  —  2,4  and 

Mn  =  ?.hS,  Mi2  =  S  +  2hC, 

M,,=  h  A/,4=1, 

A/,,  =  -S-1- ;./tC,  M2:  =  2hS, 

A/;:,  =  -l,  A/24  =  0, 

Af3,  =  (I  -  ar>)(S  + /.hC), 

My.  =  (1  -  aD)(2C  -f  2hS). 

My  =  —  1  —  3aD  +  4^d,  My  —  —2(1  4-  Xd), 


where  E  =  £/(I  —  v’)  and  /2  =  £/(2(l  v)).  The 

following  steps  are  required  to  express  equation  (1  la) 
in  terms  of  <I>.  Take  the  derivative  of  the  equation 
with  respect  to  Xi;  note  that  i/,,,  =  ciu  express  the 
strains  in  terms  of  stresses  via  equation  (7);  and 
express  the  stresses  in  terms  of  via  equation  (8). 


M„  =  -2(1  -  aD)C,  My  =  -2(1  -  aolS, 

My  =  4(ao  —  j^o).  Mu  =  —  1  -b  2aD  —  4/)d  (20) 

with  S  =  sinh(/./i)  and  C  =  cosh)//!).  Formulas  for 
the  a,  are  too  lengthy  to  be  revealing,  and,  therefore, 
numerical  solution  of  equation  (19)  is  used  to 
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generate  results.  Note  that  the  a,  depend  on  the  two 
Dundurs  parameters  and  Xh  =  InhjL. 

2.1.  Stress  at  the  interface  in  the  substrate 

The  solution  provides  stresses  to  the  order  of  AjL 
in  the  coating  and  in  the  substrate,  for  which  the 
stresses  vanish  when  A  =  0.  The  emphasis  here  will  be 
on  the  stresses  in  the  substrate  at  the  interface,  which 
are  given  by 

(ffii,  <722)  =  ttoA/.  cos{2nx, I L)(a}  +  lat,  —  a,), 

(7i2  =  CoA/.  sin(2;rXi/L)((23  +  <24)-  (21) 

The  associated  out-of-plane  stress  is  <733  =  Mttn  + 
532),  which  brings  in  a  dependence  on  V2  in  addition 
to  the  Dundurs  parameters.  The  von  Mises  effective 
stress  in  the  substrate  just  below  the  interface  is 

<7e  =  ~  +  (<7u  —  £733)" 


+  (<<22  —  <733)"]  "h  3<7t2 


1/2 


=  \<toAIL\{[Qn  cos(27tx,/L)]- 

+  [Q.sm{27:xJLYy’^  (22) 

where 

Qn  =  27i{(1  —  V2  -h  vl)[(a3  -I-  2a4)"  -t-  a^] 

-f  (1  4-  2v2  -  2vl)a2(a2  +  2a4)}‘''^ 

a  =  27t{3(a3  +  <24)^}''^  (23) 

Note  that  a,  =  \<yi3AIL\Q„  is  the  effective  stress  in  the 
substrate  at  the  peaks  and  valleys  of  the  interface 
undulation  where  the  shear  stress  vanishes,  while 
(Tc  =  |c7o^/L|2,  is  the  corresponding  value  at  the 
midpoints  where  the  maximum  magnitude  of  the 
shear  stress  occurs  and  the  normal  components  of 
stress  vanish. 

Plots  of  g„  and  g,  as  functions  of  ao  are  given  in 
Fig.  4  for  five  values  of  hJL  with  jJo  =  ocdM  and 
V2  =  0.3.  The  dependence  of  these  quantities  on  jSo 
was  established  by  repeating  the  calculations  with 
jSd  =  0,  which  produces  only  small  numerical  changes 
from  the  results  in  Fig.  4.  Since  0  <  flu  <  otol^  for 
most  bi-material  systems,  it  follows  that  is  of 
secondary  importance.  Similarly,  the  effect  of  V2 
has  been  determined  to  be  relatively  small.  More 
importantly,  it  can  be  seen  that  and  Q,  are  not  only 
nearly  equal,  but  they  have  little  dependence  on  hjL 
over  the  probable  range  of  interest  for  this  parameter. 
It  follows  from  these  two  observations  that  the  von 
Mises  effective  stress  in  the  substrate  just  below  the 
interface  is  nearly  independent  of  x,  and  can  be 
approximated  by 

(7e  =  |cro.4/Z,|g(aD) 

where  g  S  3(1  —  ao)  —  ^  (1  —  Kd)^-  (24) 


Fig.  4.  Effect  of  the  Dundurs  parameter  ao  on  the 
non-dimensional  factors  in  equation  (22)  for  a  range  of 
normalized  film  thicknesses,  /i/L:  =  aoM  and  vj  =  0.3): 

(a)  g„  (b)  gs.  (Note  that  there  is  little  effect  of  the  film 
thickness.)  The  ao  relevant  to  the  AhOs/Ni  system  used  for 
numerical  analysis  is  indicated  by  the  arrow. 


2.2.  Application  of  the  perturbation  solution  to 
substrate  yielding  and  shakedown 

To  provide  a  specific  example,  suppose  the  coating 
is  deposited  at  To  and  subsequently  cooled  to  T.  The 
thermal  expansion  mismatch,  Aa  =  ai  —  a2,  is  imag¬ 
ined  to  be  negative  such  that  the  thermal  reference 
stress  (To  in  equation  (4)  is  negative  (compressive).  In 
addition,  to  simplify  the  discussion,  the  yield  strength 
of  the  substrate  ay  will  be  assumed  to  be  independent 
of  temperature,  but  this  restriction  will  be  lifted  in 
Section  3. 

By  equating  to  the  yield  strength  of  the 
substrate,  the  effect  of  the  interface  roughness  on  the 
incidence  of  substrate  yielding  can  be  estimated.  By 
equation  (24),  the  temperature  drop  at  first  yield 
corresponds  to 


(To  = 


<7y 

fi(aD) 


L 

A 


(25) 


Note  that  yielding  is  essentially  independent  of  hjL, 
but  there  is  a  strong  dependence  on  the  elastic 
mismatch  through  kd.  Higher  modulus  films  (£1  >  £2 
with  positive  ac)  decrease  g,  but  the  effect  is 
counteracted  by  the  larger  misfit  stress  as  £1 
increases.  There  is  an  explicit  inverse  dependence  on 
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the  relative  amplitude  of  the  interface  undulations, 
AIL.  These  trends  are  used  to  establish  the  scope 
of  selected  numerical  calculations  presented  in 
Section  3. 

Upon  thermal  cycling  with  amplitude 
AT  =  To  —  T,  it  can  be  asserted  that  some  plastic 
straining  will  occur  in  each  cycle  if  the  change  AcTc  in 
the  effective  stress,  due  to  AT",  exceeds  la-,-  predicted 
by  an  elastic  analysis  [20].  Elastic  shakedown  is  only 
possible  if  AcTc  <  la-,-.  In  Section  3  it  will  be 
established  that  the  shakedown  limit  for  coating/sub¬ 
strate  systems  is  well  approximated  by  the  condition 
Affc  =  2(rY.  Based  on  the  perturbation  result  (4),  the 
shakedown  condition  for  the  idealized  case  of  a 
temperature-independent  substrate  yield  stress  is 
therefore  that  AT  be 


-Oo 


.  l.ay 
fiCac) 


L 

A 


(26) 


The  significance  of  equation  (26)  is  that,  when 
satisfied,  the  substrate  response  becomes  elastic  after 
the  first  cycle.  Consequently,  there  can  be  no  fatigue, 
rendering  this  mechanism  incapable  of  creating  initial 
decohesions  at  the  interface.  Condition  (26)  thus 
becomes  a  benchmark  for  ascertaining  the  thermal 
range,  AT,  and  roughness  amplitude.  AjL,  above 
which  thermal  fatigue  can  be  anticipated. 


3.  NUMERICAL  RESULTS 

The  numerical  calculations  are  performed  for  a 
thin  film  on  a  very  thick  substrate,  so  that  bending  of 
the  substrate  is  excluded.  Symmetry  permits  a  unit 
cell  of  width  Ljl  to  be  analysed,  extending  from 
X|  =  0  to  Ljl  in  Fig.  3,  with  periodic  boundary 
conditions  imposed.  A  finite  element  mesh  designed 
to  resolve  the  stresses  near  the  coating/substrate 
interface  was  used  in  carrying  out  the  calculations. 
A  difference  in  thermal  expansion  coefficient, 
Aa  =  «!  —  tt:,  between  the  film  and  substrate  is 
imposed.  In  the  numerical  calculations,  the  elastic 
properties  are  chosen  to  represent  AbOs  on  Ni  alloys 
(Table  1),  such  that  the  Dundurs"  parameters  are: 
Kd  =  0.31  and  po  =  0.06.  The  Poisson's  ratio  in  the 
substrate  is  v:  =  0.3.  The  film  thickness  is  kept 
constant  at  /i/L  =  1,  since  the  preceding  analytical 
results  have  indicated  that  this  dimension  has  only  a 
second  order  influence  on  the  stresses.  (Selected 
numerical  results  for  smaller  values  of  hjL  were 
obtained  to  further  verify  this  assertion.) 

Elastic  calculations  of  the  effective  stress  in  the 
substrate  have  been  made  at  the  point  where  it  is 
largest  (point  “A”  in  Fig.  3,  just  below  the  interface 


Table  I.  Material  properties  sumiiiary 


Material 

£(GPa) 

V 

ct  (I0-‘C'') 

Al:0, 

400 

0.2 

8 

Ni  alloy 

200 

0.3 

15 

Fig.  5.  Dependence  of  normalized  effective  stress  at  point 
“A"  determined  from  an  elastic  computation,  as  a  function 
of  AjL.  Note  the  extensive  range  of  accuracy  of  the 
perturbation  solution.  Compare  the  results  as  /(  ->  0  with 
the  analytic  results  for  an  =  0.31  from  Fig.  4. 


at  Xi  =  0)  as  a  function  of  AIL.  The  solution  depends 
linearly  on  the  reference  stress  Co  in  equation  (4).  The 
result  is  normalized  in  a  way  that  brings  out  the 
accuracy  of  the  perturbation  solution.  The  numerical 
results  (Fig.  5)  approach  the  perturbation  result  as 
AjL  becomes  small,  evident  upon  comparing  the 
asymptote  AjL  0  with  Q,  or  Q„  from  Figs  4(a)  and 
(b)  (for  ao  =  0.31).  This  consistency  provides  a  check 
on  the  accuracy  of  the  finite  element  model. 
Moreover,  the  two  sets  of  results  continue  to 
approximate  each  other  reasonably  well,  even  for 
undulation  amplitudes  as  large  as  AIL  =  0.3. 

Contours  corresponding  to  constant  values  of 
effective  stress  in  the  substrate  as  computed  by  the 
finite  element  model,  assuming  that  the  substrate 
remains  elastic,  are  displayed  in  Fig.  6  for  three  values 
of  AjL.  The  significance  of  these  stress  levels  can  be 
appreciated  by  noting  that  Co  for  the  AlrOj/Ni  system 
at  room  temperature  is  about  —  3GPa  [6].  At  the 
smallest  undulation  amplitude.  /4/Z,  =  0.1,  the  con¬ 
tour  of  constant  effective  stress  is  almost  parallel  to 
the  interface  in  close  accord  with  the  approximate 
perturbation  result  in  equation  (24).  This  character¬ 
istic  is  attributed  to  the  largely  deviatoric  nature  of 
the  deformations  arising  at  all  locations  along  the 
interface.  That  is,  at  the  peaks  and  valleys  of  the 
undulations  (points  “A"  and  “C”  in  Fig.  3),  yielding 
is  encouraged  by  a  combination  of  either  tensile  (Th 
and  compressive  <7;;  stresses,  or  vice  versa,  while  at 
the  mid-position  (point  “B"),  shear  stresses  cr,:  are 
dominant.  Some  variation  of  a,  along  the  interface 
becomes  apparent  at  AIL  =  0.3.  The  largest  value  is 
attained  just  below  the  interface  at  the  peak  of  the 
undulation  (point  “A"),  and  the  smallest  value  at 
point  “B".  The  effective  stress  at  the  valley  of  the 
undulation  (point  “C“)  is  intermediate  between  the 
other  two  values.  These  trends  are  further  emphasised 
at  the  largest  amplitude  shown,  AIL  =  0.5.  It  is 
apparent  from  this  numerical  example  that  effective 
stresses,  large  enough  to  produce  plastic  staining  in 
the  substrate,  must  be  expected  w'hen  interface 
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undulations  are  not  tightly  controlled.  By  this 
example  and  the  results  in  Fig.  5,  it  has  also  been 
demonstrated  that  the  perturbation  results  can  be 
used  with  confidence  to  predict  elastic  stresses  for 
undulation  amplitudes  as  large  as  about  A/L  =  0.3. 

3.1.  Temperature-independent  yield  strength 

To  establish  limits  on  temperature  variations 
corresponding  to  initial  plastic  yielding  and  to  elastic 
shakedown  for  thermal  cycling,  an  elastic-perfectly 
plastic  substrate  with  a  temperature-independent 
yield  strength,  o-y,  is  considered  first.  The  following 
history  is  prescribed  in  accordance  with  the  notation 
in  Fig.  7,  which  depicts  the  effective  stress  variation 
at  a  point  in  the  substrate  such  as  “A”.  The  coating 
is  assumed  to  be  deposited  stress-free  at  temperature 
To.  The  temperature  T  is  then  lowered  to  Tt  =  RTo, 
generating  a  compressive  thermal  reference  stress  co 
defined  in  equations  (3)  and  (4).  The  results  presented 
below  in  terms  of  co  do  not  require  that  the  mismatch 
in  the  coefficients  of  thermal  expansion  be  tempera¬ 
ture  independent,  but  when  it  is, 

FiAafL  -  To) 

= - 


I  a)  A/L  =  0.l' 


I  b)  A/L  =  0.2~| 


Fig.  6.  Equivalent  stress  contours  in  the  substrate  at  three 
undulation  amplitudes  as  determined  by  an  elastic  analysis 
using  the  finite  element  model  (kd  =  0.31,  )?d  =  0.06, 
V2  =  0.3,  h/L  =  1). 


Fig.  7.  History  of  effective  stress  at  a  point  such  as  “A”  in 
an  elastic-perfectly  plastic  substrate  with  a  temperature-in¬ 
dependent  yield  stress  Cv.  The  film/substrate  system  is 
subject  to  a  temperature  history  with  cycles  from  To  to  T, 
where  the  initial  stress  is  taken  to  be  zero  at  the  start  of  the 
history  at  To.  The  case  illustrated  involves  plastic  straining 
in  each  cycle.  For  the  purposes  of  displaying  the  effective 
stress  history  it  is  convenient  to  plot  the  variation  by 
changing  the  sign  of  a,  at  each  T  where  it  becomes  zero,  in 
the  manner  illustrated  here.  This  reflects  the  fact  that 
individual  components  of  stress  change  sign  when  T  is 
varying  monotonically  and  a,  vanishes. 


At  this  point  the  temperature  is  raised  back  to  To,  and 
the  temperature  history  is  repeated,  cycling  between 
To  and  Tt.  The  same  two  questions  examined  in 
Section  2.2  are  first  readdressed  here:  (i)  Is  R 
sufficiently  large  that  no  plastic  yielding  occurs  in  the 
entire  history?  (ii)  If  not,  is  R  in  the  range  such  that 
plastic  deformation  occurs  in  the  first  few  cycles  but 
subsequently  shakes  down  with  only  an  incremental 
elastic  response  (i.e.  the  hysteresis  loop, 
3-^4-»-5->6->3,  in  Fig.  7  has  zero  width)? 

Results  of  the  numerical  calculations  are  shown  in 
Fig.  8  for  the  elastic-perfectly  plastic  substrate  with 
a  temperature  independent  yield  strength  Cy-  The 
solid  line  curve  labelled  “initial  yielding”  corresponds 
to  the  largest  magnitude  of  co  such  that  no  yielding 
occurs  during  the  thermal  history  at  a  given 
undulation  amplitude  AjL.  The  solid  line  labelled 
“elastic  shakedown”  represents  the  largest  magnitude 
of  (To  at  a  given  AjL  such  that  after  one  or  more 
thermal  cycles,  no  subsequent  plastic  yielding  occurs. 
Note  that  the  shakedown  reference  stress  is 
approximately  twice  the  reference  stress  at  initial 
yield.  Moreover,  the  predictions  based  on  the 
perturbation  analysis,  equations  (25)  and  (26),  which 
are  plotted  as  dashed  curves,  provide  a  good 
approximation  to  the  numerical  results  even  at 
interface  undulation  amplitudes  as  large  as  Aj 
L  =  0.3.  With  due  account  for  the  temperature 
dependence  of  try,  the  results  from  the  perturbation 
analysis  can  be  used  to  establish  conditions  on  the 
thermal  cycles  which  ensure  shakedown. 
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When  Co  lies  between  the  curves  labelled  “initial 
yield”  and  “elastic  shakedown”  in  Fig.  8,  plastic 
yielding  occurs  as  the  temperature  drops  toward  Tt, 
but  upon  reheating  to  Jo,  there  is  no  reverse  yielding 
and  the  substrate  experiences  only  elastic  defor¬ 
mation  in  the  subsequent  thermal  cycles.  When  <To  lies 
above  the  elastic  shakedown  threshold,  reversed 
plastic  flow  occurs  in  the  first  cycle  as  the  temperature 
is  brought  back  up  to  To.  Figure  9  displays  the  active 
plastic  zones  in  the  first  cycle,  &tT  —  Tt  and  then  at 
the  end  of  the  cycle  at  T  =  To.  After  one  or  more 
subsequent  cycles,  plastic  straining  settles  down  to 
steady  hysteretic  behavior,  as  illustrated  by  two  sets 
of  numerical  results  in  Fig.  10  for  at  “A”.  Included 
in  Fig.  8(b)  are  curves  associated  with  two  levels  of 
effective  plastic  strain  increment. 


A£?  = 


(28) 


Fig.  8.  Thermal  fatigue  maps  characterising  the  regions  in 
which  initial  yielding,  shakedown  and  cyclic  plasticity  occur. 
The  ordinate  is  the  ratio  of  the  reference  thermal  stress  to 
the  substrate  yield  strength  and  the  abscissa  is  the  ratio  of 
the  amplitude  to  the  wavelength  of  the  roughness,  AIL. 
(a)  Estimates  obtained  from  the  perturbation  analysis 
(dashed  curves)  and  from  the  finite  element  analysis  (solid 
curves)  are  both  shown,  (b)  Above  the  shakedowm 
threshold,  curves  corresponding  to  specified  effective  plastic 
strain  amplitudes  characterizing  the  width  of  the  hysteresis 
loop  are  also  plotted,  as  obtained  from  the  numerical 
calculations.  The  yield  strength  is  independent  of  tempera¬ 
ture,  ao  =  0.31,  pD-  0.06.  V;  =  0,3  and  hlL  =  1. 


A/L  =  0.3 


Fig.  9.  Typical  active  plastic  zones  in  the  first  thermal  cycle 
from  the  numerical  calculations  when  ao  exceeds  the 
shakedown  threshold,  (a)  Initial  zone  on  cooling  to  Te, 
(b)  reverse  plastic  zone  on  reheating  to  To.  The  results 
correspond  to  =  7.  The  temperature  Ti  and  To  arc 
defined  in  Fig,  7. 


normalized  by  the  elastic  yield  strain  Cy  =  cty/F:.  This 
measure  characterizes  the  width  of  the  cyclic 
hysteresis  loop  (c.f.  Figs  7  and  10)  when  ao  exceeds 
the  shakedown  threshold.  The  values  in  equation  (28) 
were  calculated  at  point  “A”,  but  the  equivalent 
stresses  and  strains  calculated  at  this  location  closely 
represent  the  behavior  found  at  all  other  locations 
along  the  interface.  Thermal  fatigue  is  expected  to  be 
related  to  the  level  of  reversed  plastic  strain  per  cycle 
in  the  substrate  at  the  interface  if  this  is  the  operative 
mechanism. 

3.2.  An  example  for  a  substrate  with  a  temperature- 
dependent  yield  strength 

The  yield  strength  of  the  substrate  can  vary 
significantly  over  the  temperature  cycle,  as  illustrated 
by  data  for  a  superalloy  and  an  intermetallic  in 
Fig.  11  [21],  To  illustrate  how  such  temperature-de¬ 
pendent  yielding  affects  the  deformation  history  of 
the  substrate,  numerical  computations  have  been 
carried  out  for  a  hypothetical  case  where  the 
substrate  is  again  elastic-perfectly  plastic  with  <Ty(T) 
varying  linearly  from  700  MPa  at  0°C  to  220  MPa  at 
1000°C.  The  other  properties  of  the  film  and  the 
substrate  are  temperature-independent  and  taken  to 
be  the  same  as  those  used  in  the  previous  sub-section. 
The  imposed  temperature  variation  starts  at 
T  =  1000'’C,  where  the  stress  in  the  substrate  is 
assumed  to  be  zero,  and  is  subsequently  cycled 
between  0  and  1000°C.  The  effective  stress  history  at 
point  “A”  is  plotted  in  Fig.  12(a)  in  the  same  manner 
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as  for  the  earlier  case.  Now,  as  the  temperature  drops 
and  yielding  occurs,  the  effective  stress  increases  in 
accordance  with  the  temperature-dependent  yield 
stress.  As  the  temperature  reverses  in  the  second  half 
of  the  cycle,  the  opposite  happens.  The  history  of  the 
dominant  plastic  strain  component  at  “A”  is 
displayed  in  Fig.  12(b).  After  the  first  cycle,  a  steady 
hysteresis  sets  in  with  reversed  plastic  straining  in 
each  cycle. 


4.  SOME  USEFUL  APPROXIMATIONS 

The  preceding  results  suggest  approximations  that 
might  be  used  for  the  development  of  a  mechanism- 
based  life  prediction  methodology.  The  underlying 
principles  are  illustrated  by  graphical  presentations 
which  commence  with  the  construction  of  Fig.  13.  Let 
Tu  and  Ti  denote  the  upper  and  lower  limits, 
respectively,  of  the  repeated  temperature  cycle.  Plot 
the  curves  for  the  substrate  yield  strength,  ±ay(T), 
over  this  temperature  range.  Attention  will  focus  on 
whether  or  not  cyclic  plastic  straining  occurs,  and  not 


-  T/To - ► 


Fig.  10.  The  history  of  the  plastic  strain  component,  A,  at 
point  “A”.  The  segments  of  the  history  are  numbered  to 
correspond  with  the  numbering  in  Fig.  7.  Beyond  the  first 
cycle,  the  history  of  c?:  repeats  itself.  Similar  plots  pertain 
to  other  plastic  strain  components  and  to  other  locations. 
The  results  have  been  computed  for  the  case:  (a)  <ro/<ry  =  6 
and  (b)  aoja,  =  5. 


Temperature  (°C) 


Fig.  11.  Temperature  dependence  of  yield  strength  for  a 
typical  superalloy,  as  well  as  for  an  intermetallic  that  might 
be  used  as  bond  coat. 


on  the  less  important  issue  of  initial  yield  following 
coating  or  scale  growth.  It  should  be  evident  from  the 
two  previous  numerical  examples  that  development 
of  a  steady  hysteresis  cycle  is  tied  to  Tu  and  Tl  and 
not  the  deposition  temperature,  To,  which  need  not 
coincide  with  h.  Construct  the  hysteresis  loop  in 


0  200  400  600  800  1000 


T  (“C) 

Fig.  12.  A  numerical  example  illustrating  the  effect  of  a 
temperature-dependent  substrate  yield  strength,  (a)  Effec¬ 
tive  stress  history,  and  (b)  history  of  cfi  at  point  “A”. 
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Fig.  13.  Plot  of  effective  stress  history  at  the  interface  in  the 
substrate  in  steady  thermal  cycling  between  Tl:  and  Tl  for 
an  elastic-perfectly-plastic  substrate  with  a  temperature-de¬ 
pendent  yield  strength.  The  width  of  the  loop.  At.  is  taken 
at  the  axis  <Tt  =  0,  as  shown. 


Fig.  13  by  drawing  line  #3  starting  at  <7Y(rL).  In  this 
segment  of  the  cycle  the  response  of  the  substrate  is 
elastic,  and  thus,  from  equation  (24),  the  slope  of  the 
line  is  well  approximated  by 


dg,  _ 

dr“ 


EiAa  A 
(1  -v,)I 


e(aD). 


(29) 


clearly  undergo  in-plane  straining  incompatible  with 
the  substrate.  The  stresses  and  strains  which  develop 
at  the  interface  in  the  substrate  arise  to  enforce  strain 
compatibility  and  to  counteract  the  force  imbalance 
in  the  coating.  The  shear  traction  on  the  interface  is 
largest  midway  between  the  peaks  and  valleys  of  the 
interface  undulation,  alternating  in  sign  so  as  to 
consistently  stretch  or  compress  the  respective  thin 
and  thick  sections  of  the  coating.  The  normal  traction 
attains  the  largest  magnitude  at  the  peaks  and  valleys 
of  the  undulation,  also  alternating  in  sign.  Plastic 
deformation  at  the  interface  in  the  substrate  tends 
to  relax  the  requirement  of  loeal  in-plane  strain 
compatibility  between  the  coating  and  the  substrate. 
It  is  to  be  expected,  therefore,  that  the  plastic  strain 
induced  once  yielding  starts  should  be  of  the  order  of 
the  elastic  strain  which  would  otherwise  occur. 

An  approximate  expression  for  the  width  of  the 
plastic  hysteresis  loop,  Acf.  is  developed  based  on  the 
above  reasoning.  Consider  first  substrates  with  a 
temperature-independent  yield  strength.  Let  Ago 
denote  the  change  in  the  thermal  reference  stress  (4) 
occurring  after  the  yield  in  the  substrate  starts  in  any 
cycle.  That  is,  if  Ax  is  temperature-independent  and 
AT  denotes  the  width  of  the  loop  in  a  plot  such  as 
Fig.  13,  then 


£,AaAr 

(1-v,)- 


(31) 


Using  equation  (24)  to  estimate  the  associated 
increment  in  the  effective  strain.  (Acc)cia„ic.  as 
predicted  by  an  elastic  analysis,  gives  i.e. 


In  plotting  Fig.  13,  the  mismatch  in  thermal 
expansion  coefficients  was  taken  to  be  independent  of 
temperature,  such  that  line  #  3  is  straight.  In  a  similar 
manner,  draw  in  line  #5  starting  at  -gvlTu),  also 
with  slope  (29).  The  case  depicted  in  Fig.  1 3  illustrates 
a  history  with  reversed  plastic  straining  in  each  cycle. 
If  it  had  been  the  case  that 


...  _  Ago  A 

/elastic  “  £•  ^ 


(32) 


As  an  approximation,  the  effective  plastic  strain 
increment  Acf  can  be  expressed  as 


Af? 


(ACclcla^tic 


(Ae,),!, 
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(33) 


E,Aa  A 
(1  -  v.)  L 


Q(o-o)[T\i  —  7l]  <  [gv(Ti;)  -t-  <7y(7l)]. 


(30) 


then  the  loop  would  have  zero  width  and  elastic 
shakedown  would  pertain. 

If  elastic  shakedown  is  not  predicted,  it  is  expected 
that  the  fatigue  life  of  the  coating  will  depend  on  the 
level  of  the  plastic  straining  (28)  in  each  thermal  cycle 
at  the  interface  in  the  substrate.  Insight  into  the 
magnitude  of  plastic  strains  occurring  in  each  cycle 
when  the  shakedown  limit  (30)  is  exceeded  can  be 
obtained  from  an  understanding  of  the  stresses  and 
strains  which  develop  along  the  interface  in  an  elastic 
cycle.  Were  no  tractions  to  be  exerted  by  the  substrate 
on  the  coating  (away  from  the  substrate  edges), 
equilibrium  would  result  in  higher  inplane  stress  and 
strain  where  the  coating  is  thinner.  The  film  would 


where  Fis  a  function.  Numerical  results  for  Acf  from 
the  finite  element  calculations  for  substrates  with  a 
temperature-independent  yield  stress  are  plotted  in 
this  manner  in  Fig.  14.  The  function 

F{x)  =  1.32x  -  0.668x=  -f  0.123.v’  (34) 

gives  a  good  fit  to  the  data  for  AjL  =  0.3  over  the 
range  plotted.  The  formula  (33)  clearly  fails  to 
capture  the  full  A  iL  dependence,  but  in  conjunction 
with  equation  (34)  should  provide  a  useful  approxi¬ 
mation.  Any  formula  such  as  equation  (33)  must 
necessarily  over-simplify  the  cyclic  plastic  strain 
dependencies.  In  a  given  cycle,  yielding  starts  at  point 
“A”  and  spreads  along  the  interface.  Formula  (33) 
reflects  the  fact  that  there  will  be  more  constraint  to 
plastic  flow  when  (Ac,)ri„,ic/CY  is  small  than  when  it  is 
of  order  unity  with  yielding  occurring  all  along  the 
interface. 
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Fig,  14.  Selected  numerical  results  for  the  width  of  the 
hysteresis  loop  as  measured  hy  Arl’  and  the  function  F(  )  in 
equation  (33). 


practical  findings.  However,  the  interfaces  also 
change  with  dwell  time,  usually  developing  larger 
amplitude  undulations  as  the  scale  thickens.  This 
effect  of  time  on  A  could  be  the  source  of  the  dwell 
time  effect.  The  reasons  for  changes  occurring  in  A  as 
the  scale  develops  are  not  well-documented,  but  will 
be  addressed  in  future  research. 

One  way  in  which  the  above  results  can  be  used  to 
understand  the  initial  stages  of  spalling  once  cyclic 
plastic  straining  commences  is  to  relate  Aef  to  the 
number  of  reversals  needed  to  initiate  fatigue, 
designated  N,.  For  this  purpose,  the  Coffin-Manson 
relation  [22,  23]  is  assumed  to  apply: 

7V,  =  (l/2)(A£r/2£r)'''  (36) 

where  ci  is  a  ductility  measure  that  calibrates  the 
behavior  and  the  exponent  c  is  in  the  range  —0.5  to 
—0.7.  Combining  equations  (31)-(34)  with  equation 
(36)  gives 


Accurate  prediction  of  Aff  for  substrates  with 
temperature-dependent  yielding  will  require  further 
research.  In  the  interim,  the  following  approach 
based  on  equation  (33)  is  suggested.  Two  additional 
complications  now  arise  in  using  equation  (33)  to 
predict  Aef:  (i)  the  temperature  increment  AT  during 
which  yield  occurs  differs  for  the  heating  and  cooling 
segments  of  the  cycle  (c.f.  Fig.  13);  and  (ii)  £y  depends 
on  T.  With  AT  identified  as  shown  in  Fig.  13,  the 
largest  estimate  of  A^J  from  equation  (33)  would  be 
obtained  with  ey  =  €-i{Tu),  while  the  smallest  estimate 
would  be  obtained  using  Cy  =  e-rlTi.).  These  values 
should  bracket  Aef,  subject  to  the  accuracy  of 
equation  (33)  itself.  In  a  steady  cyclic  hysteresis  loop, 
the  effective  plastic  strain  increment  must  be  the  same 
for  the  heating  and  cooling  segments.  This  suggests 
that  the  average  of  the  two  estimates  may  be  a 
reasonable  choice,  i.e. 
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5.  IMPLICATIONS  AND  CONCLUSIONS 

The  results  identify  explicit  ranges  in  material 
properties  that  separate  shakedown  from  cyclic 
plastic  straining.  The  principal  factors  are  the  thermal 
expansion  misfit  between  the  scale  and  the  substrate, 
Aa,  the  scale  modulus,  E,  the  substrate  yield  strength, 
(Ty,  the  cyclic  temperature  range,  AT,  and  the 
amplitude,  A ,  of  the  undulations  that  develop  at  the 
scale/substrate  interface.  The  thickness  of  the  scale,  h, 
has  only  a  secondary  importance.  The  effects  of  Aa, 
AT,  E  and  cry  are  consistent  with  engineering  models 
and  practical  experience.  The  roles  of  A  and  h  require 
some  discussion.  While  h  increases  with  dwell  time  at 
high  temperature,  this  thickening  has  little  effect  on 
the  thermal  fatigue,  so  that  there  is  no  obvious  role 
of  the  dwell,  in  apparent  contradiction  with  the 


N.  =  (1/2) 


E^AttATA  _ 
2£2£r(l  -  v)I  ^ 


pic 


(37) 


where  it  is  recalled  that  AT  denotes  the  width  of  the 
hysteresis  loop  as  identified  in  Fig.  13.  This  result 
contains  parameters  that  can  be  verified  and 
experimentally  tested  in  order  to  evaluate  the 
importance  of  cyclic  plasticity  in  the  initiation  of 
interface  separations.  Such  evaluations  are  in 
progress.  However,  as  noted  above,  a  full  life 
prediction  model  would  need  to  include  the 
subsequent  buckling  and  buckle  propagation,  as  well 
as  possible  high  temperature  interface  crack  initiation 
and  growth  processes. 
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APPENDIX 

Nomenclature 
A  undulation  amplitude 


b  critical  radius  for  buckling 

C  cosh  (/.h) 

E  Young’s  modulus 

F  function  [see  equation  (34)] 

h  film  thickness 

L  undulation  wavelength 

N,  number  of  cycles 

Q  stress  scaling  coefficient 

5  sinh  (Xh) 

T  temperature 

u,  displacements 

«“  displacements  in  film 

X,  coordinate 

3t  thermal  expansion  coefficient 

ao  Dundur's  parameter  [see  equation  (14)] 

/?D  ■  Dundur’s  parameter 

£,  yield  strain 

cj  thermal  misfit  strain 

tl,  strains  in  film 

cfj  plastic  strain 

r,  interface  toughness 

V  Poisson’s  ratio 

/,  2njL 

a  residual  compressive  stress 

a°  stresses  in  film 

On  misfit  stress  [see  equation  (4)] 

Co  equivalent  stress  [see  equation  (22)] 

c.  yield  strength  of  substrate 

fi  cracking  coefficient  [sec  equation  (2)] 
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ABSTRACT:  Mechanical  attachments  for  a  brittle-matrix  fiber-reinforced  cross-ply 
composite  are  analyzed.  Two  model  problems  are  considered:  first,  a  bolt-loaded  strut,  and  second, 
an  infmitely-wide  plate  with  evenly-spaced  bolts.  The  possible  failure  mechanisms  for  the  strut 
are  identified,  and  the  influence  of  bolt  size,  bolt  location,  bolt  elasticity,  and  interfacial  friction  on 
these  failure  mechanisms  and  the  associated  failure  loads  are  evaluated.  The  bolt  spacing  for  the 
plate  is  identified  that  best  takes  advantage  of  a  SiC/MAS  cross-ply’s  ability  to  redistribute  stresses 
through  the  mechanism  of  matrix  cracking. 

Boundary  value  problems  are  solved  using  the  finite  element  method.  The  cross-ply's 
constitutive  behavior  is  described  by  the  model  of  Genin  and  Hutchinson  [1]. 

KEY  WORDS:  ’’ductile”  ceramic  matrix  composites,  mechanical  attachments,  bolt-loaded 
hole,  failure  mechanisms,  failure  loads,  stress  redistribution  due  to  matrix  cracking 


1.  INTRODUCTION 

A  fundamental  difficulty  faced  when  incorporating  ceramic  matrix  composite  (CMC) 
components  into  design  is  the  attachment  of  the  CMC  components  to  each  other  and  to  components 
made  of  other  materials.  Drilling  a  hole  through  a  CMC  laminate  and  applying  force  to  the  laminate 
through  a  bolt  leads  to  stress  concentrations  that  accelerate  matrix  cracking.  Since  matrix  cracking 
can  affect  failure  by  either  relieving  or  intensifying  stresses  near  stress-concentrating  features  [1], 
design  with  ceramic  matrix  composites  must  be  based  on  analysis  that  accounts  for  the  stress 
redistribution  caused  by  matrix  cracking. 
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The  focus  of  this  study  is  development  of  an  understanding  of  how  CMC’s  perform  in  the 
vicinity  of  bolts,  with  an  emphasis  on  the  influence  of  matrix  cracking  on  this  performance.  Two 
model  problems  are  considered:  a  bolted  CMC  strut  serves  as  a  model  for  identifying  the  influence 
of  geometric  and  material  parameters  on  failure  mechanisms  in  the  vicinity  of  fasteners,  and  an 
infmitely-wide,  uniformly-loaded  plate  fastened  with  evenly-spaced  bolts  is  studied  to  determine 
how  these  competing  mechanisms  influence  optimal  design. 

The  laminate  strut  is  loaded  axially  through  bolts  inserted  into  holes  near  the  ends  of  the 
stmt,  as  shown  in  Figure  la.  The  infinite  laminate  plate,  shown  in  Figure  2a,  is  loaded  similarly. 
Three  sets  of  parameters  are  relevant  to  the  problems:  (1)  the  specimen  dimensions  h/r  and  w/r  (sir 
for  the  plate);  (2)  the  material  properties  of  the  bolt  and  the  laminate;  and  (3)  friction  at  the  interface 
between  the  bolt  and  the  laminate.  In  both  problems,  the  laminate's  constitutive  behavior  is 
modelled  using  the  model  of  Genin  and  Hutchinson  [1],  which  will  be  reviewed  in  Section  2.  The 
bolts  are  assumed  either  to  be  rigid,  or  to  remain  linear-elastic  at  all  loads. 

Previous  work  on  the  model  strut  that  addresses  some  of  the  above  factors  is  reviewed  in  the 
following  two  sections.  Section  1.1  reviews  the  results  of  analytical  and  numerical  investigations 
of  how  of  the  aforementioned  parameters  influence  the  stress  distribution  at  the  bolt-stmt  interface 
for  a  linear  elastic  stmt,  and  also  describes  some  attempts  to  model  the  “ductility”  of  the  stmt  due  to 
matrix  cracking.  Section  1.2  reviews  the  failure  mechanisms  observed  in  components  of  this  type. 

1.1  Previous  Analytical  Work  on  Bolted  Joints  in  CMC’s 

The  fastener  illustrated  in  Figure  1  has  been  studied  extensively  [2-14].  Analyses  typically 
employ  plane  stress  to  model  the  laminate’s  behavior.  The  vast  majority  of  work  on  fasteners  is 
based  on  linear  elastic  analyses,  and  has  focussed  on  determining  the  stress  field  along  the 
boundary  between  the  bolt  and  the  stmt.  In  finite  element  analyses,  the  radial  stress  distribution 
along  the  boundary  between  an  isotropic  stmt  and  a  rigid,  frictionless  bolt  is  commonly  modelled 
with  a  cosine  distribution  over  a  180°  region  of  contact  [e.g.,  2-4]  after  Bickley  [5].  The  actual 
distribution  of  normal  stresses  is  fairly  close  to  this  for  mildly  orthotropic  stmts  loaded  with  rigid 
bolts  when  the  interface  between  the  bolt  and  the  stmt  is  frictionless  [3,  6-10].  The  tangential 
stresses  in  the  stmt  at  the  hole  boundary  are  compressive  beneath  the  bolt  (the  point  (0,-r)  in  Figure 
la  for  a  stmt  loaded  in  tension),  and  tensile  above  the  bolt.  The  peak  tensile  stresses  typically 
occur  near  the  point  (r,0).  Several  authors  have  noted  that  friction  relieves  stresses  above  the  bolt 
(at  (0,r))  and  intensifies  the  maximum  stress  concentration  [3,8,9].  Hyer,  et  al.,  [3]  concluded 
from  an  analysis  neglecting  interfacial  friction  that  the  elastic  properties  of  the  bolt  only  mildly 
affect  the  stress  distribution  in  the  stmt;  the  maximum  tangential  stress  along  the  hole  boundary 
decreases  slightly  as  the  elastic  modulus  of  the  bolt  decreases. 
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Two  efforts  to  model  material  nonlinearity  in  the  cross-ply  from  which  the  strat  in  Figure  1 
is  constructed  have  used  a  phenomenological  approach,  and  have  qualitatively  reproduced 
experimental  observations.  Both  Serabian  and  Oplinger  [10]  and  Chang,  et  al.,  [11]  used  the 
linear  elastic  behavior  of  a  cross-ply  in  tension  and  a  curve  fit  of  the  cross-ply’s  behavior  in  shear 
in  their  constitutive  relations.  Serabian  and  Oplinger’s  analysis  produced  a  strain  field  qualitatively 
similar  to  that  which  they  observed  experimentally.  Chang,  et  al.,  found  that  the  stresses  from 
their  analysis,  when  entered  into  a  failure  criterion,  predicted  the  failure  loads  they  observed  more 
accurately  than  did  the  stresses  from  their  linear  elastic  analysis,  reported  in  [4]. 

1.2  Identification  of  Failure  Mechanisms 

CMC  stmts  like  that  of  Figure  1  can  fail  in  three  modes,  as  depicted  in  Figure  3  a-c  [e.g., 
12,  13].  A  fourth  possible  mode  of  failure,  depicted  in  Figure  3d,  has  never  been  observed  in 
CMC’s,  but  has  been  observed  in  a  polymer  matrix  composite  [14]. 

Cady,  et  al.  [12],  mapped  the  range  of  specimen  sizes  over  which  each  of  the  first  three 
mechanisms  in  Figure  3  is  most  likely  to  occur  through  experiments  on  struts  of  a  SiC/CAS  cross- 
ply.  The  shear  mode  of  failure  shown  in  Figure  3a  occurs  in  stmts  with  a  large  width  w  compared 
to  the  distance  h  from  the  center  of  the  bolt  to  the  top  edge  of  the  stmt.  The  normal  mode  of  failure 
in  Figure  3b  occurs  for  narrow  stmts  in  which  the  ratio  h/w  is  large.  Bearing  failure  as  shown  in 
Figure  3c  occurs  when  h  and  w  are  both  large  compared  to  the  diameter  of  the  bolt. 

The  “bending”  failure  shown  in  Figure  3d  was  observed  by  Matthews,  et  al.,  in  a  fiber- 
reinforced  polymer  matrix  cross-ply  composite  comprised  of  woven  graphite  fibers  in  an  epoxy 
matrix  [14].  This  mode  of  failure  occurred  only  in  specimens  which  first  failed  with  a  bearing 
failure  like  that  of  Figure  3c. 

1.3  Overview 

The  material  model  used  to  describe  the  behavior  of  the  CMC  is  discussed  in  Section  2.  The 
stmt  depicted  in  Figure  1  will  be  analyzed  in  Section  3.  The  effect  of  relative  stmt  dimensions, 
bolt  elasticity,  and  interfacial  friction  on  failure  mechanisms  and  failure  loads  for  a  CMC  stmt  is 
determined.  Design  optimization  based  on  the  nonlinear  behavior  exhibited  by  CMC’s  is 
performed  in  Section  4  for  the  plate  shown  in  Figure  2,  where  the  optimum  spacing  for  bolts 
supporting  a  CMC  plate  will  be  ascertained.  The  influence  of  material  nonlinearity  on  optimal 
design  is  highlighted. 
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2.  MATERIAL  MODEL 


This  section  discusses  the  material  model  used  to  describe  the  behavior  of  the  CMC. 
Section  2. 1  section  reviews  the  plane  stress  constitutive  framework  for  symmetrically-stacked 
brittle-matrix  laminates  developed  in  [1].  This  framework  will  be  specialized  to  the  case  of  a 
laminate  stacked  with  a  [0/90]  configuration,  and  fit  to  uniaxial  stress-strain  data  gathered  for  a 
SiC/MAS  laminate  by  McNulty  and  Zok  [15,16].  The  failure  criterion  which  will  be  used  is 
discussed  in  Section  2.2. 

2.1  Constitutive  Model 

The  constitutive  model  of  Genin  and  Hutchinson  [1],  specialized  to  the  case  of  a  cross-ply 
laminate,  is  considered.  For  a  cross-ply,  the  constitutive  model  is  based  on  the  three  uniaxial 
curves  shown  in  Figure  4.  The  stress-strain  curve  for  a  test  performed  parallel  to  the  fibers  in  a 
cross-ply  laminate  is  denoted  by  Sj  =  foCOj),  and  the  transverse  strain  from  this  same  test  is  written 
as  Eji  =  foT(Oi)  •  The  strain  in  the  loading  direction  for  a  uniaxial  tension  test  conducted  at  45°  to 
the  fiber  directions  is  expressed  as  Ej  =  f^jCOi).  The  function  describing  strain  transverse  to  the 
loading  direction  in  this  test,  f45T(Oi) .  is  a  function  of  the  other  three  input  curves: 

=  fo(cr)  +  foT(o)  -  f45(cf)  (1) 


The  model  begins  with  the  following  proposal  for  proportional  multiaxial  loading  when  the 
principal  axes  of  stress  and  strain  are  aligned  with  the  fibers  in  the  crossply: 

For  loading  in  which  the  principal  axes  of  stress  are  aligned  in  the  symmetry  axes  45°  from 
the  fibers  in  a  cross-ply,  the  strains  share  the  same  principal  axes,  and  are  given  by: 

~  ^45  (^i )  ■*■  i^45T  (^n  )  .g. 

£n  ~  ^45(^11) 

Define  So(£i,eij)  as  the  inverse  of  Equations  (2),  such  that 

... 

(4) 

The  reduction  in  stresses  due  to  matrix  cracking  at  prescribed  Ej  and  En,  when  the  principal 
loading  axes  coincide  with  the  fiber  directions,  is  the  difference  between  the  stresses  that  would 
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result  if  no  cracking  occurred  and  The  “stress  deficits”  for  loading  in  the  fiber  axes  are 
defined  as: 


(5) 


where  Eq  and  Vq  are  the  elastic  modulus  and  Poisson’s  ratio  for  uniaxial  loading  parallel  to  the 
fibers. 

When  the  principal  axes  of  loading  lie  at  45°  to  the  fiber  directions,  the  stress  deficits  in 
these  axes  are  given  by: 


Aaf 

Aa« 


£ 

“  ^2  _  ^2  j  (^i  '^45^n)~  ^45(^1 ’^n) 

£ 

~  ^j_y2  j  (^n  +  '’45^1 )  “  ^45  » ^1 ) 


(6) 


Here,  E45  is  the  elastic  modulus  for  uniaxial  loading  in  the  axes  at  45°  to  the  fiber  directions, 
E 

''45  =  1-^0 -Vo),  and  the  combined  equations  a,  =  Z,j(8j,e„)  and  Cfn  =Z,5(en,e,)  form  the 
inverse  of  (3). 

For  principal  strains  (£j,ejj)  in  principal  axes  oriented  at  an  arbitrary  angle  0  from  the  fiber 
directions,  the  principal  axes  of  the  stress  deficits  are  taken  to  coincide  with  the  principal  strain 
axes.  The  stress  deficits  in  these  axes  are  assumed  to  be  given  by  interpolation  between  the  stress 
deficits  in  the  0°  and  45°  orientations  according  to: 

AOj  =  Aa°  cos^  20  +  Aaf  sin^  20 
ACTu  =  AOn  cos^  20  +  Aa^  sin  ^20 


Upon  rotating  back  to  the  fiber  axes,  one  obtains  the  plane  stress  relation  for  stresses  associated 
with  proportional  straining  to  (£],  £2,  Yi2=2€i2) : 


CJ]  =7— ^(e,  +Vo£2)-Ao,cos^0- Aaijsin^0 

(,1  Voj 


02  = 


T  = 


(>-v9 

^(l  +  v^j) 


(£2  +  Vo£i )  -  Aa,  sin^  0  -  AOn  cos^  0 
Ti2  -  ( AOj  -  A(T„  )  sin  0  cos  0 


(8) 
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2.1.1  Model  CMC 

The  material  studied  in  this  paper  is  a  cross-ply  laminate  that  exhibits  an  apparent  "ductility" 
when  loaded  in  uniaxial  tension,  as  shown  in  Figure  4.  The  laminae  are  constructed  of  aligned  SiC 
fibers  embedded  in  a  glass  (MAS)  matrix,  and  the  laminate  is  constructed  of  a  series  of  these 
laminae  stacked  such  that  the  fiber  directions  of  neighboring  layers  are  perpendicular  to  one 
another.  The  curves  in  Figure  4  for  loading  parallel  to  one  set  of  fibers  are  from  McNulty  and  Zok 
[15];  the  curve  for  loading  at  45°  to  the  fiber  directions  is  derived  from  the  results  of  a  losipescu 
shear  test  performed  by  McNulty  and  Zok  [16]  using  a  formulation  that  is  presented  in  [17].  In 
this  paper,  all  stresses  are  normalized  by  the  proportional  limit  for  loading  parallel  to  one  set  of 
fibers  in  the  cross-ply,  ^  =  90  MPa. 

The  nonlinear  material  behavior  is  modeled  in  the  analyses  that  follow  by  fitting  the 
constitutive  model  described  above  to  the  stress-strain  curves  in  Figure  4.  Linear  elasticity  is  used 
for  all  compressive  stresses.  The  stress-strain  curves  are  extrapolated  linearly  for  stresses  and 
strains  that  exceed  the  limits  of  the  data  in  tension. 

2.2  Failure  Criterion 

The  criterion  adopted  in  this  paper  is  that  the  laminate  will  fail  when  the  normal  strain  in  the 
direction  of  one  set  of  fibers  at  some  point  equals  the  uniaxial  failure  strain  observed  in  a  tensile 
specimen.  This  is  equivalent  to  a  maximum  normal  stress  criterion  for  the  fibers  in  the  material. 
Compressive  failure  is  not  modeled,  so  the  bearing  failure  mechanism  of  Figure  3c  is  ignored. 

The  justification  for  this  criterion  is  as  follows:  when  a  brittle  matrix  laminate  is  saturated 
with  matrix  cracks,  the  fibers  carry  the  entire  applied  load,  and  are  largely  debonded  from  the 
matrix  material.  The  strain  in  the  fibers  once  the  matrix  is  saturated  with  cracks  is  thus  the 
difference  between  the  macroscopic  strain  as  predicted  by  the  continuum  constitutive  model  and  the 
initial  residual  strain  in  the  fibers  from  the  manufacturing  process  for  the  laminate.  If  the  fibers 
remain  linear-elastic  until  the  failure  load,  then  a  maximum  strain  failure  criterion  for  the  fibers  is 
equivalent  to  a  maximum  normal  stress  criterion.  Therefore,  assuming  the  matrix  material  saturates 
with  cracks  before  the  laminate  fails,  the  level  of  strain  necessary  to  raise  the  fibers  from  their 
initially  compressive  stress  state  to  their  in  situ  failure  stress  is  the  failure  strain  for  a  uniaxial 
specimen  of  the  material.  The  uniaxial  failure  strain  from  a  tensile  specimen  is  thus  used  in  this 
study  as  the  critical  failure  strain. 

The  failure  criterion  is  based  on  the  premise  that  a  laminate  fails  when  the  first  fibers  in  the 
laminate  break  in  tension.  This  assumption  oversimplifies  actual  conditions  in  a  cross-ply  [e.g., 
18,  19]. 

Predictions  of  the  displacements  necessary  to  stretch  plates  of  the  SiC/MAS  cross-ply  to 
failure  are  plotted  in  Figure  5  as  a  function  of  the  angle  (j)  between  the  loading  direction  and  the 
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orientation  of  one  set  of  the  cross-ply’s  fibers.  The  predicted  axial  strain  level  necessary  to  fail  the 
composite  stretched  in  directions  ±45°  to  the  fiber  axes  is  much  higher  relative  to  the  failure  strain 
for  loading  parallel  to  the  fibers  than  expected  for  a  typical  cross  ply,  indicating  that  a  mechanism 
other  than  fiber  failure  is  dominant  for  these  loading  directions.  Accordingly,  the  shear  strength  of 
the  cross-ply  and  thus  the  resistance  to  the  “shear”  mode  of  failure  is  oveipredicted  in  the  analyses 
in  this  paper. 


3.  PREDICTION  OF  FAILURE  MECHANISMS 
IN  CMC  STRUTS 

The  failure  criterion  described  in  Section  2.2  is  applied  to  the  results  of  finite  element 
analyses  of  the  bolted  strut  of  Figure  1 .  The  failure  loads  and  failure  mechanisms  predicted  by 
these  analyses  are  compared  for  struts  of  varying  geometries,  and  the  effects  of  elasticity  in  the  bolt 
and  friction  at  the  interface  between  the  bolt  and  the  strut  are  investigated. 

3.1  Numerical  Model 

The  influence  of  strut  geometry,  bolt  elasticity,  and  interfacial  friction  on  failure  modes  and 
failure  loads  is  assessed  through  finite  element  analyses.  The  mathematical  model  chosen  for  the 
analyses  exploits  the  symmetry  of  the  strut  about  both  its  horizontal  and  vertical  mid-planes,  as 
depicted  in  Figure  lb.  Along  the  bottom  of  the  model  in  Figure  lb,  the  vertical  (x2-direction) 
displacements  are  constrained  to  be  the  same,  and  the  shear  traction  vanishes.  The  lower  boundary 
carries  a  net  vertical  force  of  P/2.  The  left-hand  boundary  of  the  model  in  Figure  lb  is  free  of 
shear-traction,  and  is  constrained  from  moving  in  the  Xj-direction. 

For  analyses  in  which  the  bolt  is  not  assumed  rigid,  the  boundary  conditions  on  the  bolt 
approximate  a  loading  apparatus  used  in  the  experiments  of  Cady,  et  al.[12],  in  which  the  bolt  rests 
in  a  90°  notch  in  a  rigid  loading  fixture.  To  model  this  fixture,  nodes  on  the  finite  element  mesh  for 
the  bolt  that  lie  close  to  the  contact  point  between  the  bolt  and  the  loading  apparatus  are  constrained 
to  move  along  the  45°  line  shown  in  Figure  lb.  The  bolt  is  assumed  to  fit  perfectly  into  the  hole  in 
the  unloaded  state. 

Because  of  the  interface  between  the  bolt  and  the  plate,  the  finite  element  mesh  and  its 
boundary  conditions  at  each  loading  increment  must  be  found  as  part  of  the  solution;  iteration  is 
required  even  for  loads  in  the  linear  range.  The  numerical  procedure  begins  with  a  guess  as  to 
which  nodes  on  the  plate  will  be  “in  contact”  with  corresponding  nodes  on  the  bolt  after  a  load  is 
applied. 
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Stresses  and  displacements  are  calculated  for  this  initial  mesh,  and  are  checked  to  ensure  that 
none  of  the  elements  assumed  to  be  in  contact  are  predicted  to  carry  tension  normal  to  the  contact 
plane.  Nodes  in  regions  assumed  to  be  free  of  contact  are  checked  to  verify  that  no  interpenetration 
occurs.  Interpenetration  occurs  if  the  displacement  component  of  a  node  on  the  bolt  boundary  in 
the  direction  of  the  initial  outward  normal  to  the  bolt  boundary  exceeds  that  of  the  corresponding 
node  on  the  strut  boundary  in  this  direction.  If  the  check  reveals  that  a  portion  of  the  bolt-strut 
boundary  is  in  tension,  the  analysis  is  repeated  with  that  portion  of  the  boundary  assumed  to  be 
traction-free;  if  the  check  reveals  that  nodes  from  the  bolt  and  the  plate  interpenetrate,  the  analysis 
is  repeated  with  those  nodes  assumed  to  be  in  contact.  Once  the  closest  approximation  to  the 
proper  mesh  is  determined,  the  analysis  continues  with  the  next  loading  increment. 

3.2  Influence  of  Strut  Geometry  on  Failure  Load 
and  Failure  Mechanism 

Finite  element  analyses  are  mn  to  gain  insight  into  the  material  response  for  a  range  of  strut 
geometries.  In  these  analyses,  the  bolt  is  assumed  to  be  rigid,  and  the  interface  between  the  bolt 
and  the  strut  is  assumed  to  be  frictionless. 

3.2.1  Bolt  Depth,  h/r 

To  illustrate  the  effect  of  varying  the  distance  h  from  the  center  of  the  bolt  to  the  top  of  the 
specimen,  two  analyses  are  run  with  the  above  procedure  for  SiC/MAS  struts  of  identical  widths 
wtr  =  4,  but  different  pin  depths  hir.  Contours  of  the  maximum  principal  stresses  and  of  the 
density  of  matrix  cracks  for  the  loads  at  which  each  of  the  two  stmts  are  predicted  to  fail  are  shown 
in  Figure  6.  The  measure  of  the  intensity  of  matrix  cracking  Aa  is  the  square  root  of  the  sum  of 
the  squares  of  the  “principal  stress  deficits”  defined  in  Equation  (8). 

As  shown  in  Figure  6,  the  two  regions  of  the  stmt  with  largest  bolt  depth  h  (hIr  =  4)  that 
carry  the  most  load  are  the  hole  boundary  by  the  thinnest  section  of  the  stmt,  and  the  top  of  the 
specimen.  Cracking  for  this  stmt  is  most  intense  at  the  point  of  maximum  stress  on  the  hole 
boundary.  Slight  cracking  in  shear  is  indicated  above  the  hole.  When  the  failure  criterion  is  met, 
the  entire  stmt  is  predicted  to  have  undergone  matrix  cracking  at  points  lower  than  a  few  bolt  radii 
beneath  the  hole.  The  location  at  which  the  failure  criterion  is  first  met  is  on  the  hole  boundary, 
where  the  tensile  stresses  are  highest,  and  the  stmt  will  clearly  fail  by  a  “tensile”-type  failure 
originating  from  this  point. 

Halving  the  bolt  depth  h  significantly  alters  the  way  the  stmt  carries  load.  As  can  be  seen 
from  the  contour  plots  in  Figure  6  for  the  stmt  with  h/r  =  2,  moving  the  bolt  closer  to  the  top  of  the 
specimen  reduces  the  bending  stiffness  of  the  section  of  material  above  the  hole,  and  as  a 
consequence  moves  the  point  of  maximum  stress  to  the  top  of  the  stmt.  The  failure  criterion  is  met 
here,  and  this  stmt  will  fail  by  the  “bending”  mode  of  failure.  The  plot  of  cracking  intensity 
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reveals  that  the  reduction  in  cross-sectional  area  caused  by  raising  the  bolt  also  increases  the 
prevalence  of  shear  cracking  above  the  hole.  This  suggests  that  the  mechanism  of  shear  failure  is 
also  possible  when  little  clearance  exists  between  the  bolt  and  the  upper  boundary  of  the  strut. 

The  analyses  indicate  that  a  strut  with  /i/r  =  4  fails  at  a  remote  stress  P/(2w)  of  1.14 

where  P  is  the  force  per  unit  thickness.  The  failure  load  predicted  for  the  strut  with  hlr  =  2  is  just 
over  half  of  this,  at  P/(2w)  =  0.64  a°  and  this  strut  fails  while  matrix  cracking  is  still  fairly 

localized. 

3.2.2  Strut  Width,  w/r 

To  assess  the  effect  of  strut  width  on  the  way  SiC/MAS  struts  carry  loads,  a  strut  is 
analyzed  with  hir  =  2,  as  above,  but  with  w/r  =  10.  Again,  the  bolt  is  taken  to  be  rigid,  and  the 
interface  is  frictionless.  Since  increasing  the  width  of  the  strut  increases  the  bending  stiffness  of 
the  material  above  the  bolt,  the  stress  concentration  at  the  top  of  the  strut  is  somewhat  mitigated  in 
the  wider  specimen,  as  is  illustrated  by  Figure  7.  The  failure  mechanism  predicted  by  the 
maximum  normal  strain  criterion  for  the  wide  strut  is  a  tensile  failure  at  the  hole  boundary. 
However,  the  plot  of  matrix  cracking  for  this  stmt  shows  that  cracking  is  most  intense  in  shear 
above  the  hole;  this  failure  mechanism  might  be  close  to  activation. 

While  the  narrower  stmt  withstands  a  higher  average  stress  P/2w  at  failure  than  does  the 
wider  specimen,  the  analysis  predicts  that  the  force  per  unit  depth  of  VIh  -  2.7  necessary  to 
break  the  wider  stmt  just  exceeds  the  failure  strength  P//z  =  2.6  of  the  narrower  stmt. 

3.2.3  Discussion 

The  predicted  failure  mechanism  of  a  stmt  changes  with  the  stmt’s  relative  dimensions.  The 
trends  of  this  section  are  qualitatively  similar  to  the  analyses  of  Cady,  et  al.  [12]  for  the  shear  and 
tensile  modes  of  failure;  the  shear  mode  of  failure  becomes  increasingly  dominant  over  the  tensile 
mode  of  failure  as  the  stmt  width  increases.  The  bending  mode  of  failure  is  predominant  when  the 
bolt  is  near  the  upper  edge  of  the  stmt  and  when  the  stmt  is  too  narrow  to  contribute  significantly 
to  the  bending  stiffness  of  the  material  above  the  bolt. 

3.3  Interfacial  Friction 

The  role  of  interfacial  friction  is  assessed  by  analyzing  a  stmt  with  dimensions  /i/r  =  4  and 
wtr  =  4  identical  to  that  analyzed  in  Section  3.2.1,  but  with  the  condition  imposed  that  nodes  which 
are  in  contact  with  the  rigid  pin  remain  fixed.  This  provides  an  upper  bound  on  the  frictional  force 
along  the  interface. 

Interfacial  friction  constrains  material  directly  above  the  bolt  from  stretching  horizontally 
(i.e.,  perpendicular  to  the  direction  of  loading),  and  thereby  significantly  reduces  stresses  above 
the  bolt,  as  is  shown  in  Figure  8.  However,  the  reduction  in  stresses  above  the  bolt  means  a 
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reduction  in  stress  redistribution  by  matrix  cracking,  and  results  in  an  overall  decrease  in  the  load¬ 
carrying  capacity  of  this  strut.  Friction  intensifies  the  stress  concentration  at  the  hole  boundary, 
and  reduces  the  failure  load  by  about  50%. 

For  this  strut,  a  no-slip  boundary  condition  along  the  interface  completely  suppresses  the 
bending  mode  of  failure,  and  also  reduces  the  level  of  shear  cracking,  as  can  be  seen  from  Figure 
8.  The  strut  will  fail  in  the  tensile  mode,  with  a  high  degree  of  certainty. 

3.4  Bolt  Elasticity 

A  strut  with  dimensions  h/r  =  4  and  w/r  =  4  is  again  loaded,  this  time  with  soft,  firictionless 
bolts  having  an  elastic  modulus  one  tenth  that  of  the  strut.  The  region  of  contact  between  bolt  and 
strut  is  broadened  by  allowing  the  bolt  to  deform,  and  this  causes  a  slight  reduction  in  stresses 
above  the  hole.  The  failure  mechanism  is  unaffected  by  the  elasticity  of  the  bolt.  This  result 
concurs  with  that  of  Hyer,  et  al.  [3],  for  linear  elastic  strats. 

The  elasticity  of  the  bolt  plays  a  larger  role  when  interfacial  friction  is  incorporated  into  the 
problem.  Two  identically  dimensioned  specimens,  both  with  no  slippage  allowed  for  surfaces  in 
contact,  are  pictured  at  their  failure  loads  in  Figure  9.  One  specimen  is  loaded  by  a  rigid  bolt, 
while  the  other  is  loaded  by  a  soft  bolt,  with  Eboit^strut=  0.1.  As  can  be  inferred  from  Figure  9, 
the  soft  bolt  moves  the  end  of  the  region  of  contact  and  the  point  of  maximum  stress  closer  to  the 
thinnest  section  of  the  stmt,  and  thereby  raises  the  stress  concentration.  The  pin  elasticity  results  in 
over  a  10%  drop  in  the  failure  load  of  the  specimen.  This  is  likely  to  be  a  larger  effect  than  would 
be  seen  in  a  real  stmt,  as  the  model  of  friction  applied  here  is  idealized. 

3.5  Discussion 

Bolt-loaded  stmts  analyzed  in  this  section  are  predicted  to  fail  through  the  “shear,”  “tensile,” 
and  “bending”  modes  illustrated  in  Figure  3.  The  “shear”  and  “tensile”  modes  match  qualitative 
experimental  observations,  but  the  “bending”  mode  has  little  observational  support.  The  bending 
failure  has  most  likely  eluded  experimental  observation  partially  through  interfacial  friction,  which 
completely  precludes  this  failure  mechanism  for  the  extreme  case  evaluated  here,  and  partially 
through  the  common  sense  of  those  who  have  sought  to  characterize  these  failure  mechanisms 
experimentally:  achieving  this  failure  mechanism  requires  drilling  a  hole  far  closer  to  the  top  of  the 
stmt  than  any  engineer  would  realistically  consider. 

Comparisons  of  the  predicted  failure  mechanisms  to  the  locations  of  intense  matrix  cracking 
indicates  that  the  failure  criterion  used  in  this  section  either  overpredicts  the  shear  strength  of  the 
SiC/MAS  composite,  or  underpredicts  its  tensile  strength.  The  former  is  likely.  Regardless  of 
which  is  the  case,  the  design  engineer  forced  to  utilize  this  failure  criterion  would  now  seek  to 
design  a  stmt  that  avoids  the  nonconservatively  predicted  “shear”  mode,  and  optimize  this  design 
based  on  the  specific  material  properties  of  the  SiC/MAS  laminate. 
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Interfacial  friction  should  be  avoided  to  the  extent  possible  when  designing  attachments  for 
the  SiCTMAS  cross-ply.  If  friction  is  minimized,  the  elasticity  of  the  bolt  has  no  significant  bearing 
on  design. 


4.  DESIGN  OPTIMIZATION 
BASED  UPON  MATERIAL  PROPERTIES 

Rather  than  continue  with  the  bolted  strut  analyzed  in  Section  3,  attention  is  turned  to  the 
more  interesting,  but  mathematically  similar  problem  of  a  bolted  plate  illustrated  in  Figure  2.  A 
plate  is  loaded  by  bolts  in  the  direction  shown.  The  infinitely-wide  plate  is  long  compared  to  the 
bolt  spacing  2s,  and  is  symmetric  about  a  horizontal  line  through  its  center.  The  bolts  are  allowed 
to  slide  freely  in  the  lateral  direction,  and  are  each  pulled  vertically  with  a  force  (2s)a.  The  goal 
here  is  find  the  bolt  spacing  5  that  best  utilizes  the  nonlinearity  of  the  SiC/MAS  composite  to 
maximize  the  plate’s  strength.  Based  on  the  analysis  of  the  stmt  in  Section  3,  a  depth  h/r  =  4  is 
used,  as  this  was  a  bolt  depth  for  the  stmt  at  which  a  tensile  failure  in  the  stmt  was  very  probable. 
Once  an  optimal  spacing  is  ascertained,  the  failure  mechanism  corresponding  to  this  spacing  is 
carefully  checked. 

4.1  Numerical  Procedure 

The  boundary  value  problems  are  once  more  solved  using  the  finite  element  method  in 
conjunction  with  the  constitutive  model  presented  in  Section  2.  The  model  is  again  fit  to  McNulty 
and  Zok’s  material  data  for  the  SiC/MAS  cross-ply. 

For  each  bolt  spacing  s  considered,  a  finite  element  mesh  is  generated  according  to  the 
model  in  Figure  2b.  This  model  is  identical  to  that  used  for  the  stmt,  except  here  the  nodes  on  the 
right-hand  boundary  are  constrained  to  move  together  in  the  horizontal  direction.  This  models  both 
the  periodicity  of  the  problem,  and  the  condition  that  the  bolts  may  move  laterally. 

The  bolts  are  taken  to  be  rigid,  and  the  interface  carries  no  friction.  As  before,  the  boundary 
conditions  are  part  of  the  solution,  and  iteration  is  required  even  for  loads  to  which  the  plate 
responds  linearly. 

4.2  Results 

Failure  loads  for  plates  with  a  range  of  bolt  spacings  are  calculated,  and  are  plotted  in  Figure 
10,  normalized  by  the  highest  failure  load  that  can  be  achieved  by  a  bolted  SiC/MAS  plate.  This 
peak  load  of  a  =  1.4  ^  occurs  when  the  bolt  spacing  2s  is  approximately  six  times  the  bolt 

radius. 
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To  highlight  how  stress  redistribution  related  to  matrix  cracking  influences  the  optimum 
dimensions  of  a  bolted  plate,  a  similar  analysis  is  run  with  the  plate  taken  as  linear  elastic.  The 
failure  loads  for  a  linear  elastic  plate  having  the  elastic  constants  of  SiC/MAS  are  plotted  with  a 
dashed  line  in  Figure  10,  normalized  by  the  highest  possible  failure  load  that  can  be  attained  with 
such  a  plate.  For  a  brittle  plate  with  same  failure  strain  as  the  SiC/MAS  composite,  this  peak  load 
is  G  =  3.1  G^j.  The  optimum  bolt  spacing  25  for  the  linear  elastic  plate  is  four  times  the  bolt 

radius;  the  strongest  SiC/MAS  plate  is  constracted  with  two  times  as  much  material  between  edges 
of  neighboring  bolts  as  the  strongest  elastic  plate. 

The  optimum  bolt  spacing  for  the  SiC/MAS  plate  is  reached  by  the  following  trade-off.  As 
the  bolt  spacing  decreases,  the  cross-sectional  area  between  neighboring  bolts  decreases. 
However,  the  average  stress  across  this  area  increases  as  the  bolt  spacing  decreases  for  two 
reasons:  first,  the  elastic  stress  concentration  drops  (relative  to  the  mean  stress  across  the 
ligament),  and  second,  the  redistribution  of  stresses  away  from  these  concentrations  due  to  the 
mechanism  of  matrix  cracking  increases.  This  is  illustrated  in  Figure  11,  which  shows  the  increase 
in  the  average  stress  between  neighboring  bolts  for  decreasing  bolt  spacing.  As  s  approaches  the 
bolt  radius,  the  net  section  stress  at  failure  approaches  the  uniaxial  failure  stress  of  3.5  g°  j. 

Analysis  of  an  SiC/MAS  plate  with  a  nearly  optimal  bolt  spacing  indicates  that  at  the 
optimum  dimensions,  the  plate  fails  in  the  “tensile”  failure  mode.  As  can  be  seen  from  Figure  12, 
which  displays  contours  of  principal  stresses  and  matrix  cracking  at  the  failure  load  for  material  in 
close  proximity  to  the  bolts,  the  increase  in  the  bending  stiffness  of  material  above  the  bolts  caused 
by  the  periodic  boundary  conditions  eliminates  any  chance  of  a  “bending”  failure.  Since  shear 
cracking  is  also  not  prevalent,  the  predicted  failure  mechanism  is  likely  to  be  the  only  possible 
failure  mechanism  for  this  configuration. 


5.  SUMMARY 

Assuming  a  simple  failure  criterion,  this  work  explored  the  effect  of  geometric  and  material 
parameters  on  failure  loads  and  mechanisms  of  a  bolted  CMC  strut  undergoing  matrix  cracking. 
As  a  the  position  of  a  bolt  in  a  fairly  wide  stmt  nears  the  end  of  the  stmt,  the  likely  failure  mode 
shifts  from  a  tensile  mode  to  a  shear  mode.  For  more  narrow  stmts,  a  “bending”  mode  can  occur. 
Friction  along  the  interface  promotes  the  tensile  failure  mode,  and  also  significantly  reduces  a 
stmt’s  load-carrying  capacity.  The  elastic  properties  of  the  bolt  have  little  bearing  on  load-carrying 
capacity,  especially  if  friction  is  minimized. 

The  analysis  technique  used  herein  can  be  used  to  optimize  design  of  fasteners.  In  the  case 
examined  here,  the  optimal  design  of  a  uniformly-fastened  CMC  plate  is  reached  through  a  trade- 
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off  between  decreasing  area  between  neighboring  bolts,  and  increasing  stress  redistribution  due  to 
matrix  cracking. 
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(a)  A  CMC  strut,  and  (b)  the  model  used  in  the  analyses. 

(a)  A  CMC  plate,  and  (b)  the  model  used  in  the  analyses. 

Failure  mechanisms  for  fastened  struts. 

Uniaxial  stress-strain  curves  for  a  cross-ply  ceramic  matrix  composite 
(SiC/MAS).  Data  is  from  McNulty  and  Zok  [15,16]. 

Axial  failure  strain  for  SiC/MAS  stretched  at  an  angle  (])  from  one  set  of 
fibers,  as  predicted  by  a  maximum  normal  strain  criterion. 

Effect  of  bolt  depth  h  on  (a)  matrix  cracking  and  (b)  stress  distribution  at 
failure  load,  w/r  =  4. 

Effect  of  strut  width  w  on  (a)  matrix  cracking  and  (b)  stress  distribution  at 
failure  load,  hir  =  2. 

Effect  of  interfacial  friction  on  (a)  matrix  cracking  and  (b)  stress  distribution 
at  failure  load,  hIr  =  4;  wir  =  4. 

Effect  of  bolt  elasticity  on  (a)  matrix  cracking  and  (b)  stress  distribution  at 
failure  load,  P„;,,  when  no  slippage  is  allowed  between  the  bolt  and  the  strut 

hir  =  4;  wIr  -  4. 


Ultimate  load  of  a  fastened  SiC/MAS  plate  as  a  function  of  bolt  spacing  sir, 
compared  to  the  ultimate  loads  for  a  linear  plate  having  the  elastic  properties 
of  SiC/MAS.  hlr  =  A. 

Performance  of  a  fastened  SiC/MAS  plate  as  a  function  of  bolt  spacing  sir. 
hir  =  4. 


(a)  Intensity  of  matrix  cracking  and  (b)  stress  distribution  at  failure,  for 
optimal  bolt  spacing  sir  =  3.  hlr  =  4. 
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(a) 


(b) 


=> 


“Contact  Elements" 
along  upper  2/3  of 
bolt-strut  interface 


Bolt  rests  in  rigid 
90°  notch 


Lower  boundary 
constrained  to  remain 
horizontal 


Figure  1.  (a)  A  CMC  strut,  and  (b)  the  model  used  in  the  analyses. 
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Figure  2.  (a)  A  CMC  plate,  and  (b)  the  model  used  in  the  analyses. 


(a)  shear  failure 


(b)  tensile  failure 


(c)  bearing  failure 


Figure  3 .  Failure  mechanisms  for  fastened  struts. 


composite  (SiC/MAS).  Data  is  from  McNulty  and  Zok  [15,16]. 
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Figure  5.  Axial  failure  strain  for  SiC/MAS  stretched  at  an  angle  <))  from  one  set  of 
fibers,  as  predicted  by  a  maximum  normal  strain  criterion. 


(a)  Intensity  of  Matrix  Cracking 
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Figure  6.  Effect  of  bolt  depth  h  on  (a)  matrix  cracking  and  (b)  stress 
distribution  at  failure  load,  P„/,.  w/r  =  4. 


(a)  Intensity  of  Matrix  Cracking 


Figure  7.  Effect  of  strut  width  w  on  (a)  matrix  cracking  and 
(b)  stress  distribution  at  failure  load,  hir  =  4. 


(a)  Intensity  of  Matrix  Cracking 
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no  friction  no  slip 

Figure  8.  Effect  of  interfacial  friction  on  (a)  matrix  cracking  and  (b)  stress 
distribution  at  failure  load,  P„/^.  hir  =  4;  wir  =  4, 
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Figure  9.  Effect  of  bolt  elasticity  on  (a)  matrix  cracking  and  (b)  stress  distribution  at  failure  load, 
^ult>  when  no  slippage  is  allowed  between  the  bolt  and  the  strut,  hir  =  4;  w/r  =  4. 
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Figure  10.  Ultimate  load  for  a  fastened  SiC/MAS  plate  as  a  function  of  bolt  spacing,  s/r, 
compared  to  the  ultimate  loads  for  a  linear  plate  having  the  elastic  behavior  of 
SiC/MAS.  h/r  =  4. 
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Figure  11.  Performance  of  a  fastened  SiC/MAS  plate  as  a  function  of 
bolt  spacing  s/r.  h/r=4. 


(a)  Intensity  of  Matrix  Cracking 

Ao 


0  (uncracked) 


^  =  ^ult 


Figure  12.  (a)  Intensity  of  matrix  cracking  and  (b)  stress  distribution  at 
failure  load,  for  optimal  bolt  spacing  s/r  ~  3.  hir  =4. 
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Effect  of  cyclic  thermal  loading  on  the  inplane 
shear  strength  of  fiber  reinforced  MMC’s 

S.  JANSSON*  and  F.  LECKIE* 


Abstract.  -  The  effect  of  cyclic  thermal  loading  on  the  inplane  shear  strength  of  fiber  reinforced  metal  matrix 
composites  is  investigated.  An  improved  upper  bound  is  given  for  the  limit  strength  of  randomly  distributed  fibers 
in  the  transverse  plane.  The  limit  load  calculation  are  used  in  conjunction  with  shakedown  theorems  to  assess  the 
effect  of  thermal  loading  on  the  composite  strength. 


1.  Introduction 

When  structural  components  made  of  metal  matrix  composites  (MMC’s)  are  subjected 
to  fluctuations  in  operating  temperature,  the  differential  coefficients  of  thermal  expansion 
of  fiber  and  matrix  give  rise  to  microstructural  stresses.  The  behavior  of  the  composite 
is  complex  when  the  combination  of  thermal  and  mechanical  loading  result  in  plastic 
deformation  in  the  matrix.  It  is  possible  in  principle  to  perform  an  incremental  analysis 
that  determines  the  microscopic  and  macroscopic  stress  state  simultaneously  for  a  given 
loading  history.  This  is  hardly  a  practical  approach  since  it  does  not  offer  the  insight 
that  is  so  essential  in  developing  an  understanding  of  material  behavior  and  component 
performance.  In  this  paper  an  approach  is  presented  which  is  readily  trackable  and  give 
results  with  a  well  defined  interpretation. 

The  mechanical  behavior  of  an  aluminium  alloy  matrix  reinforced  with  continuous 
AI2O3  fibers  when  subjected  to  a  constant  load  transverse  to  the  fibers  and  cyclic  thermal 
load  was  studied  by  Jansson  and  Leckie  (1992).  It  was  determined  experimentally  that  a 
shakedown  condition  exists,  which  has  the  form  given  in  Figure  1.  When  the  operating 
condition  exceeded  the  shakedown  criterion,  each  thermal  cycle  was  accompanied  by  an 
increment  of  plastic  strain,  even  for  operating  conditions  which  were  only  slightly  in 
excess  of  the  shakedown  condition.  When  no  noticeable  plastic  strain  can  be  accepted  in 
a  composite  structure  the  operating  conditions  are  limited  by  the  shakedown  condition. 
In  situations  where  substantial  plastic  strains  can  be  accepted  the  number  of  operating 
cycles  can  be  determined  from  the  incremental  cyclic  strain  rate  given  in  Figure  1.  It 
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has  also  been  observed  by  Youda  etai,  1978)  that  severe  distortion  of  fiber  reinforced 
composites  occurs  for  pure  thermal  cycling  when  the  operating  conditions  are  in  excess 
of  shakedown.  Referring  to  the  interaction  diagram  in  Figure  1,  for  a  given  temperature 
range  A9  the  available  strength  to  support  a  mechanical  load  without  accumulation 
of  plastic  strain  is  reduced  to  amax-  This  type  of  representation  is  simple  to  use  in 
design  and  provides  an  efficient  tool  in  the  communication  between  material  scientists 
and  designers. 


Fig.  I.  -  Experimentally  determined  interaction  diagram  for  transverse  tension. 


The  shakedown  condition  for  transverse  loading  was  also  determined  by  Jansson 
and  Leckie  (1992)  using  homogenization  techniques  in  conjunction  with  the  finite 
element  method.  This  is  a  rather  extensive  calculation  and  is  unsuitable  for  routine 
calculations.  Alternative  methods  developed  by  Gokhfeld  and  Chemiavsky  (1980),  Ponter 
and  Karadeniz  (1985)  were  applied  by  Cocks  et  al.  (1992)  to  determine  the  shakedown 
condition  of  a  simple  fiber  distribution  subjected  to  transverse  loading.  These  methods 
permit  analytical  solutions  and  provide  good  insight  into  the  shakedown  phenomenon. 

In  this  paper  the  methods  of  Gokhfeld  and  Ponter,  which  utilize  the  limit  load  and  a 
cyclic  thermo-elastic  solutions,  will  be  used  to  study  the  reduction  in  shear  strength  for 
inplane  loading  of  a  fiber  reinforced  MMC  when  subjected  to  cyclic  thermal  loading. 


2.  Problem  description 

The  composite  is  assumed  to  consist  of  long  elastic  fibers  orientated  in  the  3-direction 
and  randomly  distributed  in  the  1-2  plane,  as  shown  in  Figure  2a.  A  perfect  bond  exists 
between  fiber  and  matrix  and  the  matrix  is  elastic-perfectly  plastic  with  a  yield  stress  aym 
in  uniaxial  tension.  For  randomly  distributed  fibers  the  area  fraction  of  fibers  on  arbitrary 
planes  orientated  in  the  3-direction  is  equal  to  the  fiber  volume  fraction,  cf.  Underwood 


EUROPEAN  JOURNAL  OF  MECHANICS.  A/SOLIDS.  VOL.  16.  N°  4,  1997 


EFFECT  OF  CYCLIC  THERMAL  LOADING  ON  THE  INPLANE 


563 


(1970).  This  implies  that  the  portion  of  the  straight  line  S/i  +  E(2  =  ^  in  Figure  2a 
that  cuts  through  the  fibers  is  given  by 

(1)  T,l2  =  lf 

where  /  is  the  fiber  volume  fraction.  A  concentric  cylinder  model  of  the  same  composite 
is  shown  in  Figure  3.  It  can  be  noted  that  the  average  ratio  of  1-2 /I,  taken  for  all  possible 
locations,  for  the  cylinder  mode  is  the  same  as  given  by  Eq.  (1)  for  the  randomly 
distributed  fibers.  This  feature  will  be  used  later. 

3.  Limit  load  solution 

The  classical  limit  load  theorem  of  perfect  plasticity  state  that  a  lower  bound  on  the 
limit  load  is  given  by  a  statically  admissible  stress  field  that  does  not  exceed  the  yield 


3 


Fig.  2.  -  a)  Slip  surface  for  inplane  shear  loading  of  composite 
with  randomly  distributed  fibers;  b)  Detailed  view  of  slip  surface  near  a  fiber. 
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Strength  of  the  material.  A  trivial  lower  bound  is  given  by  assuming  a  constant  stress 
distribution  throughout  the  composite.  This  implies  that 


(2)  T£  >  Ty,„ 

where  ti  is  the  applied  macroscopic  shear  stress  and  Tym  is  the  yield  strength  in  shear 
of  the  matrix.  For  the  von  Mises  yield  condition  the  yield  stress  in  shear  is  related  to  the 
yield  stress  in  uniaxial  tension  by  the  relation  as  Tym  =  (Jym/V^-  It  is  hard  to  improve 
the  lower  bound  without  making  more  precise  statements  about  the  fiber  distribution. 

An  upper  bound  on  the  limit  strength  is  given  by  the  work  balance  of  a  kinematically 
admissible  displacement  field.  The  classical  bounding  theorem  states 


(3)  j^Ptdu^<  J  a^de^jdV 

where  du^,  de^^  is  the  assumed  compatible  deformation  mechanism  and  is  the  point 
on  the  yield  surface  which  corresponds  to  de^j  by  the  normality  rule.  Since  the  fibers 
remain  elastic  the  slip  is  limited  to  the  matrix.  Referring  to  Figure  2a,  the  deformation 
is  assumed  to  be  confined  to  slip  on  a  surface  given  by  the  3-direction  and  the  line 
/'  in  the  1-2  plane.  For  slip  in  the  3  direction,  the  dissipation  in  the  matrix  is  given 
by  the  work  of  the  shear  stress  distributed  along  the  line  I'  and  the  external  work  is 
given  by  the  macroscopic  stress  disributed  on  the  surface  of  width  1.  Applying  the  upper 
bound  for  this  situation  gives 


(4) 


V 


The  lowest  upper  bound  is  given  by  the  shortest  distance  I' .  By  choosing  I'  =  S  /i  -t-E  I3 
Eq.  (4)  reads 


(5) 


TL  <  Ti 


ym 


1  +  / 


E/3 


- 1 


by  use  of  Eq.  (1).  Since  the  slip  surface  is  forced  to  circumvent  the  fiber  Iz/h  >  1  and 
this  is  the  source  of  strengthening.  The  increase  in  length  due  to  a  single  fiber  can  be 
determined  from  Figure  2b  as 


r  = 

1-2  Sin 

when  6  is  defined  in  the  figure.  The  plane  can  intersect  the  fiber  at  any  position  and 
the  ratio  given  by  Eq.  (5)  can  take  any  value  in  the  range  I  <  h/h  <  t^/2.  Shu  and 
Rosen  (1967)  found  this  range  and  used  he  upper  value  of  7r/2  in  Eq.  (5).  For  randomly 
distributed  fibers  the  line  I2  will  cut  through  the  individual  fibers  at  different  locations 
with  equal  probability  and  0  <  0  <  7r/2.  Including  all  these  possibilities  for  the  ratio 
in  Eq.  (5)  gives 
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(7) 


S/.3  _  Q  ^ 

SZ2  a  r^'sinOdd  8 

Jo 


so  that  Eq.  (5)  can  be  written  as 


(8)  TL<il  +  f{K  -  1))  Tym 

The  same  value  of  the  upper  bound  can  also  be  derived  for  the  concentric  cylinder 
model  given  in  Figure  3.  A  macroscopic  slip  involves  many  cylinders  and  the  macroscopic 
slip  plane  will  cut  through  each  individual  cylinder  at  different  locations.  A  possible  slip 
surface  is  indicated  by  the  lines  h  and  Iz  in  Figure  3.  This  gives 


(9a) 


tl  (h  +  h)  <  '^ym  ih  +  h) 


ii 

2 


l^+ 


f 


Fig.  3.  -  Concentric  cylinder  model  of  composite. 

Including  all  the  possible  locations  of  the  slip  plane  in  the  work  balance  equation  gives 


(9b)  TL^ili+h)  ^  '^ym  S  (/i  +  h) 

Proceeding  in  the  same  manner  as  for  Eq.  (7)  gives 

(10)  Ti  TT  6^  <  Tym  [tT  6^  (/  -  /)]  +  Tym  K  f  TC 

This  result  is  identical  to  the  upper  bound  given  by  Eq.  (8).  The  present  upper  bounds 
are  compared  with  previous  bounds  given  by  Shu  and  Rosen  (1967)  and  Majumdar  and 
McLaughlin  (1973)  in  Table  1  for  fiber  volume  fraction  of  50%.  The  present  bound  is 
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the  lowest  for  randomly  distributed  fibers  and  has  the  same  lowest  value  for  the  cylinder 
model,  but  a  simpler  expression  than  the  bound  by  Majumdar  and  McLaughlin  (1973). 
In  practice  the  highest  achievable  fiber  volume  fraction  for  MMC’s  is  approximately 
55%,  which  is  close  to  the  random  dense  parking  limit;  cf.  Bouvard  and  Lange  (1992). 
The  bound,  Eq.  (8),  then  implies  that  the  practical  maximum  strengthening  is  13%. 
The  present  upper  bounds  for  randomly  distributed  fibers  and  the  cylinder  model  are 
identical  and  this  suggests  that  the  cylinder  model  can  be  used  with  some  confidence  in 
the  subsequent  analysis.  The  cylinder  model  is  used  in  the  thermo-mechanical  analysis 
because  of  the  simplicity  of  the  expression  for  the  thermo-elastic  stress  field. 


Table.  -  Upper  bounds  for  inplane  shear  strength  tl  for  /  =  50%. 


Randomly  distributed 


Shu 

Rosen 

1.29 


Majumdar 

McLaughlin 

1.14 


Present 

1.12 


Compo.site  cylinder 

Shu  Majundar  Pre.sent 

Rosen  McLaughlin 

1.13  1.12  1.12 


4.  Thermo-elastic  stress  field 


The  cylinder  model,  Figure  3,  consists  of  a  linear  elastic  fiber  and  an  elastic  perfectly 
plastic  matrix.  It  is  stress  free  at  a  temperature  Tq  and  for  a  temperature  change  from  Tq 
to  To  +  AT  the  thermo-elastic  stress  field  which  develops  in  the  matrix  is: 


(11a) 


cr: 


o 


ym 


1 

ZT-l 

r- 


(11b) 


1 

rr  +  1 


(11c)  (Tj^  =  -(7ymAB 

where  the  constant  A  is  defined  by 

\~J  {^  +  I'f) 

^  [1  +  /  (1  -  2 !/„)] -f /?  [1  +  (1  +  t.„)  -  t./ (1  -  4 !.,„)] 

_ 1 _ ^  E„^  Aq  at 

0'^  [1  —  1^/(1  +  2  I//)] 

and  the  constant  B  by 

^  (1  4-  I'f)  (1  —  /)  -b  (1  -I-  Vm)  (1  +  f) 

0{1  +  I'f)  (1  -  /)  -I-  (1  -f  I'm)  f 
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Here  /3  =  EmfEf,  Um  and  Vf  are  the  Poisson’s  ratio  of  the  matrix  and  fiber  respectively, 
Aa  is  the  difference  in  CTE  between  matrix  and  fiber  and  the  dimensionless  radius 

is  defined  by 

_  T 

where  b  is  the  outer  radius  of  the  concentric  cylinder  model.  Figure  3,  and  /  =  (a/b)  . 
When  the  fiber  is  rigid,  /3  <  1,  and  the  expressions  for  A  and  B  simplify  to 

_ /  EmAaAT 

1  +  /  (1  —  2  l/m)  (^ym 


For  the  present  problem  the  von  Mises  yield  condition  for  the  matrix  can  be  written 
in  the  form 

(12)  (<Tr  -  +  (<^33  -  0-w)^  +  +  BTs  3^  -  2  (7^^  =  ^ 

when  TS3  is  the  shear  stress  on  the  slip  surface  and  aym  is  the  yield  strength  of  the  matrix. 

5.  Elastic  shakedown 

The  kinematical  shakedown  theorem  for  constant  mechanical  and  time-dependent 
thermal  loading  states  that  an  upper  bound  of  the  mechanical  loading  that  the  system 
can  support  at  shakedown  is  given  by 

(13) 

cf.  Koiter  (1956)  or  Gokhfeld  and  Chmaivsky  (1980).  Here  Af  is  the  cycle  time,  is 
associated  with  the  strain  rate  de?  which  satisfies  the  condition  over  the  cycle 

pAt 

(14)  A4-  =  etj  dt 

and  that  Ae-  is  compatible  with  the  displacement  field  Au^.  This  bound  can  be  quite 
cumbersome  to  apply  directly  and  a  convenient  way  to  determine  the  load  canying 
capacity  at  shakedown  has  been  devised  by  Gokhfeld,  cf.  Gokhfeld  and  Chemaivsky 
(1980).  The  calculation  is  divided  into  two  steps  by  assuming  that  plastic  straining  can 
occur  at  the  two  extremes  of  the  thermal  cycle.  This  implies  that  a  modified  yield  surface 
(f)(a*)  —  0  can  be  introduced.  The  modified  yield  surface  is  defined  by  translating  the 
thermo-elastic  stress  field  of  Eq.  (11)  so  it  touches  the  inside  of  the  matrix  yield  surface 
given  by  Eq.  (12).  The  locus  of  points  at  the  center  of  the  cyclic  stress  vector  are  mapped 
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y'((7„-0'33)^+(grr~g^»y)^  +  (t^53~0’y;i)^ 


Fi”.  4.  -  Modified  yield  surface. 


out  to  form  the  modified  yield  surface  indicated  in  Figure  4.  The  load  carrying  capacity  at 
shakedown  is  then  found  by  using  a  regular  limit  load  calculation  based  on  the  modified 
yield  surface  and  a  static  collapse  mechanism  so  that, 

(15)  ^  A4  dV 

The  analysis  is  particularly  amenable  for  the  present  case  because  the  mechanical 
stresses  due  to  the  shear  loading  and  the  thermo-elastic  stresses  are  orthogonal.  Slip 
along  the  surface  indicated  by  the  line  /i  —  Iz  in  Figure  2  is  given  by  the  strain  increment 
at  the  vertex  of  the  modified  yield  surface  as  shown  in  Figure  4.  The  yield  stress  in 
shear  at  the  vertex  can  be  determined  by  use  of  he  thermo-elastic  stress  field  (11)  and 
the  yield  condition  (12)  as 


(16) 


f53 


v/3 


^  [A 

4 


+  (1  -  BY 


The  shear  strength  during  thermal  cycling  can  now  be  determined  by  using  the  yield 
stress  in  shear  or  the  modified  yield  surface,  Eq.  (13),  and  performing  a  limit  load 
calculation  with  us  of  Eq.  (15).  Proceeding  in  the  same  manner  as  in  the  derivation  of 
Eq.  (10)  gives 


(17)  T/,  TT  6^  =  2  TT  6^  [  TS3  {r)  rdr  +  n  K  TS3  i^/J) 

Jy/f 

Evaluation  of  the  integral  and  rearranging  terms  gives  the  final  expression  for  the 
shake  down  condition: 


(18)  ^ 


'ym 


/  2l2 

3  ,  ,o 

A-t 

+  (1  -  B)^ 

+  Vl-^P+(l-B)’l 


sec 


/ 


4-A^{l-BY 


3  412 


-  sec 


-1 


4-4l2(l-.B)2 

3412 
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The  expression  is  valid  until  a  cyclic  plastic  zone  starts  to  develop  at  the  fiber-matrix 
interface.  The  highest  equivalent  stress  in  the  matrix  of  the  cyclic  thermal  then  reaches 
twice  the  value  of  the  yield  stress.  This  condition  is  given  by  letting  r^s  =  0  and  r  =  v7 
in  Eq.  (16),  to  give 

y/i  +  fHl-Bf 

The  shakedown  condition  is  shown  graphically  in  Figure  5  for  rigid  fibers  and  a  fiber 
matrix  modulus  ratio  representative  of  aluminium  matrix  composite  with  AI2O3  fibers. 
The  fiber  volume  fraction  /  =  0.5  and  the  poisson’s  ratios  Vm  =  0.32  and  vf  —  0.26. 


Inplone  Shear 


Fig,  5.  -  Interaction  diagram  for  inplane  shear  where  the  ShakeDown, 
Ratchetting  and  reversed  Plasticity  regions  are  indicated. 


6.  Plastic  shakedown 


The  result  by  Ponter  and  Karadeniz  (1985)  are  used  to  estimate  the  boundary  between 
reversed  plastic  straining  and  ratchetting.  In  the  procedure  the  bound  of  Eq.  (15)  is  applied 
as  demonstrated  previously  except  for  the  regions  in  which  the  equivalent  von  Mises 
stress  of  the  elastic  stress  range  exceeds  2aym-  The  only  contribution  that  could  come 
from  these  regions  is  given  by  a  residual  hydrostatic  stress  field.  It  could  not  have  an 
in-plane  shear  component  and  hence  these  regions  do  not  contribute  to  the  load  carrying 
capacity  for  the  present  case.  The  largest  cyclic  thermo-elastic  stresses  are  adjacent  to 
the  fiber  and  from  Eq.  (16)  it  can  be  determined  that  the  cyclic  plastic  zone  extends  from 
the  fiber  matrix  interface  to  the  radius  r*  given  by 


(19) 


Y*2 


3A2 


/  V  AHI- BY 


EUROPEAN  JOURNAL  OF  MECHANICS,  A/SOLIDS,  VOL.  16,  N°  4,  1997 


570 


S.  JANSSON  AND  F.  LECKIE 


Using  the  work  relation  given  by  Eq.  (15)  as  previously  gives 

(20)  TT  Ti  =  J  TgS  (f )  rdf 

An  evaluation  of  the  integral  gives  the  final  expression  for  the  reversed  plasticity 
shakedown  condition 


(21) 


n 


x/3 


1  -  ^  (3  +  (1  -  B)2)  -  ^  Asec-^  ■ 


>ym  y  ‘±  z  y  3A2 

The  reversed  plasticity  shakedown  boundary  is  also  shown  in  Figure  5. 


7.  Temperature  dependent  modulus  and  yield  strength 

No  rigorous  shakedown  theorem  exists  for  systems  for  which  the  elastic  modulus 
is  temperature  dependent.  An  appreciation  for  the  effect  of  temperature  dependent 
moduli  may  be  obtained  by  using  moduli  for  different  temperatures  in  the  shakedown 
calculations.  The  most  conservative  result  is  usually  given  by  the  temperature  that  has 
the  lowest  Em  / Ef  ratio.  The  effect  is  modest,  since  a  temperature  change  of  200  C  for 
an  aluminium  matrix  causes  a  reduction  of  only  5%  in  the  ratio. 

A  general  consideration  of  a  temperature  dependent  yield  stress  that  gives  the  shape 
of  the  elastic  and  plastic  shake  down  boundaries  would  require  a  numerical  integration 
of  Eqs.  (14)  and  (17).  However,  a  simple  result  can  be  obtained  for  pure  thermal  loading 
which  corresponds  to  the  interception  of  the  shakedown  boundaries  with  the  axis  for 
thermal  loading.  Figure  5.  Following  Gokhfeld  and  Chemaivsky  (1980)  it  is  assumed 
that  plastic  deformation  only  occurs  at  the  two  extremes  of  the  cycle  so  that  only  the 
yield  stress  at  the  lowest  and  highest  temperature  need  be  considered.  This  implies  at 
shakedown  that 

(Tmax)  (p,^  +  A(7,j  ) 

at  the  highest  temperature  of  the  cycle  and 

<^ym  (Tmin)  =  {pij  — 

at  the  lowest  temperature  of  the  cycle.  Choosing  the  local  residual  stress  field  pjj  to 
be  of  the  form 


pij  — 

maximizes  the  shakedown  condition  to  give 

^ym  (Tmax)  +  ^ym  (Tmin)  e  /  a  \ 

2  ~  ^ 

This  implies  that  the  effect  of  a  temperature  dependent  yield  stress  can  be  assessed 
by  using  the  mean  value  of  the  yield  stress  for  the  two  extremes  of  the  cycle  in  the 
calculations  for  temperature  independent  yield  stress.  This  is  correct  for  pure  thermal 
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loading  and  gives  an  estimate  of  the  effect  of  temperature  dependent  yield  stress  for 
thermal  and  mechanical  loading. 


8.  Discussion 

It  has  been  found  that  the  limit  strength  in  plane  shear  is  bounded  as 

1  <  —  <  1  +  0.24  / 

'^ym 

This  implies  that  the  shear  strength  of  a  composite  with  a  strong  interface  cannot  be 
expected  to  be  much  higher  than  the  yield  stress  of  the  matrix.  Failure  strains  of  20% 
have  been  observed  (Jansson,  1991)  for  the  in-plane  shear  response  of  a  fiber  reinforced 
aluminium  matrix  composite.  This  implies  that  limit  load  calculations  can  clearly  be  used 
to  predict  the  strength  under  these  circumstances.  The  non-linear  response  for  a  composite 
with  a  matrix  exhibiting  nonlinear  hardening  can  be  estimated  by  used  of  the  reference 
stress  method,  cf.  Boyle  and  Spence  (1983),  that  utilizes  the  limit  load  calculation.  The 
linear  elastic  response  can  be  determined  by  methods  readily  available  in  textbooks. 

The  results  for  the  interaction  of  mechanical  and  thermal  loading  are  summarized 
in  Figure  5  which  indicate  regions  of  ShakeDown  (SD),  Ratchetting  (R)  and  reversed 
Plasticity  (P).  In  the  shakedown  region  the  final  response  is  elastic  after  an  initial  response 
in  which  elastic  and  plastic  deformation  may  occur.  In  the  ratchetting  region  an  increment 
of  irreversible  plastic  strain  occurs  over  each  cycle.  Because  of  this  ratchetting  behavior 
such  loading  conditions  would  lead  to  a  very  rapidly  accumulation  of  strain  result  can 
in  failure  or  excessive  deformations.  In  the  reversed  plasticity  region,  reversed  plastic 
straining  occurs  which  does  not  have  any  incremental  accumulation  of  strain.  Operating 
in  this  regime  introduces  concerns  of  low  cycle  fatigue. 

The  procedure  is  straight  forward  and  can  be  extended  readily  by  finite  elements  to 
deal  with  more  complex  problems.  An  appreciation  for  an  interaction  diagram  of  the 
type  given  in  Figure  5  can  be  obtained  quite  readily  by  calculating  the  key  points.  The 
intersection  of  the  shakedown  boundary  and  the  axis  for  mechanical  loading  is  given 
by  a  limit  load  calculation.  The  intersection  of  the  shakedown  boundary  and  the  axis 
for  thermal  loading  is  given  by  a  linear  thermo-elastic  calculation  where  the  highest 
equivalent  stress  is  equal  to  twice  the  yield  stress  of  the  matrix.  The  intersection  of 
the  reversed  plasticity  boundary  and  the  axis  for  thermal  loading  is  given  by  a  similar 
calculation  where  the  lowest  equivalent  stress,  based  on  the  elastic  thermal  stress,  in 
the  matrix  along  the  slip  line  is  equal  to  twice  the  matrix  yield  stress.  The  effect  of  a 
temperature  dependent  yield  stress  can  also  readily  be  assessed  by  using  the  mean  value 
of  the  yield  stress  for  the  two  extremes  of  the  cycle  in  the  calculations. 
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The  anisotropic  mechanical  behavior  of  a  continuous  SiC  fiber  reinforced 
Ti  alloy-matrix  composite  which  possesses  a  weak  fiber-matrix  interface  is 
investigated  experimentally  and  modeled  analytically.  It  is  found  that  the 
transverse  tensile  and  in-plane  shear  moduli  are  reduced  drastically  when 
the  compressive  residual  stresses  at  the  fiber-matrix  interface  are  relaxed. 
It  is  shown  that  this  change  in  elastic  properties  can  cause  a  dramatic  stress 
redistribution  in  components.  This  implies  that  design  calculations  based  on 
properties  for  the  pristine  composite  can  be  un-conservative  and  this 
possible  stress  redistribution  has  to  be  incorporated  into  the  design 
procedures.  ©  1997  Published  by  Elsevier  Science  Ltd. 


I 

INTRODUCTION 

'  Continuous  fiber  reinforced  metal  matrix  com¬ 
posites  (MMCs)  are  attractive  because  of 
excellent  longitudinal  properties  and  a  relatively 
high  transverse  strength  and  stiffiiess.  These 
type  of  MMCs  can  readily  be  utilized  efficiently 
when  the  loading  is  predominantly  uniaxial  with 
primary  stresses  in  the  longitudinal  direction 
and  only  secondary  stresses  in  transverse  direc¬ 
tions.  However,  most  structured  components  are 
subjected  to  complex  multiaxial  stress  states. 
The  efficient  use  of  composite  materials  in  such 
situations  requires  an  understanding  of  the 
overall  anisotropic  mechanical  behavior  of  the 
composite.  A  substantial  amount  of  data  have 
recently  been  generated  for  titanium  matrix 
composites  (TMCs)  and  are  available  in  the 
literature  [1-4].  Present  TMC  systems  have  a 
weak  fiber-matrix  bond  to  maintain  a  high  fiber 
strength  in  the  fabricated  composite.  This 
implies  that  the  fibers  are  mainly  held  in  place 
by  the  residual  compressive  stresses  induced 
during  the  consolidation  of  the  composite  and 
the  surface  roughness  of  the  fibers.  These 
composites  systems  are  candidates  for  medium- 


temperature  applications  and  can  be  exposed  to 
in-service  temperature  variations  such  that 
inelastic  deformation  occurs  in  the  matrix. 
Complex  components  are  manufactured  by  dif- 
fiision  bonding  of  sub-components  at 
temperatures  sufficiently  high  to  cause  inelastic 
deformation  in  the  matrix.  During  these  tem¬ 
perature  excursions  the  compressive  residual 
stress  at  the  fiber-matrix  interface  can  relax 
and  change  the  performance  of  the  composite. 

Experimental  and  numerical  procedures  have 
been  applied  previously  by  Gunawardena  et  al. 
[5]  to  establish  the  pristine  anisotropic  behavior 
of  TMC  SCS6/Ti  15-3.  The  numerical  simula¬ 
tions  indicated  that  the  residual  stress  state 
affects  the  longitudinal  response  modestly, 
while  the  transverse  and  in-plane  shear 
responses  are  changed  substantially.  In  a  subse¬ 
quent  study  by  Jansson  et  al.  [6],  the  transverse 
behavior  of  this  system  was  studied  for  loadings 
with  cyclic  temperature  histories.  In  particular, 
it  was  found,  experimentally  and  theoretically, 
that  the  transverse  modulus  was  reduced  to  a 
third  of  the  value  of  the  pristine  composite  after 
a  small  accumulation  of  transverse  inelastic 
strain.  The  interfacial  sliding  stress,  determined 
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from  push-out  tests  of  fibers,  was  found  to  be 
reduced  to  a  fifth  of  the  value  for  the  pristine 
composite. 

In  this  paper  transverse  tensile  and  in-plane 
shear  responses  are  investigated  for  a  composite 
that  had  accumulated  0.5%  transverse  creep 
strain  before  the  final  testing.  This  strain  is  suf¬ 
ficiently  high  to  relax  the  compressive  normal 
stress  at  the  interface.  These  responses  are 
representative  of  a  system  that  has  debonded 
and  are  compared  with  responses  for  a  pristine 
composite.  A  detailed  micromechanical  finite- 
element  simulation  that  incorporates  the 
influence  of  a  weak  interface,  residual  stresses 
from  fabrication  and  matrix  plasticity  is  used  to 
evaluate  the  responses. 


COMPOSITE  MATERIAL 

The  material  used  in  this  study  is  SCS6/Ti  15-3 
made  by  Textron.  It  consists  of  continuous  SiC 
fibers  with  a  complex  carbon  and  SiC  coating  in 
a  eight-ply  uniaxial  lay-up.  The  fiber  volume 
fraction  is  35%  and  the  average  fiber  diameter 
is  140  mm.  The  matrix  is  a  ^-Ti  alloy,  Ti-15V- 
3Cr-3Al-3Sn.  The  composite  is  fabricated  by 
vacuum  hot  pressing  a  fiber-matrix  foil  lay-up, 
but  no  detailed  information  on  the  processing  is 
available.  However,  the  composite  is  consoli¬ 
dated  at  approximately  900°C.  In  the 
subsequent  cool  down,  the  mismatch  in  coeffi¬ 
cients  of  thermal  expansion  of  fibers  and  the 
matrix  causes  residual  stresses  to  form. 


Fig.  1.  Uniaxial  stress-strain  behavior  of  Ti  15-3  matrix 
and  SCS6  fibers. 

notches  on  the  shear  specimens  were  machined 
after  the  initial  creep  test. 

The  tensile  and  shear  tests  at  ambient  tem¬ 
perature  were  conducted  at  nominal  strain  rates 
of  10“^  s~’  in  a  servohydraulic  test  system. 

The  transverse  properties  were  determined 
using  specimens  of  dog-bone  type.  The  speci¬ 
men  (Fig.  2a)  has  a  relatively  wide  gauge 
section  of  20  mm  to  ensure  constant  conditions 
at  the  center  of  the  specimen.  The  longitudinal 
and  transverse  strains  were  measured  with 
3.2-mm  long  strain  gauges,  while  the  out-of¬ 
plane  strain  was  measured  with  a  2-mm  long 
strain  gauge. 

A  specimen  of  the  losipescu  type  (Fig.  2b), 
was  used  to  determine  the  in-plane  shear 
response.  The  specimen  has  a  reduced  gauge 
section  of  60%  and  a  notch  angle  of  110°.  The 
notch  angle  is  larger  than  the  critical  angle  so 
high  stress  concentrations  at  the  notch  root  are 


EXPERIMENTAL  PROCEDURES 

The  ambient  tensile  properties  of  the  matrix 
were  obtained  by  Jansson  et  al.  [7]  from  tensile 
tests  on  matrix  foil  extracted  from  the  compo¬ 
site.  The  fiber  modulus  was  determined  from 
cantilevered  bend  tests  on  fibers  extracted  from 
the  composite.  The  matrix  stress-strain  curve  is 
shown  in  Fig.  1  together  with  the  fiber  response 
estimated  from  the  bend  tests. 

The  initial  transverse  creep  tests  were  con¬ 
ducted  at  480°C  until  a  creep  strain  of  0.5%  was 
accumulated.  This  strain  is  sufficient  to  relax 
the  residual  stresses  at  the  fiber-matrix  inter¬ 
face,  cf.  Jansson  et  al.  [6].  The  strain  was 
measured  with  an  extensometer  and  the  heating 
was  applied  with  an  induction  heater  and  a  steel 
susceptor  in  a  servohydraulic  test  system.  The 


Fig.  2.  (a)  Specimen  type  for  transverse  tests,  (b)  Speci¬ 
men  of  losipescu  type  for  shear  tests. 
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avoided.  A  singularity  exists  at  the  notch  root 
for  a  notch  angle  smaller  than  the  critical  angle 
[8].  Too  large  a  notch  angle  causes  the  stress 
distribution  to  be  parabolic.  The  shear  strain 
was  measured  with  two  1.62-mm  long  strain 
gauges  mounted  on  opposite  sides  of  the  speci¬ 
men  in  the  +45°  directions. 


MICROMECHANICAL  MODELING 

Numerical  simulations  were  performed  using 
homogenization  techniques  in  conjunction  with 
the  general  purpose  finite-element  package 
ABAQUS  [9].  In  the  computations  the  fibers 
are  assumed  to  be  long  parallel  cylinders 
arranged  in  a  hexagonal  array  (Figs  3a  and  b). 
This  is  the  simplest  periodic  array  for  which  the 
linear  elastic  properties  are  transversely  iso¬ 
tropic.  The  non-linear  response  of  the  array  has 
a  slight  deviation  from  transverse  isotropy.  It 

A  022 


(a) 


I022 

(b) 


Fig.  3.  (a)  Hexagonal  array  with  unit  cell  indicated, 
(b)  Finite-element  mesh  for  unit  cell. 


was  demonstrated  by  Jansson  [10]  that  the  array 
can  be  used  to  predict  the  properties  of  a  trans¬ 
versely  isotropic  system  with  randomly 
distributed  fibers,  if  care  is  exercised  when 
selecting  the  loading  directions.  For  a  system 
with  randomly  distributed  fibers  the  matrix  area 
fraction,  on  any  plane  cut  through  the  compo¬ 
site,  is  equal  to  the  matrix  volume  fraction  (see 
Underwood  [11]).  However,  the  matrix  area 
fraction  is  strongly  dependent  on  the  orienta¬ 
tion  and  location  for  a  periodic  array.  The 
present  system  has  some  form  of  arrangement 
resulting  from  the  fiber-foil  consolidation  pro¬ 
cess,  but  it  is  difficult  to  identify  any  definite 
simple  array  type  as  the  distribution  pattern  dif¬ 
fers  from  point  to  point.  However,  it  was  found 
that  an  important  feature  of  the  weakly  bonded 
systems  for  transverse  tension  is  the  matrix  area 
fraction  on  the  weakest  planes.  This  was  found 
to  be  40%,  which  is  substantially  lower  than  the 
value  of  65%  for  randomly  distributed  fibers. 
The  corresponding  value  for  the  hexagonal 
array  is  38%  when  loaded  in  one  direction  (Fig. 
3a).  The  hexagonal  array  was  selected  in  this 
case  because  it  models  the  correct  volume  frac¬ 
tion  and  matrix  area  fraction  on  the  weak 
planes  that  dictates  the  transverse  strength. 

In  the  homogenization  technique  (see  Jans¬ 
son  [12])  the  displacement  field  is  assumed  to 
have  the  form 

Mf  =  “?+<£, (1) 

where  uf  is  an  arbitrary  constant  displacement, 
<£ij>  is  the  average  strain  in  the  composite  and 
uf  is  an  unknown  displacement  field  which  is 
periodic  on  the  unit  cell.  The  average  stress 
<crij>  can  conveniently  be  determined  from  the 
traction  7]  on  surface  5  of  the  unit  cell  by  use  of 
the  mean  stress  theorem  as 

<<r,,>=  Jr,x,dS  (2) 

All  the  loading  cases  considered  are  symmetric 
with  respect  to  the  x,  and  X2  axes  in  Fig.  3(a) 
and  the  displacement  field  has  an  inversion 
symmetiy  about  the  point  (x,  =  dij3/2,  X2  =  a/2). 
This  implies  that  only  the  unit  cell  A-B-C-D 
in  Fig.  3(a)  need  be  analyzed.  Ten-node  quad¬ 
ratic  generalized  plane-strain  elements  with 
reduced  integration  were  used  to  model  the 
longitudinal  and  transverse  behavior.  The 
boundary  conditions  at  the  interface  were 
selected  to  satisfy  the  interface  bond  character¬ 
istics.  A  fully  bonded  interface  was  modeled  by 
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enforcement  of  displacement  continuity  across 
the  interface.  The  weak  interface  was  modeled 
by  a  three-node  sliding  interface  element  avail¬ 
able  in  ABAQUS  [9].  The  interface  is  assumed 
to  debond  when  the  normal  stresses  become 
tensile  and  the  interface  is  thereafter  traction- 
free.  Normal  compressive  stresses  can  be 
accompanied  by  shear  stresses  given  by  Cou¬ 
lomb's  law  of  friction.  Restrictions  of  the  code 
meant  that  direct  modeling  of  the  in-plane 
shear  response  required  a  three-dimensional 
analysis  using  a  20-node  brick  element.  Bound¬ 
ary  conditions,  which  ensured  generalized 
plane-strain  behavior,  and  the  symmetries  on 
the  unit  cell  were  imposed.  These  conditions 
reduce  the  degrees  of  freedom  in  the  model 
substantially  and  results  in  reasonable  solution 
times.  Because  of  limitations  in  the  code  the 
interface  was  modeled  in  the  three-dimensional 
calculations  as  a  thin  elastic— perfectly  plastic 
solid  layer  whose  yield  strength  was  selected  to 
be  equal  to  the  sliding  resistance  of  the  inter- 

The  fibers  were  assumed  to  be  isotropic 
linear  elastic  and  the  matrix  is  assumed  to  be 
elastic-plastic  with  isotropic  hardening.  The 
ambient  elastic  properties  of  fiber  and  matrix 
are  given  in  Table  1.  It  was  found  by  G^a- 
wardena  et  al.  [5]  that  the  simplified 
temperature  dependence  of  the  yield  stress 
given  in  Fig.  4  together  with  temperature- 
independent  moduli  gave  the  same  residual 
stress  distribution  as  that  found  in  more  refined 
models. 


EXPERIMENTAL  OBSERVATIONS  AND 
NUMERICAL  SIMULATIONS 


Fig.  4.  Temperature  dependence  of  matrix  properties. 

weakly  bonded  composites.  When  calculating 
the  residual  stress  fields  the  composite  is 
assumed  to  be  stress-free  at  the  consolidation 
temperature  and  subsequently  cooled  down  to 
room  temperature.  The  exact  details  of  the  pro¬ 
cess  are  unknown  and  consequently  no 
time-dependent  viscous  behavior  was  included 
in  the  analysis.  It  was  found  in  Gunawardena  et 
al.  [5]  that  an  assumed  consolidation  tempera¬ 
ture  of  900°C  gave  excellent  agreement  between 
the  calculated  and  experimentally  observed 
behavior  for  the  pristine  composite.  The  resi¬ 
dual  stress  in  the  fiber  consists  of  a  compressive 
axial  stress  of  720  MPa  and  almost  uniform 
compressive  radial  and  hoop  stresses  of 
220  MPa.  The  residual  hoop  and  radial  stresses 
in  the  matrix  vary  substantially  and  the  highest 
magnitudes  are  found  near  the  interface  with  a 
compressive  radial  stress  of  200  MPa  and  a  ten¬ 
sile  hoop  stress  of  500  MPa.  The  axial  stress  is 
tensile  and  is  almost  constant,  varying  between 
390  and  420  MPa. 

Transverse  tension 


Residual  stresses  after  fabrication 

The  residual  stresses  following  fabrication  are 
likely  to  influence  the  mechanical  behavior  of 


Table  1.  Matrix  and  fiber  properties  at  ambient  tempera¬ 
ture 


Matrix 

Fiber 

Young's  modulus  (GPa) 

115 

360 

Poisson's  ratio 

0.33 

0.17 

Tensile  strength  (MPa) 

950 

4300 

Strain  to  failure  in 

3 

1.2 

tension  {%) 

Coefficient  of  thermal 
expansion  (1/C) 

9.7  X  10  " 

4.5  X  10 

The  transverse  tensile  response  is  shown  in  Fig. 
5(a)  for  the  pristine  (ei=0)  and  debonded 
composite  (£'  =  0.5)  together  with  numerical 
simulations.  It  was  found  by  Gunawardena  et  al. 
[5]  that  the  response  of  the  pristine  composite 
was  modeled  well  by  including  the  residual 
stresses  from  a  fabrication  temperature  of 
900°C  and  an  interface  that  can  only  transfer 
compressive  normal  stresses  and  has  a  coeffi¬ 
cient  of  friction  of  /x  =  0-8-  It  interesting  to 
note  that  the  initial  linear  response  for  the  com¬ 
posite  is  slightly  more  compliant  than  for  a 
composite  with  a  fully  bonded  interface.  After 
the  initial  linear  response  a  substantial  decrease 
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Fig.  5.  (a)  Experimentally  determined  and  calculated 
transverse  tensile  stress-strain  behavior  for  different 
interface  characteristics,  (b)  Experimentally  determined 
and  calculated  contractions  in  unloaded  transverse  for  dif¬ 
ferent  interface  characteristics,  (c)  Experimentally  deter¬ 
mined  and  calculated  contractions  in  the  longitudinal 
direction  for  different  interface  characteristics. 


occurs  in  the  slope  of  the  stress-strain  curve 
and  this  is  caused  by  debond  at  the  fiber-matrix 
interface.  The  computations  also  indicate  that 
some  localized  yielding  occurs  in  the  matrix  at 
the  initial  portion  of  the  debond.  Finally,  the 
interface  is  fully  debonded  in  the  loading  direc¬ 
tion  and  the  load-carrying  capacity  is  dictated 
by  the  matrix  ligaments  between  the  fibers.  A 
simple  estimate  for  the  transverse  limit  strength 
[7]  gives 


^TL  ■'^fm*^Ln 


(3) 


where  Af^,  is  the  matrix  area  fraction  at  the 
weakest  plane  and  is  the  limit  strength  of 
the  matrk.  The  strain  to  failure  is  approxima¬ 
tely  40%  of  the  matrix  failure  strain  of  3.2%. 
This  reduction  in  failure  strain  is  caused  by  a 
concentration  of  strain  in  the  matrix  ligaments 
between  the  fibers  because  the  are  subjected  to 
a  higher  stress.The  response  for  the  debonded 
composite,  e®  =  0.5,  has  a  much  more  compliant 
initid  linear  response.  The  modulus  is  only  a 
third  of  the  modulus  for  the  pristine  composite 
and  is  of  the  same  magnitude  as  was  observed 
for  the  same  composite  after  cyclic  thermo¬ 
mechanical  load  [6].  It  can  be  deduced  that  this 
response  is  modeled  closely  by  assuming  an 
initially  stress-free  interface,  AT  =  0.  The  cal¬ 
culated  response  after  debond  is  insensitive  to 
the  value  of  the  coefficient  of  friction  at  the 
interface  and  quite  insensitive  to  the  constraint 
in  the  longitudinal  direction.  The  response  for 
the  case  where  the  fiber  and  matrix  have  the 
same  longitudinal  strain  is  only  slightly  stiffer 
than  the  response  for  the  case  where  the  matrix 
is  assumed  to  be  fully  decoupled  from  the  fiber 
in  the  longitudinal  direction,  ef  #63. 

The  contraction  in  the  unloaded  transverse 
direction  is  shown  in  Fig.  5(b).  The  response  of 
the  pristine  composite  is  modeled  closest,  as 
previously,  by  including  the  residual  stress  state 
from  fabrication  and  the  friction  at  the  inter¬ 
face.  The  decrease  in  contraction  rate  after  the 
initial  linear  response  is  caused  by  the  debond 
at  the  interface  and  the  subsequent  increases 
are  caused  by  general  yielding  in  the  matrix. 

The  experimental  response  for  the  debonded 
composite  has  approximately  the  same  slope  as 
the  center  portion  of  the  curve  for  pristine  com¬ 
posite.  This  response  agrees  well  with  the 
calculated  response  for  the  case  of  no  residual 
stress  and  decoupled  longitudinal  strain  of  fiber 
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and  matrix.  The  assumption  of  a  decoupled  lon¬ 
gitudinal  strain  is  close  to  the  condition  at  the 
side  of  the  specimen  where  the  out-of-plane 
strain  gauge  is  mounted.  However,  it  is  likely 
that  the  longitudinal  strain  in  the  matrix  and 
fiber  are  equal  at  the  center  of  the  specimen, 
and  the  response  there  is  given  by  the  case 
fx  =  AT  =0.  At  the  free  edge  of  the  specimen 
the  fiber  and  matrix  can  deform  independently 
in  the  longitudinal  direction.  If  the  distance  is 
sufficiently  long  only  a.  small  frictional  stress  is 
needed  at  the  interface  to  build  up  a  longitudi¬ 
nal  strain  compatibility  between  fiber  and 
matrix  away  from  the  free  edge.  The  later  con¬ 
dition  can  be  expected  to  dominate  the 
response  in  a  large  component  where  dimen¬ 
sions  are  much  larger  than  a  fiber  diameter. 

The  contraction  in  the  longitudinal  direction 
is  depicted  in  Fig.  5(c).  The  response  for  the 
pristine  composite  has  initial  linear  response 
with  a  decrease  in  contraction  after  matrix  yield 
as  the  deformation  tends  to  plane  strain  in  the 
fiber  direction.  This  response  is  also  modeled 
well  by  a  consolidation  temperature  of  900°C 
and  fiiction  at  the  interface. 

The  response  for  the  debonded  composite 
has  a  initially  lower  contraction  than  the  pris¬ 
tine  composite.  The  matrix  yields  at  a  lower 
transverse  strain  for  the  pristine  composite  than 
for  the  debonded  composite  and  this  cause  the 
contraction  rate  to  decrease  at  a  lower  strain 
for  the  pristine  composite  than  for  the  debon¬ 
ded  composite.  The  response  for  the  debonded 
composite  is  modeled  well  with  an  initially 
stress-free  interface  and  equal  longitudinal 
strain  in  fiber  and  matrix.  It  surprising  to  see 
that  the  response  for  decoupled  longitudinal 
strain  in  the  fiber  and  matrix  is  almost  identical 
to  the  fully  bonded  case. 

The  strain  to  failure  strain  in  the  tensile  test 
for  the  debonded  composite  is  0.6%.  It  had  pre¬ 
viously  accumulated  a  creep  strain  of  0.5%, 
giving  it  a  total  strain  of  1.1%.  This  total  sfrain 
at  failure  is  very  close  to  the  observed  failure 
strain  for  the  pristine  composite,  indicating  that 
a  constant  strain  criteria  could  be  used  as  a 
failure  condition  for  this  type  of  loading. 

In-plane  shear 

Shear  tests  have  been  performed  with  the  fibers 
orientated  in  the  direction  of  the  two  notches. 
It  was  shown  by  Jansson  et  al.  [7]  that  the  limit 
strength  is  dependent  on  the  orientation  of  the 


ri3  (*) 


Fig.  6.  Experimentally  determined  and  calculated  in-plane 
shear-stress  response  for  different  interface  characteristics. 


fibers  for  composites  with  weak  interfaces  in 
this  type  of  test.  The  present  loading  subjects  a 
long  portion  along  the  fibers  to  constant  condi¬ 
tions  and  is  representative  of  loading  that 
occurs  in  practice.  It  has  a  lower  limit  strength 
than  the  case  where  the  fibers  are  orientated 
perpendicular  to  the  notches.  The  experiment^ 
and  computed  stress  strain  curves  are  shown  in 

Fig.  6.  . 

The  response  for  the  pristine  composite  has  a 
initial  linear  response  followed  by  a  gradual 
transition  that  reaches  a  limit  condition  with  no 
increase  in  stress.  A  comparison  with  the 
numerical  simulations  indicated  that  no  sliding 
occurs  initially  at  the  interface.  This  is  followed 
by  a  response  that  corresponds  to  a  sliding  with 
a  shear  stress  of  185  MPa  at  the  interface.  The 
sliding  stress  thereafter  gradually  decreases  with 
an  increase  in  strain  to  a  saturation  value  of 
115  MPa.  A  simple  model  for  the  limit  strength 
was  proposed  by  Jansson  et  al.  [7] 

Tl=  ~2  ^  W 

where  4  is  the  sliding  stress  at  the  interface. 
This  model  predicts  a  sliding  resistance  of 
95  MPa  at  the  interface  for  the  limit  state, 
which  is  close  to  the  computed  value  of 
115  MPa.The  debonded  composite  has  a  lower 
modulus  and  limit  strength  than  the  pristine 
composite.  The  value  of  the  initial  modulus  is 
approximately  half  the  value  for  the  pristine 
composite.  This  is  higher  than  that  predicted 
for  a  stress-free  interface  with  no  sliding  resist- 
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ance,  indicating  that  some  contact  is  present  at 
the  interface  for  this  type  of  loading  The  com¬ 
putations  indicate  that  final  limit  strength 
corresponds  to  a  sliding  resistance  of  55  MPa  at 
the  interface,  also  approximately  half  the  value 
of  the  pristine  composite.  A  modest  reduction 
in  failure  strain  that  is  close  to  the  sample-to- 
sample  variation  is  observed. 


CONSEQUENCES  IN  DESIGN 
Stress  redistribution 

Titanium  matrix  composites  (TMCs)  can  be 
used  efficiently  in  unidirectional  lay-ups  with 
the  dominating  loading  in  the  fiber  direction.  A 
MMC  turbine  disk  represents  a  candidate  com¬ 
ponent  that  features  this  type  of  loading.  It  has 
fibers  orientated  in  the  most  highly  stressed 
direction,  the  hoop  direction.  For  simplicity,  the 
disk  is  assumed  to  be  of  constant  thickness  and 
only  a  uniform  blade  loading  on  the  outer 
radius  (Fig.  7a)  will  be  considered.  The  stress 
distribution  can  readily  be  found  in  Lekhnitskii 
[13]  as 


where  C  =  {alb),  k  =  l{EJEf),  a  is  the  inner 
radius,  b  is  the  outer  radius  and  p  is  the  equiva¬ 
lent  blade  loading  on  the  outer  surface.  The 
hoop  and  radial  stress  distribution  are  shown  in 
Fig.  8  for  a  ring  with  alb  =  0.5  and  different 
anisotropy  ratios  k.  The  case  k  =  1.2  corre¬ 
sponds  to  the  elastic  properties  for  the  pristine 
composite  and  k  =  2.1  corresponds  to  the 
properties  for  a  debonded  composite  (see  Table 
2).  The  pristine  composite  has  a  very  low  aniso¬ 
tropy  and  the  stress  distribution  is  accurately 
given  by  the  isotropic  solution  with  the  highest 
hoop  stress  at  the  inner  radius.  However,  the 
loss  of  residual  stresses  at  the  interface  and  the 
associated  debond  causes  a  substantial  reduc¬ 
tion  in  the  transverse  modulus  and  an  increase 
in  the  anisotropy  of  the  composite.  This  causes 


a  b  ^ 

Fig.  7.  (a)  Fiber  reinforced  ring  with  loading  on  the  outer 
surface,  (b)  Plate  with  a  hole,  (c)  Stress  decay  in  a  strip 
subjected  to  a  self-equilibrating  edge  load. 


Fig.  8.  Stress  distribution  in  a  ring  with  alb  =  0.5  for  dif¬ 
ferent  degrees  of  anisotropy. 


Table  2.  Comparison  of  experimental  and  calculated  elastic  properties  for  a  pristine  and  debonded  composite 


E33 

(GPa) 

V31 

(GPa) 

V23 

Vl3 

G.3 

(GPa) 

Pristine 

Experiment 

196 

0.25 

129 

0.34 

0.20 

62 

Computed 

202 

0.27 

133 

0.36 

0.17 

(A 

Debonded 

Experiment 

— 

— 

46 

0.13^ 

0.095 

38 

Computed 

202 

0.25 

47 

0.14+ 

A  1 0 

0.085 

20* 

^These  values  are  for  the  free  edge  of  the  specimen.  The  calculated  value  for  the  center  is  0.18. 
*Based  on  the  assumption  of  a  frictionless  interface. 
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Fig.  9.  Maximum  and  minimum  hoop  stress  in  an  exter¬ 
nally  loaded  ring  for  different  hole  sizes  and  anisotropy 
ratios. 


4.6.  For  loading  in  the  transverse  direction  the 
stress  concentration  for  the  pristine  composite 
is  2.7  and  it  decreases  to  2.1  for  the  debonded 
composite. 

Stress  decay 

An  interesting  issue  for  composites  is  how  far 
an  edge  effect  propagates  into  a  component 
(Saint-Vemant's  Principle).  It  can  propagate 
much  further  into  highly  anisotropic  materials 
than  into  isotropic  materials.  This  was  studied 
by  Morgan  et  al.  [14]  for  the  self-equilibrating 
loading  shown  in  Fig.  7(c).  The  stress  decay  is 
approximately  given  by 

(7a, b) 

where 


a  dramatic  change  in  the  hoop  stress  distribu¬ 
tion  and  the  hoop  stress  attends  its  maximum 
value  at  the  outer  radius  rather  than  at  the 
inner  radius.  The  value  of  the  hoop  stress  at  the 
inner  and  outer  radius  are  shown  in  Fig.  9  for 
different  ring  dimensions  ajb.  It  can  be  deduced 
that  a  tremendous  stress  distribution  occurs 
when  the  interface  debonds  for  small  alb  ratios 
and  the  maximum  hoop  stress  can  even 
increase.  However,  this  can  be  avoided  by 
choosing  a  larger  alb  ratio  and  it  can  be  seen 
that  the  stress  redistribution  is  modest  for  a! 
b>0.1.  This  implies  that  this  type  of  stress 
redistribution  can  sometimes  be  avoided  by 
choosing  configurations  such  that  the  geometry 
dictates  the  stress  distribution  more  than  the 
constitutive  properties. 

Stress  concentration 

The  highest  tensile  stress  concentration  for  a 
hole  in  a  infinite  plate  (Fig.  7b)  is  given  by  the 
tensile  hoop  stress  at  the  ends  of  the  diameter 
perpendicular  to  the  loading  direction  (cf. 
Lekhnitskii  [13])  as 


^max 


=  C7, 


(6) 


For  a  pristine  composite  loaded  in  the  longitu¬ 
dinal  direction  the  stress  concentration  is  3.4. 
After  the  residual  stresses  have  relaxed  at  the 
interface  the  stress  concentration  increases  to 


Equation  (7a,b)  and  (7c)  indicates  that  the  edge 
effect  has  its  slowest  decay  rate  in  the  stiffest 
direction.  For  the  present  composite,  the  longi¬ 
tudinal  modulus  can  be  expected  to  be 
unaffected  by  the  debond.  An  appreciation  for 
the  difference  in  decay  rate  for  the  debonded 
and  pristine  composite  is  given  by  the  ratio  of 
the  lengths  required  to  achieve  the  same  stress 
level.  Use  of  eqn  (7a,  b)  and  (7c)  gives 


This  implies  that  the  load  diffusion  length 
increases  by  40%  for  the  debonded  material. 


CONCLUSIONS 

It  has  been  found  that  the  relaxation  of  the 
residual  compressive  stresses  at  the  fiber-matrix 
interface  causes  a  reduction  in  the  transverse 
modulus  to  a  third  of  the  value  for  the  pristine 
composite. 

The  initial  in-plane  shear  response  is  not 
affected  as  strongly  as  the  transverse  tensile 
response.  The  shear  modulus  is  reduced  to  half 
the  value  of  the  pristine  material.  Calculations 


352 


Design  considerations  and  properties  of  SCS6/Ti  15-3 


19 


indicate  that  the  sliding  resistance  at  the  inter¬ 
face  reduced  to  half  the  value  of  the  pristine 
material.  The  limit  strength  in  shear  is  dictated 
by  a  combination  of  the  matrix  strength  and  the 
sliding  resistance  at  the  interface.  This  implies 
that  the  limit  strength  of  the  composite  is  only 
reduced  by  a  factor  2/3. 

Some  loadings,  such  as  longitudinal  tension, 
will  tend  to  close  the  fiber-matrix  interface  and 
cause  the  debonded  composite  to  have  the  same 
elastic  properties  as  the  pristine  composite. 
Other  loadings,  such  as  transverse  tension,  will 
cause  portions  of  the  interface  to  open  up  more 
during  loading.  This  will  cause  the  debonded 
composite  to  have  elastic  properties  that  are 
dependent  on  the  loading,  and  some  of  the 
elastic  symmetry  relations  do  not  apply  for  con¬ 
stants  determined  from  these  different 
loadings. 

It  was  demonstrated  that  micromechanical 
simulations  can  be  used  as  an  efficient  tool  to 
evaluate  the  experimental  observations.  This 
experience  also  adds  confidence  to  the 
approach  to  be  used  to  predict  composite 
behavior. 

The  present  TMC  systems  with  weak  inter¬ 
faces  are  candidates  for  components  with 
i  complex  shapes.  The  components  will  be  manu- 
s;  factured  though  complex  processes  and  _ 
assemblies  of  sub-components.  The  individual 
sub-components  can  therefore  be  subjected  to  a 
I  number  to  thermal  cycles  with  high  temperature 
I  before  service.  This  can  lead  to  a  relaxation  of 
I  the  compressive  stresses  at  the  fiber-matrix 
I  interface.  The  relaxation  leads  to  a  drastic 
’  reduction  in  the  transverse  modulus.  A  reduc- 
i  tion  in  transverse  modulus  causes  an  increase  in 
the  anisotropy  of  the  material,  and  the  stress 
distribution  in  a  component  consisting  of  a 
debonded  composite  can  be  substantially  dif¬ 
ferent  to  the  stress  distribution  for  the  pristine 
composite.  Hence,  design  calculations  should  be 
performed  on  the  pristine  and  debonded  com¬ 
posite  properties  to  ensure  that  the  component 
has  the  required  performance. 
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ABSTRACT 

The  mechanical  properties  of  metal  matrix  composite  materials  are  strongly  effected  by  thermal 
cycling.  Through  the  study  of  the  experimental  data  of  Jansson  and  Leckie  (1992),  for  an 
aluminium  /alumina  continuous  fibre  composite,  the  paper  investigates  the  relationship  between 
the  observed  behaviour  and  the  predictions,  using  simplified  methods  of  analysis,  of  classical 
plasticity  models  for  the  matrix  material.  This  comparison  shows  that  many  of  the  features  of 
the  data  can  be  understood  in  this  way  but  the  long  term  cyclic  growth  of  strain,  when  the 
material  has  reached  a  stabilised  state,  cannot  be  so  understood.  This  effect  is  due  to  material 
ratchetting.  The  conclusion  of  this  study  is  that  the  inelastic  deformation  of  machine 
components  when  composed  of  such  a  material  and  subject  to  many  cycle  of  temperature 
depends  upon  an  understanding  of  the  stress  dependance  of  material  ratchetting. 
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1.  INTRODUCTION 


Fibre  reinforced  metal  matrix  composites  provide  a  means  of  producing  materials  with  high 
uniaxial  strength  and  stiffness  and,  at  the  same  time,  resistance  to  brittle  fracture.  Their  high 
strength-to-weight  ratio  make  them  attractive  for  a  range  of  applications  such  as  the  dynamically 
loaded  components  of  internal  combustion  engines  and  gas  turbines.  However,  in  both  these 
applications  a  major  component  of  the  load  history  arises  from  local  temperature  fluctuations 
and  thermal  stresses  arising  from  temperature  gradient.  Such  thermal  effects  can  cause  cyclic 
strain  growth  in  the  matrix  even  in  the  absence  of  other  forms  of  loading.  The  phenomenon  is 
particularly  pronounced  for  growth  activated  by  stresses  transverse  to  the  direction  of  the  fibre. 
The  capacity  of  metal  matrix  composites  to  withstand  thermal  fluctuations  is  an  important  limit 
to  their  use. 

This  paper  is  concerned  with  methods  of  understanding  the  behaviour  of  an  element  of  a 
composite  subjected  to  constant  stress  and  cyclic  temperature.  The  composite  is  modelled  as  an 
inhomogenous  body  composed  of  elastic  fibres  and  an  elastic-plastic  matrix.  Fluctuations  in 
temperature  induce  thermo-elastic  stresses  produced  by  the  difference  between  the  coefficient  of 
thermal  expansion  of  the  two  component  materials.  When  the  thermal  stresses  are  sufficiently 
large,  plastic  strains  occur  in  the  matrix  resulting  in  either  cyclic  strain  growth  (ratchetting)  or 
growth  of  strain  to  some  asymptotic  value.  The  problem  is  inherently  very  complex  and  the 
inteipretation  of  the  behaviour  of  the  composite  in  terms  of  the  properties  of  the  component 
materials  poses  considerable  computational  problems.  A  number  of  seperate  phenomena  are 
involved  and  a  complete  understanding  of  observed  behaviour  requires  insight  into  the  ways 
plastic  strain  growth  results  from  the  stress  cycles  occurring  in  the  matrix. 

An  important  step  in  the  development  of  such  an  understanding  has  been  provided  by 
Jansson  and  Leckie  (1992).  The  results  of  tests  on  a  continuous  fibre  composite  with  stress 
applied  in  a  direction  perpendicular  to  the  fibres  have  been  interpreted  in  terms  of  shakedown 
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concepts,  assuming  the  matrix  is  an  elastic-perfectly  plastic  material.  These  tests  involved 
moderate  temperature  fluctuations  (up  to  about  100  °C)  and  the  tests  were  terminated  when 

high  rates  of  ratchetting  were  experiences.  Jansson  and  Leckie  (1992),  in  their  interpretation  of 
the  data,  concentrated  on  the  terminal  rate  of  strain  ratchetting  occurring  after  a  number  of  cycles 
of  temperature  fluctuation.  They  showed  that  the  stress  dependency  of  this  terminal  rate  was 
related  to  shakedown  concepts  but  differed  from  the  stress  dependency  of  the  shakedown 
boundary  predicted  by  finite  element  calculations. 

In  contrast,  Daehn  et  al  (1991)  and  Zhang  et  al  (1990,1991)  have  extensively  studied 
particulate  and  whisker  reinforced  MMC’s  where  the  amplitude  of  temperature  cycle  ( typically 
350°  C  )  results  in  high  rates  of  ratchet  for  small  applied  stress.  In  such  cases  the  entire  volume 
of  the  matrix  material  experiences  substantial  reversed  plasticity  in  the  absence  of  applied  stress 
and  the  form  of  ratchetting  phenomenon  is  comparable  to,  for  example,  the  cyclic  thermal 
ratchetting  of  polycrystalline  uranium.  In  this  paper  we  study  the  moderate  cycling  case  which 
defines  the  onset  of  inelastic  strain  growth  with  increasing  applied  stress  and  temperature 
amplitude. 

The  purpose  of  this  paper  is  to  study  the  various  modes  of  behaviour  which  occurred  in  the 
Jansson  and  Leckie  tests  and  to  relate  them  to  characteristic  modes  of  behaviour  of  an  elastic 
plastic  body.  The  behaviour  is  inherently  complex  and  this  case  study  is  an  attempt  to  provide  a 
framework  within  which  cyclic  strain  growth  of  composites  may  be  understood. 

The  paper  consists  of  three  sections.  We  first  revisit  the  data  of  the  Jansson  Leckie  tests 
and  interpret  regions  of  an  interaction  diagram  where  distinct  modes  of  behaviour  are  observed 
to  take  place.  These  modes  fall  into  two  classes;  structural  plasticity  phenomena  which  are 
predictable  by  the  classical  plasticity  models  and;  material  ratchetting.  The  former  modes  are; 

-  elastic  behaviour,  elastic  shakedown,  plastic  shakedown,  ratchetting  limited  by  strain 
hardening,  and  unlimited  ratchetting.  All  these  phenomena  can  be  understood  in  terms  of 
shakedown  concepts  for  perfect  plasticity  with  extensions  to  the  behaviour  outside  the 
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shakedown  limit  taking  into  account  the  strain  hardening  of  the  matrix.  Material  ratchetting, 
however,  is  an  inherent  property  of  the  matrix  material,  in  this  case  aluminium,  and  shows 
stress  dependency  which  is  distinctly  different  to  the  stmctural  plasticity  phenomenon  as  was 
observed  by  Jansson  and  Leckie  (1992).  For  each  mode  of  behaviour  we  discuss  the 
predictions  which  can  be  made  on  the  basis  of  simple  plasticity  constitutive  equations  and 
assumptions  of  kinematic  determinancy  of  the  micro  strain  fields.  In  the  last  section  we  interpret 
the  material  data  in  terms  of  these  simple  theories.  We  conclude  that  most  aspects  of  the  flow 
behaviour  can  be  interpreted  in  this  way,  giving  a  reasonable  coherent  model  for  the  ratchetting 
of  MMCs  subjected  to  moderate  temperature  fluctuations.  The  most  significant  conclusion, 
however,  is  that  for  situations  where  many  thousands  of  thermal  cycles  are  involved,  the  strain 
growth  becomes  dominated  by  material  ratchetting,  a  phenomenon  currently  poorly  understood. 

2.  EXPERIMENTAL  PHENOMENA 

Figure  (1)  shows  an  interaction  diagram  for  the  Jansson  and  Leckie  tests  with  axis  given 

by  the  constant  macro  applied  stress  Zand  the  amplitude  of  temperature  variation  A6.  The  test 

sequence  for  five  tests  are  shown  where  the  applied  macrostress  is  maintained  constant  and  the 

amplitude  of  temperature  is  maintained  at  a  fixed  level  and  then  increased  by  increments  of 
0  0 

5  C  or  10  C.  At  each  stage  thermal  cycling  was  continued  until  either  strain  growth 

terminated  or  ratchetting  strain  growth  at  a  constant  rate  was  achieved.  The  tests  were 
terminated  when  high  rates  of  strain  growth  were  observed.  The  diagram  also  contains  two 
boundaries  which  delimit  distinct  modes  of  behaviour: 

E  :  Elastic  Region;  the  micro  thermoelastic  stresses  lies  within  the  yield  condition  for  the 
initial  yield  point  of  the  material  assuming  zero  initial  micro  residual  stresses.  Some  plastic 
strain  growth  was  observed  in  the  data  as  the  composite  possessed  initial  micro  residual  stresses 
from  the  forming  process. 

ES  ;  Elastic  Shakedown;  This  region  is  bounded  by  the  shakedown  boundary  for  a 
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perfectly  plastic  material  using  the  initial  yield  stress  of  the  aluminium  as  reported  by  Jansson 
and  Leckie  (1992)  from  finite  element  calculations.  In  this  region  a  small  amount  of  strain 
growth  occurs  terminating  in  a  low  rate  of  material  ratchetting. 

PS  :  Plastic  Shakedown:  For  higher  ranges  of  temperature  amplitude  and  low  applied 
stress  no  cyclic  strain  growth  occurs  and  the  observed  behavior  is  similar  to  shakedown.  Figure 
(2)  shows  the  growth  of  strain  in  Tests  (1)  and  (2)  with  increasing  Ad.  Strain  growth  is 
primarily  confined  to  the  shakedown  region  (S)  and  becomes  stabilised  in  the  plastic 
shakedown  region  (PS).  The  upper  limit  of  this  region  is  defined  by  the  onset  of  high  rates  of 
ratchet  which  is  discussed  below. 

LR  :  Ratchetting  Limited  by  Strain  Hardening:  In  this  region  the  material  shows  an 
initial  high  rate  of  ratchet  which  then  declines  over  a  substantial  number  of  cycles  to  either  a  low 
or  zero  rate  of  strain  growth  per  cycle.  During  this  transient  significant  strain  growth  occurs. 
For  each  cycling  sequence  it  is  possible  to  identify  the  number  of  cycles  Ng^  when  99%  of  the 
ultimate  strain  growth  had  been  achieved  in  the  transient.  For  tests  3,4  and  5  the  value  of  Ngg 
is  shown  in  Figure  (3)  as  a  function  of  the  total  accumulated  plastic  strain.  Although  there  is 
some  scatter,  there  is  a  distinct  trend  where  the  number  of  cycles  increase  with  increased  strain. 
The  predictions  shown  in  the  figure  arc  discussed  below.  In  this  region  it  is  possible  to  plot  the 
total  accumulated  strain  against  an  effective  macrostress  Z*  as  shown  in  Figure  (4)  with  the 
experimental  monotonic  stress  strain  curve  for  the  composite  for  constant  temperature,  i.e.  for 
Z*  =  Z.  We  will  show  in  the  next  section  that  this  behaviour  is  consistent  with  classical 
plasticity  behaviour  assuming  that  the  microstrains  exhibit  the  same  pattern  as  in  the  constant 
temperature  monotonic  test. 

R  :  Unlimited  Ratchetting:  Once  the  temperature  difference  exceeds  the  boundaries 
between  the  limited  ratchetting  (LR)  region  and  the  ratchetting  ( R  )  region,  the  rate  of  terminal 
strain  growth  per  cycle  increases  rapidly  to  high  values.  As  we  mentioned  earlier,  this  was  the 
stage  at  which  the  tests  were  terminated.  The  steady  state  ratchet  rate  for  all  the  tests  is  shown  in 
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Figure  (5)  where  the  temperature  axis  is  normalized  by  a  value  A0*  near  or  on  this  outer 
boundary.  The  value  of  A0*  used  for  each  test  is  shown  in  Figure  (1)  as  a  star.  It  can  be  seen 
that  within  the  width  of  the  transition  shown  as  a  double  line  in  Figure  (1),  corresponding  to 
approximately  10°C,  the  ratchet  rate  changes  from  very  low  values  to  a  consistent  high  values. 
In  Figure  (5)  we  show  a  pair  of  bound  on  this  high  rate  which  is  discussed  in  the  next  section. 
It  is  interesting  to  note  that  this  ratchet  rate  appears  to  be  independent  of  the  value  of  the  applied 
load,  Test  (1)  and  Test  (5)  show  remarkably  similar  rates. 


Material  Ratchetting:  Within  the  outer  boundary  all  the  tests  show  some  residual  ratchet  rate 
at  the  end  of  each  test  sequence.  Jansson  and  Leckie  ( 1 992)  showed  that  the  rate  seemed  to  be 
governed  by  a  parameter  beta  given  by, 


where  A0'  =  100°  C  and 
shown  in  Figure  (6)  with 
to  the  data  is  given  by. 


^0■  I, 

is  the  limit  stress  value.  A  plot 
the  high  rates  in  the  ratchetting  (R) 


(2.1) 

of  the  terminal  rates  against  /)  is 
region  excluded.  A  reasonable  fit 


dE’’ 

dN 


1.79.10‘’e 


AS 


(2.2) 


In  the  following  section  we  relate  these  observed  phenomena  to  predictions  base  upon 
classical  plasticity. 


3.  GENERAL  RESULTS 


Consider  an  element  of  composite  material  of  volume  V,  subject  to  a  constant  uniaxial 
macrostress  L  in  a  direction  orthogonal  to  the  fibre  direction.  The  microstructure  consists  of  a 
volume  Vf ,  assumed  to  be  linearly  elastic,  and  matrix  ,  assumed  to  be  an  elastic  plastic 
solid.  A  uniform  temperature  6  fluctuates  cyclically  between  extremes  0^  and  Q,,  +  A0 .  The 
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microstresses  will  involve  a  thermo-elastic  stress  field  djj  arising  from  the  differences  in 

thermal  expansion  between  the  fibre  and  the  matrix  with  a  maximum  value  of  the  Von  Mises 
effective  stress  of  a  =  a,. 


3.1  Shakedown 


The  location  of  the  shakedown  boundary  for  the  geometry  of  the  tests  was  evaluated  from  a 
sequence  of  cyclic  finite  element  calculations  for  an  elastic  perfectly  plastic  material  with  a  Von 
Mises  yield  condition  and  reported  in  Jansson  and  Leckie  (1991).  The  shakedown  boundary 
was  located  as  the  stress  level  at  which  continuous  strain  growth  begins  to  occurs.  The 
boundary  is  shown  in  Figure  (1)  and  it  can  be  seen  that  there  are  two  distinct  portions,  both  of 
which  are  near  linear.  From  the  upper  bound  shakedown  theorem  it  can  be  shown  that  this  is 
consistent  with  a  constant  ratchet  mechanism  within  each  region;  the  proof  is  given  in  Appendix 
A.  The  equations  of  the  two  lines  are; 


and 


(3.1) 


(3.2) 


where  A=  0.29. 

3.2  Ratchetting  in  Excess  of  Shakedown  for  Perfect  Plasticity 

For  E  >  2,,,  Ponter  and  Cocks  (1984)  derived  a  linearised  relationship  between  the  ratchet  rate 

and  the  increment  of  load  above  shakedown.  In  the  present  context  the  result  relates  the 
increment  of  plastic  macro-strain  per  cycle  dE'’  /  dN  and  the  excess  macro-stress  AZ  =  Z  -  Z^. 

in  the  form 


7 


361 


(3.3) 


dN~^ 


where  Ec  is  the  elastic  modulus  of  the  composite  in  the  direction  of  E .  For  a  proportional 
temperature  history  the  constant  B  is  bounded  from  below  by  (  Ponter  and  Cocks  (1984)), 

B>4  (3.4) 


There  are  three  important  characteristics  of  this  bound; 

1)  The  result  is  independent  of  the  yield  stress  distribution,  and  is  a  function  only  of 
the  elastic  properties. 

2)  As  a  result  of  the  inequality  (3.4),  the  rates  predicted  by  equation  (3.3)  are  always  high.  If 
AE  /  Ej  =  0.1  ,  the  accumulated  ratchet  strain  in  25  cycles  is  greater  than  10  elastic  deflections 
due  to  E,.  This  form  of  ratchetting  is  referred  to  as  unlimited  as  it  is  the  highest  rate  achievable 
in  time  independent  plasticity.  Essentially,  in  each  cycle  the  strain  increases  at  each  temperature 
change  by  the  release  of  elastic  deformation  which  occurs  when  the  stress  in  some  part  of  the 
matrix  volume  becomes  limited  by  the  yield  condition. 

3)  Contours  of  constant  ratchet  rate  are  lines  parallel  to  the  shakedown  limit;  equation  (3.3)  can 
be  expressed  in  terms  of  either  an  increment  of  stress  or  temperature  above  shakedown. 

3.3  Ratchetting  Limited  by  Strain  Hardening 

In  the  LR  region,  when  the  amplitude  of  the  temperature  is  increased  transient  strain 
growth  occurs  which  reduces  to  a  low  value  associated  with  material  ratchetting  after  a  number 
of  cycles.  In  the  stabilized  state  prior  to  this  increase  the  load  point  in  Figure  (1)  may  be 
regarded  as  lying  on  the  shakedown  boundary  corresponding  to  the  previously  acquired  state  of 
strain  hardening;  the  renewed  cyclic  increase  in  strain  occurs  because  the  load  point  has 
increased  above  this  boundary  but  insufficient  strain  has  been  accumulated  for  a  new  stabilized 
state  to  occur.  During  this  transient  state  the  rate  of  ratchet  is  given  by  equation  (3.3)  where  E, 
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is  now  interpreted  as  the  current  shakedown  boundary  taking  prior  strain  accumulation  into 
account.  An  analysis  of  the  transient  is  given  in  appendix  B  where  we  make  the  assumption  that 
the  pattern  of  plastic  strain  in  the  region  LR  is  given  by  the  pattern  that  develops  during 
monotonic  loading.  With  this  assumption  the  stabilized  growth  in  strain  is  given  by  the 
equations; 


£'’=/(!*) 

(3.5) 

where 

Z*  =  Z  -  Z,  +  Z^  =  Z  -  Z^A(ct,  /  a,,) 

(3.6) 

and  E’’  =  /(Z  )  is  the  equation  of  the  stress  strain  curve  of  the  composite  at  constant 
temperature.  A  linearized  description  of  the  transient,  derived  in  Appendix  B,  indicates  that  the 
number  of  cycles  to  the  stabilized  state  is  given  by; 


N^^<k 

where 

,  dl  1 

k- - 

dE”  E^ 


(3.7) 

(3.8) 


4.  APPLICATION  OF  THE  SIMPLIFIED  THEORY  TO  EXPERIMENTAL  DATA 


Figure  (4)  shows  the  relationship  between  Z*  and  E’’  for  the  test  points  within  the  LP  region. 
The  kinematic  assumptions  in  Appendix  B  would  predict  that  the  stabilizes  accumulated  plastic  strain 
curves  would  fall  on  the  isothermal  stress  strain  curve  and  the  comparison  is  satisfactory.  In  Figure 
(3)  the  number  of  cycles  to  the  stabilized  state  are  compared  with  the  bound  (3.7)  which 
underestimates  the  experimental  data.  The  data  is,  however,  bounded  by  the  upper  curve,  =  2k . 

It  seems  likely  that  the  presence  of  material  ratchetting  delays  the  achievement  of  the  stabilized  state 
and  this  accounts  for  this  disparity  between  the  theory  and  the  data. 

In  Figure  (5)  the  prediction  of  the  rate  of  unlimited  ratchetting  is  shown  where  the 
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commencement  of  the  ratchetting  is  assumed  to  occur  on  each  of  the  two  outer  boundaries  shown  in 
Figure  (1).  Although  the  number  of  data  points  in  this  region  are  limited  the  general  tendency  for  the 
rates  to  increase  to  these  high  values  is  clear.  The  corresponding  range  of  values  of  Z*  where  this 
transient  takes  place  is  shown  in  Figure  (4)  and  corresponds  to  a  range  of  stress  and  strain  where 
strain  hardening  is  continuing  to  take  place  in  the  monotonic  curve. 


5.  CONCLUSIONS 


The  interpretation  of  the  experimental  data  of  Jansson  and  Leckie  (1992)  can  be 
understood  in  two  stages. 

If  we  assume  that  the  matrix  of  the  composite  conforms  to  a  classical  elastic  plastic  material 
and  we  also  assume  that  the  microstrain  distribution  remains  relatively  unchanged  in  form,  as  it 
cyclically  accumulates,  we  can  predict  the  macro  plastic  strain  accumulation  of  the  composite  with 
reasonable  accuracy,  provided  we  ignore  the  terminal  material  ratchet  rate.  The  phenomenology  of 
shakedown  and  ratchetting  are  reproduced.  Limited  plastic  strain,  of  the  order  of  elastic  strains, 
occurs  in  the  elastic,  shakedown  and  plastic  shakedown  regions.  In  excess  of  shakedown  in  the 
ratchetting  region  for  moderate  increases  of  stress  above  shakedown,  plastic  strain  accumulates  and 
the  rate  of  ratchet  reduces  as  strains  increase.  The  total  accumulation  of  strain  and  the  number  of 
cycles  in  this  transient  are  reasonable  represented  by  the  prediction  of  an  isotropic  strain  hardening 
model  although  a  kinematic  model  would  have  given  the  same  answer.  For  sufficiently  large 
increases  of  stress  above  shakedown,  ratchetting  occurs  at  a  rate  which  is  consistent  with  perfect 
plasticity  for  an  increased  yield  stress.  The  onset  of  this  high  rate  occurs,  however,  when  the 
uniaxial  isothermal  data  still  shows  significant  strain  hardening.  As  these  high  rates  occur  at  the  end 
of  each  test  there  is  a  distinct  possiblility  that  micro  damage  of  the  composite  could  have  had  a 
significant  effect.  The  Ponter  Cocks  ratchet  rate,  eqn,  (3.3)  and  (3.4),  appears  to  provide  a  limiting 
value  at  high  stress. 

However  such  an  analysis  fails  to  predict  the  terminal  ratchet  rates  at  the  end  of  transients  in 
the  S,  PS  and  LR  regions.  This  is  attributable  to  material  ratchetting,  the  cyclic  growth  of  strain  in  a 
stabilised  dislocation  structure.  The  phenomenon  is  observed  in  other  materials.  For  example,  a 
study  of  material  ratchetting  in  copper  has  been  given  by  Megahed  Morrison  and  Ponter 
(1983,1984)  in  the  context  of  simple  structures.  In  the  tests  under  discussion  here  there  are  two 
distinct  features  of  note.  The  strain  rates  are  generally  low,  of  the  order  of  10”®  per  cycle  or  of  the 


order  of  10%  of  the  elastic  strain  at  yield  per  cycle.  This  rate  is  also  typical  of  the  values  observed  in 
copper  by  Megahed  et  al  (1983,1984),  the  reason  being  that  the  phenomenon  arises  from  the  same 
process  in  both  materials,  the  instability  of  the  dislocation  structure  when  subjected  to  cyclic  stress. 
Contours  of  constant  macro  strain  rate  predicted  by  equation  (2.2)  are  superimposed  upon  the 
shakedown  boundary  in  Figure  (7)  where  it  can  be  seen  that  the  dependance  on  the  thermal  stress  is 
more  severe  for  material  ratchetting  than  for  shakedown  and  this  feature,  again,  was  observed  by 
Megahed  et  al..  Whereas  in  classical  plasticity  the  production  of  plastic  strains  depends  upon  the 
maximum  stress  in  a  cycle  it  seems  clear  (see  Megahed  et  al.)  that  the  rate  of  material  ratchetting 
depends  not  only  on  the  maximum  stress  but  also  the  stress  variation. 

The  phenomenon  of  material  ratchetting  is  not  well  understood  but  it  can  have  a  dominant 
effect  upon  the  total  strain  growth  when  the  number  of  thermal  cycles  are  sufficiently  large.  In  the 
type  of  applications  which  have  been  envisaged  for  composite  materials  the  numbers  of  cycles 
would  normally  be  expected  to  extend  to  close  to  the  fatigue  limit  of  the  material  and  in  such 
circumstances  the  geometric  stability  of  the  component  will  be  defined  by  accumulation  of  material 
ratchet  strain.  There  is,  therefore,  an  inherent  weakness  in  metal  matrix  composite  materials  where 
thermal  cycling  occurs.  The  presents  of  micro  thermo-elastic  stresses  activate  material  ratchetting 
mechanisms  which  would  not  occur  in  a  homogeneous  material.  The  rate  of  material  ratchetting 
depends  upon  the  magnitude  of  the  micro  thermo-elastic  stresses,  which  are  large  in  the  aluminium 
/alumina  system,  and  also  the  matrix  material.  It  also  seems  likely  that  it  also  depends  on  the  alloy 
structure  of  the  matrix  material.  Hence  the  design  of  geometrically  stable  metal  matrix  composites 
requires  the  development  of  an  understanding  of  material  ratchetting  on  the  microscale  and  it’s 
consequences  when  placed  in  a  a  body  with  thermal  gradients.  The  development  of  a  theory  capable 
of  predicting  material  ratchetting  in  such  circumstances  will  be  the  subject  of  a  forthcoming  paper. 
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APPENDIX  A 


Shakedown  Boundaries  for  Perfect  Plasticity 


Consider,  initially,  the  problem  of  the  body  composed  of  an  elastic-perfectly  plastic  material 
with  a  Von-Mises  yield  condition  within  Vj^ 


/(a,p  =  cr-<7,<0 


(Al) 


where 


<J  = 


3  ,  , 
—  a  a 
2  “ 


and  Oij  denotes  the  deviatoric  stress. 


The  material  element  is  subjected  to  constant  macro-stress  E  and  a  uniform  thermal 
temperature  history  6  (x,  t)  where 

6>(t)-0o  =  A0h(t),  0<h<l,  h(t)  =  h(t  +  At)  (A2) 

Here  A6  is  the  maximum  temperature  fluctuation  during  a  cycle. 


In  the  following,  we  interpret  the  relationship  between  micro  and  macro  stresses  as  those  of  an 
homogenized  solid,  so  that 

Eij=l[  CTijdV  and  Eij=lj  f-j  dV 

■’  Ve  •'Vc  •'  X  ■'Vc 

and  hence  the  Hill  relationship  holds; 

e>i  dV 


1  6 
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The  corresponding  micro-thermoelastic  stresses  Oij  are  given  by 


Oif  =  Aa  h(t) 


(A3) 


A  Q 

and  the  trajectory  of  Oij  in  stress  space  is  a  line  between 

=  0  at  t  =  t,  when  h(ti )  =  0 

=  A0  at  t  =  t2  when  h(t2)  =  1 

The  maximum  effective  micro-thermo-elastic  stress  is  denoted  by 
Oi  =max  {a(dif(2^tj))}  =  A0  maxfdCd'jj)} 


(A4) 


(A5) 


Under  isothermal  conditions  the  load  at  which  plastic  collapse  would  take  place  is  given  by 
X  =  ,  and  we  can  characterise  the  behaviour  in  terms  of  an  interaction  diagram  with  axis  Z  / 

and  either  Ad  or  <T,  /  Oq  as  shown  in  Figure  (1). 

The  shakedown  limit  of  the  macro-stress  I,  is  the  maximum  load  for  which  purely  elastic 
behaviour  is  possible,  when  a  constant  residual  stress  field  is  superimposed  on  the  elastic  stress 
history.  Alternatively  it  can  be  defined  as  the  minimum  of  the  following  upper  bound. 

X  AE"  <  -^  f  Aeh{t)dAeldtdV  (A6) 

yJv„Jo  ^  ‘ 

see,  for  example,  Koiter  (1960),  Martin  (1975),  Ponter  and  Karadeniz  (1984).  Here  is  a  micro¬ 
strain  rate  history  which  satisfies  the  condition  that 

A^[=f‘^fdt  (A7) 

is  compatible  with  a  displacement  field  Auf  which  satisfies  the  periodicity  condition  of  the 
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homogenised  problem  and  gives  rise  to  macrostrain  A£'^  The  stress  state  Oij  is  associated  with 

at  yield.  For  the  thermal  loading  history  (A4)  plastic  strains  can  only  occur  at  time  t  = 

1  2 

ti  and  t  =  t2  when  (incompatible)  strain  components  and  ASjj  occur,  where 


A^[  =  A^j'  +  ACj? 


(A  8) 


For  the  case  A0  =  0,  =  ASij',  where  A£j|"  is  the  mechanism  of  plastic  collapse  and  Z  =  , 

the  limit  load.  For  A0  0  we  can  now  construct  the  upper  bound 


Z.AEP^if  (o5-A0h(t„)a,j)A£-ydV 


(A9) 


where  the  time  t  ^  is  chosen  so  that  the  upper  bound  is  minimised.  This  is  achieved  by  choosing 
to=t|  if  dijA£i]<0 

or 

to=t2  if  (5ijA£iy>0 

As 


LlAE'^J  (f^.)A4)dV 

•'Vm 


(A  10) 


the  upper  bound  (A9)  can  be  written  as, 


2:. 


(A12) 


where 


A  = 


h(to) 


TTfo-H 


dV 


ZlAEP 

Oy 


(A  12) 


Hence  for  a  given  ^ij  and  ,  A  is  a  constant  and  the  upper  bound  describes  a  straight  line  in 
the  interaction  diagram. 

A  second  upper  bound  on  the  shakedown  limit,  corresponding  to  reverse  plasticity  at  the 
position  of  maximum  thermal  stress  fluctuation,  is  given  by  the  condition 

q<2o-y  (A  13) 

This  result  can  be  derived  from  the  upper  bound  (A6)  by  postulating  a  mechanism 

A£iJ  =  (TijA,  A£j3?  =  -A£jj>,  A£i?  =  0,  AEij’  =  0  (A  14) 

where  A  is  an  arbitrary  constant.  The  bound  is,  in  fact,  the  exact  solution  when  I  =  0,  as  the 
choice  of  the  residual  stress  field 

Pij=Aeaij/2  (A  15) 

ensures  that 

a(di®+Pij)<oy  ,  if  c7t<2(Ty  (A  16) 

We  have  now  defined  two  straight  lines  in  the  interaction  diagram,  equality  in  (A1 1)  and 
(A  13),  which  are  upper  bounds  but  are  exact  at  the  two  axes.  We  will  adopt  these  lines  as  an 
exact  solution  with  the  knowledge  that  this  procedure  is  usually  exactly  true  or  a  reasonable 
approximation  in  many  known  solutions.  For  example,  in  a  survey  of  shakedown  solutions  for 
shells  subjected  to  cyclic  thermal  loading  (Ponter  and  Carter  (1988)  and  Ponter,  Karadeniz  and 
Carter  (1990)),  this  approximation  is  close  to  computed  solutions  in  all  cases  where  a  PS  region 
exists  in  the  interaction  diagram. 
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APPENDIX  B 


Ratchetting  Limited  by  Strain  Hardening 

Shakedown  theorems  for  strain  hardening  constitutive  model  have  been  given  by  a  number  of 
authors  and,  perhaps  the  earliest  were  given  by  Ponter  (1976). When  such  theories  are  applied  to  the 
LR  region  of  Figure  (1)  very  similar  results  are  obtained  for  either  kinematic  or  isotropic  hardening 
models  as  the  stress  history,  for  increasing  X,  causes  increasing  plastic  strain  at  a  near  constant 
position  on  the  hardening  yield  surface.  In  the  following  analysis  we  make  a  seemingly  rather 
restricting  kinematic  assumptions  but  ones  which  appears  to  provide  answers  which  are  close  to 
observed  behaviour.  We  assume  that  the  pattern  of  microplastic  strain  is  determined  by  the  value  of 
the  macro  strain  E’’  and  that  contours  of  constant  £'’when  transient  effects  have  ceased  are  parallel 
to  the  shakedown  boundary.  The  relationship  between  Zand  within  the  region  LR  is  given, 
therefore,  by; 


£'’=/(r) 

(Bl) 

where 

Z*  =  Z  -  Z,  +  Z^  =  Z  -  Z^Afa,  /  (7^.) 

(B2) 

During  transient  strain  growth  following  an  increase  in  A0,  the  material  will  exhibit  unlimited 
ratchetting  strain  growth  according  to  the  difference  between  the  current  macrostress  and  tlie 
stabilized  state  given  by  Z*  according  to  (  3.3),  i.e. 

^  =  — (Z-Z*(£'’))  (B3) 

dN 


For  the  small  increases  in  temperature  in  the  tests  we  may  make  the  approximation 


dT 

dE’’ 


(B4) 
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where  the  variation  of  k  with  plastic  strain  can  be  obtained  from  the  monotonic  stress  strain  curve. 
Combining  (B3)  and  (B4)  we  obtain  the  first  order  differential  equation; 

-  =  -E")  (B5) 

dN  k  ^ 

where  is  the  plastic  strain  in  the  stabilized  state  and  E’’  =  E^  when  N=0.  The  solution  of  (B5)  is 
given  by; 


E^jN) 

E! 


pp  pp  _  pp 


E’’ 

^0 


E‘o 


-)exp(— ) 
k 


(B6) 


where  E^zni.  E^  are  the  initial  and  final  plastic  strains  during  the  transient  strain  growth.  The 
characteristic  decay  cycle  number  is  therefore  given  by  N  =  ^^/B  and  99%  of  convergence  to  the 
final  strain  is  given  by  N  -  ^^/B.  As  B  >  4  then 

A, 5  <  k  (B7) 
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Figure  Captions 


Figure  1 

Figure  2 

Figure  3 

Figure  4 
Figure  5 

Figure  6. 

Figure  7. 


Regions  of  the  interaction  diagram  associated  with  distinct  modes  of  behaviour. 
The  load  points  of  the  tests  of  Jansson  and  Leckie  [1]  are  shown. 


Growth  of  strain  in  Tests  1  and  2  of  Jansson  and  Leckie  [1]  as  the  load  point 
passes  from  the  shakedown  region  (S)  to  the  plastic  shakedown  region  (PS). 


The  number  of  cycles  to  99  per  cent  stabilisation  compared  with  the  predictions 
of  the  linearized  theory. 


Variation  of  normalised  stress  Z*  with  stabali.sed  plastic  strain. 


Variation  of  ratchet  rate  with  increasing  temperature  amplitude  across  the 
boundary  between  the  limited  ratchetting  (LR)  and  ratchetting  (  R  )  region  s  of 
Figure  (1). 


Variation  of  material  ratchet  rates  with 
corresponds  to  eqn.  (2.2). 


P  = 


Ad 

A0' 


-  1 .  The  dashed  line 


Contours  of  constant  material  rachet  rate  as  predicted  by  eqn.  (2.2), 
superimposed  upon  the  shakedown  boundary.  Note  that  material  ratchetting  has 
a  greater  sensitivity  to  temperature  variation  than  shakedown. 
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Z*MPa 


Figure  4 


—  Test  3 

—  Test  4 

—  Tests 

—  Mean  Stress-Strain  Data 


Variation  of  normalised  stress  Z*  with  stabilised  plastic  strain. 
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Variation  of  ratchet  rate  with  increasing  temperature  amplitude  across  the 
boundary  between  the  limited  ratchetting  (LR)  and  ratchetting  ( R )  region 
Figure  (1). 


Contours  of  constant  ratchet  rate  -  Eqn.(2.2) 


Figure  7.  Contours  of  constant  material  rachet  rate  as  predicted  by  eqn.  (2.2), 

superimposed  upon  the  shakedown  boundary.  Note  that  material  ratchetting  has 
a  greater  sensitivity  to  temperature  variation  than  shakedown. 
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Composite 
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Abstract 

The  paper  discusses  a  method  for  the  evaluation  of  the  reduction  of  tlie  yield  values 
of  a  metal  matrix  composite  material  when  subjected  to  a  variation  in  temperature. 
A  direct  shakedown  analysis  method  is  described  which  produces  a  shakedown  stress 
value  as  a  result  of  a  sequence  of  incompressible  linear  elastic  solutions  with  a  spa¬ 
tially  varying  elastic  modulus.  The  process  converges  to  the  minimum  upper  bound 
associated  with  the  class  of  displacement  fields  when  implemented  in  a  finite  element 
method  (Ponter  and  Carter  [7])  .  The  solutions  for  an  Aluminiuni/aliunina  .s.ystem 
loaded  in  a  direction  perpendicular  to  the  direction  of  the  fibres  dcmoiistrat.es  tbe 
high  sensitivity  of  this  material  to  fluctuations  in  temperature.  Simple  ai)proximate 
equations  for  strength  values  are  presented  in  terms  of  non-diincnsional  variables. 

1  Introduction 

In  contrast  to  homogeneous  materials,  composite  materials  gain  their  mechanical 
properties  from  the  interaction  between  material  elements  with  markedly  differ¬ 
ing  properties.  This  allows  the  develojjment  of  materials  with  high  strength  and 
stiffness  and  acceptable  fracture  properties.  However,  if  the  constituent  material 
components  have  markedly  dilferiug  coefficients  of  thermal  expansion,  micro  ther- 
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moelastic  stresses  are  set  up  wlien  the  temperature  fluctuates  and  tins  can  give 
rise  to  a  deterioration  in  the  composites  strength  properties  wlicn  comi)ared  with 
isothermal  properties.  The  nature  of  the  problem  has  been  demonstrated  b}'  .Jansson 
and  Leckie  [4]  for  the  behaviour  of  an  Aluminium/Aluniina  fibre  reinforced  com]x)s- 
ite  when  loaded  in  a  direction  perpendicular  to  the  direction  of  tlic  fibres.  The 
combination  of  mean  stress  and  temperature  variation  when  cyclic  strain  growth  is 
initiated  in  material  tests  was  correlated  with  the  shakedown  limit  evaluated  from 
finite  element  analyses,  with  the  assumption  tliat  the  matrix  was  elastic/jierfectly 
plastic  and  the  fibres  remained  elastic.  Sul)se(|uently  Cocks  et  a1  [.'!]  u.sed  shakedown 
theory  to  directly  compute,  approximately,  tlie  on.set  of  cyclic  strain  growt.li.  Esti¬ 
mates  of  the  rate  of  ratchet  in  excess  of  the  shakedown  limit  for  thermally  loaded 
bodies  has  been  given  by  Pouter  and  Cocks  [9,10].  Other  studies  by  Zhang  et  al  [1.3] 
have  used  finite  element  methods  to  understand  cyclic  strain  growlli. 

In  recent  years  there  has  been  a  developing  interest  in  the  development  of  com¬ 
putational  methods  for  the  direct  computation  of  shakedown  limits.  K4ost  of  such 
methods  tend  to  use  linear  and  non-linear  programming  technic|nes  and  have  been 
developed  for  applications  to  the  design  of  large-scale  structure,  icsulting  in  com¬ 
puter  codes  with  rather  specialist  applications.  However,  recent  theoretical  studies 
(Pouter  and  Carter  [7,8]  )  demonstrate  that  a  method,  used  for  a  number  of  years 
in  industry,  may  be  formulated  to  provide  a  monotonically  reducing  convei'gcnt  se¬ 
quence  of  upper  bounds.  A  sequence  of  incomprc.ssible  linear  clastic  .solutions  with 
a  spatially  varying  clastic  modulus  simulate  the  stress  history  which  occurs  at  the 
shakedown  limit.  Pouter  and  Carter  [7,8]  contain  formal  proofs  that  such  a  method 
is  convergent  to  the  limit  load  and  shakedown  limit  when  the  elastic  solutions  are 
evaluated  exactly  and  converge  to  a  minimum  upper  bound  when  the  elastic  solu¬ 
tions  are  evaluated  by  a  Raylcigh-lfitz  method  such  as  the  finite  element  method. 

In  this  paper  we  investigate  the  apirlication  of  this  method  to  the  shakedown  of  a. 
fibre  reinforced  metal  matrix  composite  when  stressed  in  a  direction  i)erpeiKlicula.r 
to  the  fibres  and  subjected  to  a  cycle  of  temperature  with  amplitude  AO.  I'br  a 
prescribed  AO  the  method  evaluates  a  sequence  of  mechanisms  of  ratchetting  which 
provide  a  monotonically  reducing  set  of  upper  bounds  which  converge  to  the  least 
upper  bound  to  the  shakedown  limit  associated  with  the  class  of  disjjlacement  field 
defined  by  the  finite  element  mesh.  The  method  is  described  in  the  following  sec¬ 
tion  which  also  includes  the  extension  to  plane  strain  problems  not  given  by  Pouter 
and  Carter  [8].  This  is  followed  by  the  evaluation  of  the  shakedown  limit  for  both 
a  square  and  an  hexagonal  array  of  fibres  for  a  range  of  fibre  concentiations  for 


an  aluminium/alumina  system.  Tlie  results,  which  are  discussed  in  Section  (5), 
demonstrate  the  high  sensitivity  of  this  particular  composite  to  varying  tempera¬ 
ture.  The  increase  in  lateral  strength  provided  by  the  fibres  is  lost  when  quite  small 
temperature  variations  occur.  However,  for  a  square  array  for  high  concentrations 
the  strengthening  effect  of  the  fibres  is  significant  and  l.he  loss  due  to  temperature 
variation  saturates.  The  composite  will  then  tolerate  higher  temperature  fluctua¬ 
tions,  up  to  70° C,  before  its  strength  reduces  to  the  plane  strain  strength  of  the 
matrix.  A  simple  non-dimensional  equation  is  proposed  as  a  conservative  estimate 
of  the  loss  of  strength  due  to  therma.l  cycling. 


2  Shakedown  Analysis 

In  the  following  we  consider  the  following  problem.  Consider  a  body  with  volume 
V  and  surface  S  which  is  subjected  to  loads  Pp{x)  where  P  is  a  scalar  parameter 
of  the  total  load,  and  p{x)  is  the  shape  description  of  a  unit  load,  operating  on 
part  of  the  surface  5,  namely  Sr-  A  separate  part  of  5,  namely  5'„,  is  assumed  to 
suffer  displacement  rates  h,  =  0,  iuid  the  remaiiuler  of  the  surface,  wliere  zero  siirfa.co 
tractions  apply,  belongs  to  Sj.  The  material  is  assumed  to  be  lijicar  clastic/ perfectly 
plastic  with  uniaxial  yield  stress  ay  and  satisfies  the  Von-Mises  yield  condition; 


/  (4)  -  =  0 


(i) 


where  a  is  the  Von  Mises  effective  stress  expressed  in  terms  of  the  deviatoric  stress 
cr-j.  Plastic  strain  rates  at  yield  are  given  by  the  associated  flow  rule,  the  Prandtl- 
Ileuss  equations  (Martin  [5]), 


(2) 


where  A  is  a  scalar  plastic  multiplier. 


In  addition  the  body  is  subjected  to  a  cycle  of  temperature  0  (.r;,,  <)  with  cycle  time 
At.  We  assume  the  temperature  history  is  proportional  so  that  the  thermo-elastic 
stress  history  follows  a  straight  line  path  in  stress  space  and  achieves  extreme  values 
at  two  distinct  instances  ii  and  L2  at  each  iroiut  of  the  body.  It  is  |)ossible  to  develop 
the  method  for  a  much  wider  class  of  i)robiems,  but  the  relevant  eciuation  are  in  their 
simplest  form  in  this  case. 

The  shakedown  limit  solution  for  an  clastic  perfectly  plastic  body  has  the  following 


properties  (see,  for  example  Koiler  [1],  Martin  [5]  and  Pontcr  and  Karadeniz  [G]). 
At  a  limit  state  there  exists  a  constant  residual  stress  field  J)^  -  so  that  the  sum  with 
the  elastic  solution; 

{^.O  +  (•'Cm  0  +  Aj  (-c.)  (-3) 

satisfies  the  yield  condition  everywhere  within  V .  Associated  with  cr*  there  exists 
a  history  of  plastic  strain  which  has  the  following  properties; 

At  each  instant  when  e-j  ^  0,  a*  lies  on  the  yield  surface  at  the  |H)int  associated 
with  The  total  accumulated  plastic  strain  over  the  cycle; 

At 

j  e^dl  =  Asc.  (.j) 

0 

is  compatible  with  a  displacement  field  An,  which  is  zero  on  S',,.  For  the  class  of 
problems  under  discussion  two  possible  local  situations  can  occur,  in  distinct  regions 
1^  and  Vi  of  the  body; 

Ill  Vo  :  All  the  plastic  strain  occurs  at  .either  it  or  so  that  cither; 

A£o  =  A4  or  A4  =  A4.  (5) 

where  AeV  is  associated  with  lime  ii  . 

In  Vi:  Plastic  strains  occur  at  both  <i  and  I2  and; 

A4  =  Ash  +  Ash  (C) 

In  a  particular  problem  any  of  the  three  conditions  can  occur  at  some  point  in  the 
volume  and,  generally  at  least  two  of  the  conditions  will  occur  somewlicre.  The 
jiurpose  of  the  method,  therefore,  is  to  simulal.c;  this  solution,  using  linear  elastic 
solutions,  talcing  into  account  that  all  three  conditions  can  occur  and  in  such  a.  way 
that  both  uj)])cr  and  lower  bounds  can  be  constructed  during  an  iterative  inocess 
which  converges  to  the  shakedown  solution.  I'or  the  class  of  shakedown  problems 
under  consideration  here,  we  assume  that  the  temperature  history  is  prescribed  and 
we  seek  the  value  of  the  load  parameter  P  =  P,  which  corresponds  to  the  shake- 
down  limit.  The  general  bounds  arc  given  in  Pouter  and  Karadeniz  [G]  and  take  the 
following  form; 
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Lower  Bound  Shakedown  Theorem 


For  the  stress  history  of  the  form  of  eqn.fS),  if  there  exists  a  which 
satisfies  the  yield  condition  throuyhoxit  the  cycle  for  P  =  Pin,  thcnPin  < 
Ps  ■ 

Upper  Bound  Shakedown  Theorem 

For  any  history  of  plastic  strain  rate  for  which  the  total  accumulated 
strain  given  by; 

Al 

j  i^ijdt  =  Ae^j  (7) 

0 

and  compatible  with  a  displacement  field  Ah';  which  satisfies  the  boundary 
condition  on  Su,  then  the  value  of  Pub  derived  from; 

At 

Pub  j  PiAu^dS  =  f  j  {al-  -  a,,)  e\-dtdV  (8) 

St  k  0 

satisfies  Pub  ^  Ps!  is  the  stress  at  yield  associated  with  e^. 


3  The  Iterative  Process  for  Shakedown  Limit  So¬ 
lutions 


In  essense  the  method  consists  of  defining  a  linear  material  so  that  the  potential 
energy  of  the  body  is  matched  to  the  local  slope  of  the  fuiictiouaJ  c’(|i).(8)  at  tlie 
current  strain  distribution.  Tlie  solution  of  the  linear  problem  produces  a  miniinuin 
of  the  potential  energy  and,  at  the  same  time,  a  strain  distiibution  vvitli  a  reduced 
upper  bound  to  the  shakedown  limit. 


For  the  limit  state  solution,  the  iterative  process  involves  the  evalua.t.ion  of  a  sequence 
of  incompressible  linear  elastic  solutions  with  a  spatially  varying  shcai'  modulus; 


Cii 


ft  {Xi) 


(y) 


For  the  shakedown  problem  we  evaluate  a  sequence  of  such  solutions  but  including 
an  initial  stress; 


389 


where  cr-”  is 
becomes; 

derived  from  the  thermoelastic  solution.  The 

if.crative  scheme  then 

In  Vo: 

ay 

-  I’k  f  .  ,  ^  V 

^  «  +  <^^i  (^o)j 

(ii) 

and 

(^u) 

(12) 

where  io  = 

either  <i  or  <2- 

In  Vi: 

l  1 

Fi+i  -Pr_/  .  ,  , 

(13) 

2  2  ^Y 

o  (i2)) 

(14) 

1  1  1 

f^k+t  /'fc+1  /‘■k+l 

(15) 

and 

(16) 

where 

0=^  and  =  ^ 

I'k 

(17) 

In  Ponler  and  Carter  [8]  we  prove  that  the  upper  bound  evaluated  from  the  substitu¬ 
tion  of  tlic  strain  fields  generated  by  the  sccpieiicc  of  solul  ions  defiiu'd  by  e(|n.(l())  to 
ecin.(17)  into  eqn.(8)  produces  a  sequence  of  reducing  upper  bounds  which  converge 
to  either  the  shakedown  limit,  when  tlie  elastic  solutions  arc  evaluated  exactly,  or  the 
the  least  upper  bound  when  a  finite  element  method  is  used,  i)rovided 
'J'lic  proof  assumes  that  the  volumes  K,  and  V,  are  fixed  during  this  process.  In  the 
a.p])lication  of  the  method  it  is  necessary  to  use  a  coiisisl.ciic^'  condition  for  assigning 
a  material  point  to  either  V(j  or  Vj  and  this  is  discussed  in  Pouter  a.n  d  Carter  [8]. 
Initially  we  eissume  all  point  lie  within  Vo  and  then  reassign  points  to  Iq  once  an 
initial  solution  has  been  evaluated.  In  practice  W'c  find  that  the  material  poiul.s 
remain  within  either  Vo  or  Vi  after  the  first  few  iterations  . 


4  Plane  Strain  Shakedown  Solutions 

For  plane  strain  solutions  we  need  to  take  into  account  the  kinematic  constraint 
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A£„  =  +  Ae^^  =  0 


(18) 


As  plane  strain  finite  element  solutions  arc  evaluated  through  the  relal.ionship  be¬ 
tween  the  in-plane  stresses  and  strains,  the  relationships  eqn.  (10)  to  eqn.  (17)  must 
be  expressed  entirely  in  terms  of  such  ciuantitics.  For  simplicity  we  define  a  new 
variable; 


cr-j  (19) 

The  kinematic  constraint  eqn. (18)  in  Vi  implies; 

Szz  —  ^xx  T  ^yy  (^d) 

Substituting  eqns.  (20),  (19)  and  (15)  to  (17)  into  (10)  leads  to  the  explicit  plane 
strain  equations; 


£xx  —  2^^  <^yy)  2^1  [^**(^1)  ^yy(^'i)]  +  2^2  Ti/y(^'^)]  (^1) 


1  r. 


^yy  ~  2/t'.  d'a,-x(li)]  -fi  {^yyV-'i)  d’.,,.,;  (/,2)]  (22) 


2^ll  2iii 


(2.3) 


ezz  =  0 


(24) 


and  the  Von  Mises  effective  stress  becomes; 


^  )  =  Vo  +  ^y^  +  4  +  Kl) 


(25) 


For  the  volume  Vo  the  relavent  equations  are  obtained  by  removing  the  terms  which 
relate  to  either  time  ty  or  t2- 
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5  Shakedown  Limits  for  a  Metal  Matrix  Com¬ 
posite 

The  relationship  between  the  observed  beliavioiir  of  metal  matrix  (:om|)ositcs  and 
the  shakedown  limit  has  been  discussed  by  Jaiisson  and  Leckie  [d]  for  the  case 
when  stress  is  applied  in  a  direction  perpendicular  to  the  direction  of  the  fibres. 
Assuming  an  elastic  perfectly  plastic  matrix  and  elastic  fibres  they  carried  out  a 
sequence  of  step  by  step  finite  element  analysis  of  a  material  element  with  the  usual 
homogenization  boundary  condition.  The  shakedown  boundary  was  I, lien  located 
as  the  level  of  loading  at  which  a  steady  growtii  in  strain  began  to  occur.  The 
boundary,  so  defined,  corresponded  well  to  the  level  of  loading  at  which  inelastic 
strain  growth  became  significant  in  experimental  study  of  an  Alumina/Aluminiuin 
system. 

The  shakedown  boundary,  as  defined  by  shakedown  theory,  locates  this  boundary 
exactly.  Using  the  method  described  in  tlie  previous  section  a  survey  of  tlie  sliake- 
down  boundaries  for  the  same  system  as  studied  by  .Janisson  and  Lcckie  [4]  has  been 
carried  out  for  a  range  of  fibre  concentrations.  The  procedure  was  as  follows,  for  a 
particular  fibre  concentration  the  thermo-elastic  strc.ss  where  evaluatixl  for  an  arbi¬ 
trarily  chosen  temperature  a])plitude(  M  =  hO^C).  A  sequence  of  shakedown  limits 
for  the  applied  stress  were  then  evaluated  for  a  sequence  of  scaled  distribuf  ions  of 
tlicrmoelastic  stresses  corresponding  to  a  range  of  temperature  ajiplitude.  The  clas¬ 
tic  and  plastic  properties  of  the  matrix  and  fibres  where  the  same  as  in  the  study 
by  Leckie  ct  al  and  are  given  in  Table  1.  'J’lie  material  constants  were  all  assumed 
to  be  constant  with  temperature. 

Both  hexagonal  and  a  square  array  of  fibres  were  studied  and  tyificnl  f'E  meshes, 
of  eight  noded  rectangular  elements,  arc  shown  in  Figure  (1).  The  implemcntion  of 
the  method  is  that  described  by  Pouter  and  Carter  [7]  in  the  finite  element  code 
BEllSAFE.  The  direction  of  the  application  of  macro  strc.ss  for  a  square  array  is  in 
the  direction  where  the  yield  value  is  at  a  maximum.  For  an  hexagonal  array  the 
composite  is  near  isotropy  for  rotations  about  the  fibre  direction. 

The  variation  of  the  applied  macro  stress  d,„  with  fibre  volume  ratio  V}  for  isothermal 
conditions  is  shown  in  Figure  (2).  The  results  arc  very  similar  to  tbo.se  given  by 
Du,  McMecking  and  Schmauder  [11].  For  an  hexagonal  array  there  is  a  near  linear 
increase  in  yield  value.  For  a  s(|uare  array  the  yield  value  increases  rapidly  when 
the  volume  fraction  exceeds  about  Tb  percent. 
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A  typical  convergence  sequence  for  tlie  iterative  method  is  shown  in  Figurc(3)  where 
it  can  be  seen  that  a  converged  value  is  obtained  in  less  than  ten  cycles.  Tlie  number 
of  cycles  to  produce  a  converged  solutions  was  similar  for  both  the  limit  stress  and 
shakedown  solutions.  Some  lluctuation  in  the  lower  bound  may  lie  observed  and 
this  is  due  to  numerical  error.  The  values  shown  in  this  paper  are  all  upi)er  bound 
values. 

The  variation  of  the  shakedown  limit  with  both  the  fibre  volume  ration  and  the 
temperature  fluctuation  are  shown  in  Figure  (4)  and  Figure  (5).  The  same  results  are 
replotted  in  Figure  (6)  and  Figure(7)  using  nondimcnsional  variable  wliich  display 
the  results  in  the  typical  Bree  diagram  form  (see  Bree  [2]). 

In  Figure  (4)  and  (5)  the  value  of  the  plane  strain  yield  value  of  the  matrix  is  shown 
'  as  a  horizontal  dotted  line.  Hence  points  above  this  line  indicate  a  net  strengthening 
of  the  composite  due  to  the  presence  of  the  fibres  and  points  below  indicate  a  net 
weaking,  resulting  from  the  increase  in  strength  for  AO  =  0  and  tlie  reduction  in 
strength  due  to  the  fluctuating  thermo-elastic  stresses.  It  can  be  seen  that  for  an 
hexa.gonal  array  the  two  effects  cancel  each  other  for  a  temijeraturc  difference  of 
about  AOc  =  30°C  over  the  entire  range  of  fibre  volume  fractions  Vj.  A  similar 
tendancy  is  shown  for  square  array  for  V/  less  than  30  percent,  for  the  highcj- 
values  of  V/  the  increase  in  strength  for  AO  =  0  means  that  the  composite  will 
tolerate  a  much  higher  temperature  fluctuation  before  it’s  strength  is  reduced  to 
the  matrix  plane  strain  value.  For  both  of  the  fibre  volumes  shown  this  increased 
temperature  variation  is  near  to  TO^C.  Overall  the  results  sliown  the  sensitivity  of 
this  particular  system  to  variation  in  temperature. 

In  Figure  (6)  and  (7)  the  variation  of  normalised  strength  with  variation  in 

the  normalised  maximum  effective  thermoelastic  stress  shows  a  relatively 

simple  near  linear  form.  For  higher  levels  of  Vj  the  sciuare  array  shows  a  saturation 
effect  where  near  identical  results  are  obtained  for  Vj  in  excess  of  0.3,  the  value 
at  which  the  isothermal  yield  value  increases  ra.pidly.  This  combination  of  effects 
explains  the  difference  between  the  values  of  AOc  lor  a  square  and  an  hexagonal 
array. 

To  a  first  approximation  the  results  in  Figure  (6)  and  (7)  may  be  represented  by  the 
equation; 


»  AO 


-hA{Vj) 


=  1 


<70 


(26) 


<70 


The  variation  of  the  parameter  A{Vj)  with  Vj  is  shown  in  Figure  (8)  for  both 
arrangements  of  fibres.  For  the  square  array  a  saturation  value  of  /I  =  0.266  may 


be  observed.  The  values  for  the  hexagonal  ; 
estimate  of  A  is  given  by; 

in  ;vy 

re  slightly  lower 

.  A  conservative 

A  =  0.0316  -f  0.782Fy 

for 

Vj  <0.30 

(27) 

A  =  0.266 

for 

Vj  >  0.30 

(28) 

.6  Conclusions 

The  results  discussed  above  demonstrate  that  direct  shakedown  analysis  solutions 
are  capable  of  giving  insight  into  the  variation  of  strength  projrerties  of  metal  matrix 
composites.  The  method  discussed  in  Section  (3)  is  reliable,  ra]>idly  convergent  and 
may  be  implemented  in  a  standard  finite  element  code. 

The  set  of  results  presented  in  Section  (5)  for  an  Aluminium/ Alumina  system  demon¬ 
strates  the  high  sensitivity  of  tlie  strength  pro))ertics  of  this  material  |)crpcndicular 
to  the  fibre  direction  to  variation  in  temperature.  The  presence  of  fluctuating  micro 
thermal  stresses  results  in  a  reduction  in  the  yield  strength  which  is  greater  than 
the  strengthening  effects  of  the  fibres  for  quite  moderate  amplitudes  of  temperature 
variation,  of  less  than  for  both  a  square  and  hexagonal  arrays.  However  for 

higher  fibre  volumes,  in  excess  of  30  percent,  for  a  ,s(|uarc  array  this  effect  begins 
to  saturate  and  a  larger  temperature  variation,  near  to  is  rtxjuircd  before  the 

strength  properties  has  reduced  to  the  plane  strain  yield  strength  of  the  matrix. 
Approximate  analytic  expressions  for  these  variations  have  been  given  for  practical 
application. 

The  application  of  this  direct  sliakedow’ii  limit  method  demonstrates  that  im])orta.nt 
characteristic  of  the  behaviour  of  coiiqwsite  materials  can  be  evaluated  in  this  way. 
All  the  solutions  in  this  paper  were  generated  from  the  solution  of  about  600  linear 
solutions.  At  this  level  of  computational  effort  it  is  |)ossible  to  carry  out  parametric 
surveys  of  material  characteristics  as  a  guide  to  material  scientists.  'I'liis  paper 
provides  a  preliminary  demonstration  of  this  potential. 
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Table  1  Material  Constants  used  in  the  Finite  Element  Calculations. 


A1 

Al^O^ 

Young's  Modulus  ( E ) 

70GPa 

370GPa 

Thermal  expansion  coeff  (a) 

22MK-' 

8MK-' 

(Ea) 

1540 

2960 

Yield  stress  (  a, ) 

80MPa 

2000MPa 

Density  ( p ) 

2.7Mgm-^ 

4.0Mgm'^ 

Poissons  ratio  ( v  ) 

0.3 

0.3 

Figure  Captions 

Figure  1  Typical  finite  element  mesh  for  symmetric  region  of  unit  cell  of  square 
and  hexagonal  arrangement  of  fibres. 

Figure  2  Variation  of  isothermal  yield  stress  with  fibre  volume  fraction  Vj  for 
both  the  hexagonal  and  square  arranement  of  fibres. 

Figure  3  A  typical  convergence  sequence  for  the  iterative  method.  Convergence 
was  normally  obtained  in  about  10  cycles  (i.e.  ten  linear  elastic  solutions).  Vj  = 
ii.58percent,  AO  =  80°C. 

Figure  4  Variation  of  shakedown  limit  with  amplitude  of  temperature  variation 
AO  for  a  range  of  values  of  fibre  volume  ratio  V/  for  a  square  array  of  fibres. 

Figure  5  Variation  of  shakedown  limit  with  amplitude  of  temperature  variation 
AO  for  a  range  of  values  of  fibre  volume  ratio  V/  for  an  hexagonal  array  of  fibres. 

Figure  6  Variation  of  the  normalised  shakedown  limit  with  normalised  max¬ 

imum  thermoelastic  stress  for  a  range  of  values  of  fibre  volume  ratio  Vj  for  a  scpiare 
array  of  fibres. 

Figure  7  Variation  of  the  normalised  shakedown  limit  vvith  normalised  max¬ 

imum  thermoelastic  stress  for  a  range  of  values  of  fibre  volume  ratio  V/  for  an 
hexagonal  array  of  fibres. 

Figure  8  Variation  of  the  thermal  stress  sensitivity  parameter  A  in  cqn.(2G)  with 
fibre  volume  ratio  Vj  for  both  a  square  an  hexagonal  array  of  fibres.  Eejns.  (27)  and 
(28)  are  shown  as  dotted  lines. 
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Figure  1  Typical  finite  element  mesh  for  symmetric  region  of  unit  cell  of  square 
and  hexagonal  arrangement  of  fibres. 
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Figure  2  Variation  of  isothermal  yield  stress  am  with  fibre  volume  fraction  Vj  for 
both  the  hexagonal  and  square  arrarfement  of  fibres. 
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Figure  7  Variation  of  the  normalised  shakedown  limit  with  normalised  max¬ 

imum  thermoelastic  stress  for  a  range  of  values  of  fibre  volume  ratio  Vj  for  an 
hexagonal  array  of  fibres. 
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Abstract 

The  effects  of  monolithic  titanium  cladding  on  the  tensile  properties  of  fiber-reinforced  titanium  matrix  composites  (TMCs) 
have  been  studied.  The  work  is  motivated  by  the  realization  that  most  TMC  components  currently  under  development  will  be  clad 
with  monolithic  titanium  alloys  in  order  to  prevent  damage  to  the  fibers  during  component  manufacture  and  in  service.  The  focus 
has  been  on  the  elastic  modulus,  the  yield  strength,  and  the  failure  stress  and  strain.  Experiments  have  been  conducted  on  panels 
with  two  different  clad  thicknesses  as  well  as  a  panel  without  cladding.  The  experimental  results  have  been  compared  with 
predictions  of  models  based  on  an  effective  (average)  fiber  volume  fraction.  The  correlations  between  the  experiments  and  the 
model  predictions  indicate  that  these  properties  are  insensitive  to  the  spatial  distribution  of  fibers. 

Keywords:  Cladding;  Titanium;  Tensile  behaviour 


1.  Introduction 

Fiber-reinforced  titanium  matrix  composites  (TMCs) 
are  under  development  for  use  in  a  ntimber  of  compo¬ 
nents  in  the  next  generation  of  aircraft  engines,  includ¬ 
ing  actuator  piston  rods,  fan  blades  and  fan  frames. 
The  main  motivations  for  these  efforts  are  the  high 
specific  stiffness  and  strength  of  unidirectionally  rein¬ 
forced  TMCs  in  the  longitudinal  direction.  In  these 
applications,  it  is  envisaged  that  the  TMC  will  be  used 
to  selectively  reinforce  the  structure;  the  regions  of  the 
structure  which  are  to  be  attached  to  other  components 
will  be  manufactured  from  monolithic  Ti  alloys  [1]. 
Moreover,  the  reinforced  sections  will  be  clad  with 
monolithic  Ti  alloys  in  order  to  prevent  damage  of  the 
fibers  during  component  manufacture  and  in  service. 
The  concepts  are  driven  partly  by  the  high  cost  of  the 
TMCs  as  well  as  considerations  associated  with  the 
manufacturability  and  the  performance  of  all  TMC 
components. 

An  example  of  a  preliminary  design  of  a  hollow 
Ti/SiC  actuator  piston  rod  that  utilizes  Ti  cladding  is 
shown  in  Fig.  1.  In  this  design,  the  inner  and  outer 
walls  of  the  TMC  are  clad  with  ~  1  and  0.5  mm, 
respectively,  of  the  Ti-alloy  matrix.  Since  the  fibers 
cannot  be  aligned  perfectly  over  the  entire  length  of  the 


rod,  the  excess  Ti  will  allow  machining  of  the  inner  and 
outer  diameters  with  adequate  tolerances  to  prevent 
contact  between  the  cutting  tool  and  the  fibers.  Similar 
thicknesses  of  cladding  are  also  expected  to  be  used  on 
fiber-reinforced  fan  blades. 

The  objective  of  the  present  study  was  to  assess  the 
effects  of  cladding  on  the  tensile  mechanical  properties 
of  TMCs.  For  this  purpose,  experiments  have  been 
conducted  on  composite  panels  with  two  different  clad 
thicknesses,  as  well  as  a  panel  without  cladding.  The 
experimental  results  have  been  compared  with  models 
for  stiffness,  strength  and  ductility.  The  effect  of 
notches  and  holes  on  the  tensile  strength  and  fatigue 
resistance  are  presented  elsewhere  [2].  Background  on 
the  mechanical  properties  of  unclad  unidirectional 
TMCs,  including  fatigue,  creep  and  tensile  fracture,  can 
be  found  in  Refs.  [3-12]. 


2.  Experimental  procedures 

2.1.  Materials 

The  materials  used  in  this  study  were  comprised  of  a 
Ti-6A1-4V  alloy  matrix  reinforced  with  6  plies  of 
SCS-6  SiC  fibers  (produced  by  Textron  Specialty  Mate- 
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Fig.  1.  Preliminary  design  of  a  hollow  nozzle  actuator  piston  rod 
utilizing  Ti/SiC  composites  (courtesy  D  P.  Walls  and  R.  Tucker. 
United  Technologies,  Pratt  &  Whitney). 

rials).  Monotapes  were  fabricated  by  induction  plasma 
spraying  of  the  Ti  alloy  onto  fiber  mats.  Six  plies  of  the 
monotapes  were  subsequently  laid-up  between  mono¬ 
lithic  foils  of  the  Ti  alloy  and  consolidated  by  hot-iso¬ 
static  pressing.  The  thickness,  2/^,  of  the  central  region 
of  the  panels  (comprising  the  6  ply  TMC)  was  ~ 
1.3  mm.  The  fiber  volume  fraction  within  this  region 
was  ~  32%.  Two  different  Ti  foil  thicknesses  were  used, 
yielding  clad  thicknesses,  of  either  0.37  or  0.64  mm, 
with  relative  thicknesses,  tjt^  ~0.5  and  1.  The  two 
panels  are  denoted  as  A  and  B.  Micrographs  of  cross- 
sections  through  the  two  panels  are  shown  in  Fig.  2.  To 
evaluate  the  properties  of  the  TMC  alone  (without 
cladding),  some  of  the  specimens  were  ground,  leaving 
a  Ti  layer  ~  50  fim  thick  adjacent  to  the  outer  fibers 
(comparable  with  that  found  in  conventional  TMC 
panels).  A  cross-section  through  a  ground  panel  is  also 
shown  in  Fig.  2.  This  panel  is  denoted  as  O.  The  matrix 
material  (both  within  the  composite  and  the  cladding) 
is  comprised  of  equiaxed  a  grains,  ~  10  /zm  in  diame¬ 
ter,  with  intergranular  ^-phase  (Fig.  3).  There  was  no 
evidence  of  an  “interface”  between  the  cladding  and  the 
TMC  nor  of  any  differences  in  matrix  microstructure  in 
these  two  regions. 


Fig.  3.  Optical  micrograph  of  the  matrix  microstructure  (etched  with 
Knoll's  reagent. 

2.2.  Mechanical  tests 

Dog-bone  shaped  tensile  specimens  were  cut  from  the 
panels  parallel  to  the  fiber  direction  using  electro-dis¬ 
charge  machining  (EDM).  The  gage  section  was  55  mm 
long  and  4  mm  wide.  To  facilitate  gripping,  beveled 
stainless  steel  tabs  were  bonded  to  the  specimen  ends 
using  an  epoxy  adhesive.  Monotonic  tension  tests  were 
performed  at  a  rate  of  0.02  mm  min  Axial  strains 
were  measured  using  both  a  12.7  mm  contacting  exten- 
someter  and  a  pair  of  3.2  mm  strain  gauges  mounted  on 
opposite  faces. 

An  estimate  of  the  matrix  strength  was  obtained 
using  the  Vickers  hardness  test.  The  measurements  were 
made  with  a  load  of  500  g,  yielding  indent  sizes  of 
~  50  fjm.  Care  was  taken  to  ensure  that  the  corners  of 
the  indents  were  situated  at  least  one  indent  size  away 
from  the  nearest  fiber.  The  hardness  measurements 
w'ere  converted  to  strengths  using  a  plastic  constraint 
factor  of  3.  The  strengths  determined  this  way  are 
considered  to  be  representative  of  the  ultimate  tensile 
strength,  tr" ,  of  the  matrix  (rather  than  the  initial  yield 
stress). 
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2.3.  Residual  strains 

As  described  in  a  subsequent  section,  the  yield 
strength  and  the  failure  strain  depend  on  the  thermal 
residual  strain  in  the  fibers.  The  residual  strains  in  the 
clad  materials  were  measured  using  a  selective  etching 
procedure,  detailed  in  Ref.  [13].  The  specimen  used  for 
these  measurements  was  ~  15  mm  wide  (transverse  to 
the  fibers)  and  ~  75  mm  long  (parallel  to  the  fibers). 
Two  narrow  slits,  ~  2  mm  apart  and  50  mm  long,  were 
machined  along  the  length  of  the  specimen.  The  region 
outside  of  the  narrow  tongue  between  the  slits  was 
masked  with  silicone  rubber.  The  entire  specimen  was 
immersed  in  a  50%  HF  solution  to  dissolve  the  matrix 
between  the  slits,  allowing  the  fibers  to  relax.  The 
heights,  z,  of  the  tops  of  the  fibers  were  then  measured 
using  confocal  microscopy,  with  a  precision  of  ~  1  fim. 
The  extension  of  the  fibers.  A,  was  evaluated  from  the 
difference  in  positions  of  the  exposed  fibers  and  the 
adjacent  embedded  fibers.  Typically,  measurements 
were  made  on  ~  20-40  fibers  embedded  within  the 
composite  and  almost  all  of  the  exposed  fibers  (  ~  20- 
30).  The  positions,  (x,  y),  of  the  fibers  on  the  plane 
normal  to  the  beam  were  also  recorded. 

Since  the  top  surface  of  the  panel  could  not  be 
aligned  perfectly  normal  to  the  beam  axis,  a  slight  but 
systematic  variation  in  the  heights  of  the  embedded 
fibers  was  found  along  both  the  x  and  y  directions.  To 
account  for  this  variation,  the  measurements  on  the 
embedded  fibers  were  used  to  define  a  reference  plane, 
corresponding  to  the  top  surface  of  the  specimen  prior 
to  matrix  dissolution.  This  was  accomplished  by  per¬ 
forming  a  least  squares  fit  of  the  data  to  the  equation  of 
a  plane.  Typically,  this  surface  was  tilted  by  <  0.5.  The 
average  fiber  extension,  A  was  then  calculated  as  the 
difference  between  the  average  height  of  the  exposed 
fibers  and  the  average  height  of  the  reference  plane 
within  the  dissolved  section.  The  corresponding  fiber 
strain,  ef,  was  calculated  using  the  relation 

Ef=-All  (1) 

where  /  is  the  length  of  the  exposed  fibers  ( ~  50  mm). 

3.  Experimental  results 

Fig.  4  shows  the  tensile  stress-strain  curves.  As  the 
clad  thickness  is  increased,  the  Young’s  modulus,  E, 
and  the  ultimate  strength,  decrease  whereas  the 
ductility  increases.  These  trends  are  summarized  in  Fig. 
5.  Evidently,  the  changes  in  these  properties  with  clad 
thickness  are  relatively  modest,  ranging  from  ~  10%- 
25%. 

The  yield  point  in  these  materials  is  somewhat  ill- 
defined.  Deviations  from  linearity  begin  to  occur  at 
relatively  low  stress  levels  ( ~  800  MPa  for  t^  =  0), 


though  the  changes  in  the  tangent  modulus,  da/ds,  are 
initially  small.  The  tangent  modulus  eventually  reaches 
a  saturation  value,  indicating  that  the  matrix  has  com¬ 
pletely  yielded  and  all  additional  stress  is  supported 
solely  by  the  fibers.  For  =  0,  the  saturation  value  is 
obtained  at  a  stress  of  ~  1400  MPa:  considerably 
higher  than  the  stress  at  the  onset  of  yielding.  The 
strain  range  over  which  yielding  is  effected  (from  the 
first  non-linearity  to  the  point  of  saturation  in  the 
tangent  modulus)  is  typically  ~  0.3%-0.4%. 

In  order  to  interpret  the  changes  in  yield  point  with 
clad  thickness,  a  practical  definition  of  yielding  is  re¬ 
quired.  One  approach  is  to  use  the  stress  at  a  prescribed 
offset  strain.  In  monolithic  metals,  the  offset  strain  is 
usually  taken  to  be  0.2%.  In  the  Ti/SiC  composites,  this 
offset  produces  yield  stresses  that  are  comparable  with 
the  ultimate  tensile  strength  and  have  little  physical 
meaning.  A  lower  value  of  the  offset  strain  could 
potentially  be  used,  though  the  computed  yield  stress 
would  be  sensitive  to  the  choice  of  this  strain.  An 
alternate  approach  is  to  identify  an  “average”  strain  at 
which  yielding  occurs  and  take  the  yield  stress  as  the 
product  of  the  yield  strain  and  the  composite  Young’s 
modulus.  This  can  be  accomplished  by  extrapolating 
the  two  linear  portions  of  the  stress- strain  curve  and 
taking  their  intersection  as  the  yield  point  (Fig.  4(a)). 
This  approach  is  considered  to  have  more  physical 
meaning  than  the  one  involving  an  offset  strain  and  is 
used  in  the  interpretation  of  the  present  results.  Fig. 
5(b)  shows  that  the  yield  stress,  defined  in  this  manner, 
decreases  with  increasing  clad  thickness. 

The  residual  fiber  strains,  Sr,  in  Panels  A  and  B  were 
—  0.19%  and  —0.22%,  respectively  (Table  1).  The 
Vickers  indentation  tests  gave  matrix  strengths  in  the 
range  1000-1060  MPa,  with  an  average  value  of 
1030  MPa.  These  values  are  comparable  to  the  tensile 
strengths  of  Ti-6A1-4V  alloys  with  similar  equiaxed 
microstructures  ( ~  950- 1050  MPa)  [14].  Because  these 
materials  exhibit  minimal  strain  hardening,  the  yield 


Fig.  4.  Results  of  the  tensile  tests. 
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(a) 


(b) 


(c) 

Fig.  5.  Trends  in  (a)  Young’s  modulus,  (b)  yield  and  ultimate  tensile 
strength  and  (c)  failure  strain,  with  the  normalized  clad  thickness  t. 

stress  is  expected  to  be  only  slightly  lower  than  the 
ultimate  strength. 


4.  Analysis  and  discussion 

The  trends  in  the  mechanical  properties  with  clad 
thickness  can  be  rationalized  using  existing  microme¬ 
chanical  models,  assuming  that  (i)  iso-strain  conditions 


exist  in  the  fibers  and  the  matrix,  and  (ii)  the  fibers  in 
the  clad  materials  are  distributed  uniformly  throughout 
the  panel  with  a  reduced,  effective  volume  fraction  (all 
quantities  pertaining  to  the  clad  materials  are  denoted 
by  an  overbar),  T. 

4.1.  Young’s  modulus 


Following  this  approach,  the  initial  elastic  modulus 
of  the  unclad  material  is  given  by 

£„=/o£r  +  (l-/o)£.  (2) 

where  is  the  fiber  volume  fraction  and  £,■  and  are 

the  Young’s  moduli  of  the  fiber  and  matrix,  respec¬ 
tively.  The  moduli  of  £,  the  clad  materials,  can  be 
calculated  in  a  similar  fashion,  replacing  /„  with  the 
average  fiber  volume  fraction,  T: 

/=/o/(l+0  (3) 

where  t  is  the  normalized  clad  thickness. 


’  =  tjto 


Thus  the  elastic  modulus  can  be  written  as 

.  (1  -f  /  EJE^) 


E=E. 


(1  +  0 


(4) 

(5) 


4.2.  Yield  stress 


The  yield  stress  of  the  unclad  material  is 

a°^(a^-a’^)(EJEJ  (6) 

where  crj"  is  the  (unconstrained)  yield  stress  of  the 
matrix  alloy  and  ctr  is  the  average  axial  residual  stress 
within  the  matrix'.  The  axial  stress  obtained  from  the 
concentric  cylinder  model  is  [15] 

f,E,EUE,+  El)Q 
^  E%{E,+  El(\-2v)) 

where  v  is  the  Poisson’s  ratio  (assumed  to  be  the  same 
for  the  fibers  and  the  matrix)  £*  is  the  average  matrix 
modulus  over  the  appropriate  temperature  range,  E*  is 
the  longitudinal  composite  modulus  calculated  using 
£*  and  Q  is  the  misfit  strain, 

Q  =  {oij-  aJAT  (8) 

with  A  T  being  the  temperature  change  from  processing 
and  3(f  and  being  the  thermal  expansion  coefficients 
of  the  fibers  and  matrix,  respectively.  The  yield  stress  of 
the  clad  materials  is  obtained  by  replacing  with  T  in 
the  expressions  for  £„,  E*  and  US'. 

The  misfit  strain,  Q,  is  obtained  by  combining  the 
residual  fiber  strains  with  the  concentric  cylinder  model, 
yielding  the  result 


'  3D  finite  element  calculations  show  that  the  average  value  of  the 
effective  residual  stress  is  similar  to  the  axial  component  [16]. 
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Table  1 

Summary  of  measured  mechanical  properties 
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Table  2 

Summary  of  constituent  properties 


Property 

Value 

Fiber  volume  fraction  in  central  region,  /„ 

0.32 

Matrix  yield  stress, 

920  MPa 

Matrix  ultimate  strength, 

1030  MPa 

Matrix  modulus  (20  °C),  £„ 

110  GPa 

Average  matrix  modulus  (20-600  °C),  £* 

90  GPa 

Fiber  modulus, 

360  GPa 

Misfit  strain,  Q 

0.42% 

ei(rE,+  i\-f)E*J 
(1  -J)E*^ 

The  values  of  Q  calculated  for  the  two  panels  A  and  B 
are  essentially  identical  to  one  another  (Table  1):  Q  = 
0.42% 


4.3.  Fracture  stress  and  strain 


The  tensile  strength,  of  the  unclad  composite  is 

tT.=LSr+{\-fo)K  (10) 

where  Sf  is  the  fiber  bundle  strength.  The  corresponding 
failure  strain  is 


«u=£f-«R 


(11) 


where  Sf  is  the  failure  strain  of  the  fiber  bundle  in  the 
absence  of  residual  strain.  The  failure  stress,  and 
strain,  of  the  clad  materials  are  obtained  by  replac¬ 
ing  /o  with  r,  as  before,  yielding  the  results 


(1  -b  t 

(1  +  0 


(12) 


and 


^  =  £u  + 


fpE^El^Q 
E%{E%  +  ?E*J 


(13) 


4.4.  Comparisons  between  experiment  and  theory 


Fig.  5  shows  comparisons  between  the  predicted  and 
measured  properties.  A  summary  of  the  constituent 
properties  used  in  the  predictions  is  in  Table  2. 

The  middle  curve  in  Fig.  5(a)  is  based  on  the  re¬ 
ported  Young’s  modulus  for  the  Ti  alloy  (110  GPa);  the 
other  two  curves  are  calculated  using  values  of  E^  that 
differ  from  the  average  by  ±  5  GPa.  The  average  value 
is  consistent  with  the  one  inferred  from  the  elastic 
modulus  of  the  unclad  composite  (assuming  a  fiber 
modulus,  =  360  GPa),  as  well  as  with  the  trends  in 
modulus  with. 

The  composite  yield  stress  has  been  obtained  by 
fitting  the  model  to  the  data  through  adjustments  in  the 
matrix  yield  stress  (Fig.  5(b)).  The  fitting  procedure 
gives  a  matrix  yield  stress  of  ~  920  +  20  MPa.  As 
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expected,  the  matrix  yield  stress  is  slightly  lower  than 
the  ultimate  tensile  strength  obtained  from  the  hardness 
measurements  (1030  MPa). 

Similar  procedures  were  followed  to  obtain  the 
curves  in  Fig.  5(c)  and  (d).  The  average  matrix  tensile 
strength  was  taken  to  be  the  one  inferred  from  the 
hardness  measurements  (1030  MPa);  the  upper  and 
lower  curves  were  obtained  by  varying  the  matrix 
strength  by  +  50  MPa.  The  inferred  fiber  bundle  failure 
strain  from  Fig.  5(d)  is  0.97%  +  0.03%. 

In  all  cases,  good  correlations  are  obtained  between 
the  calculated  and  measured  properties,  demonstrating 
that  the  tensile  properties  can  be  modeled  using  the 
effective  fiber  volume  fraction.  Moreover,  they  suggest 
that  these  properties  are  insensitive  to  the  spatial  distri¬ 
bution  of  fibers. 


5.  Concluding  remarks 

The  monotonic  tensile  properties  of  the  clad  TMCs 
are  governed  by  the  fiber  volume  fraction  averaged  over 
the  entire  cross-section.  However,  it  is  anticipated  that 
other  properties  will  be  sensitive  to  the  fiber  distribu¬ 
tion.  For  example,  under  cyclic  loading,  cracks  will 
initiate  within  the  cladding  and  propagate  through  the 
central  reinforced  region.  At  low  stress  levels,  the 
cracks  will  be  bridged  by  fibers  within  the  composite, 
though,  clearly,  they  will  not  be  bridged  within  the 
cladding.  The  portion  of  the  crack  in  the  cladding  will 
act  essentially  as  a  notch,  concentrating  the  stress 
within  the  bridged  fibers  in  the  plies  closest  to  the 
cladding  and  causing  premature  fiber  fracture.  Such 
effects  are  currently  under  investigation. 
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Role  of  Cladding  in  the  Notched  Tensile  Properties 
of  a  Titanium  Matrix  Composite 


U.  RAMAMURTY,  F.W.  ZOK,  and  F.A.  LECKIE 

The  utility  of  Ti  cladding  in  alleviating  the  notch  sensitivity  of  both  the  monotonic  and  cyclic  tensile 
properties  of  Ti  matrix  composites  (TMC)  has  been  examined.  Experiments  have  been  conducted  on 
panels  with  two  different  clad  thicknesses  as  well  as  on  the  TMC  alone.  Crack  bridging  models  have 
been  used  to  describe  the  composite  behavior,  incorporating  explicitly  the  effects  of  the  cladding.  It 
is  demonstrated  that  the  notched  strength  can  be  raised  up  to  the  level  corresponding  to  the  un¬ 
notched  TMC  alone,  with  a  critical  clad  thickness  that  depends  on  the  fracture  properties  of  the 
TMC  and  the  notch  size.  The  fatigue  threshold  can  be  elevated  also,  though  it  cannot  reach  the 
threshold  of  the  un-notched  TMC.  The  bridging  models  have  been  used  to  calculate  the  trends  in 
the  strength  and  the  fatigue  threshold  with  the  clad  thickness. 


I.  INTRODUCTION 

The  ultimate  tensile  strength  of  fiber-reinforced  tita¬ 
nium  matrix  composites  (TMCs)  is  relatively  notch  sensi¬ 
tive.  Typically,  for  specimens  containing  circular  holes  or 
sharp  notches  ~3  to  6  mm  in  size,  the  strength  is  reduced 
by  as  much  as  a  factor  of  2.^"  Such  a  high  degree  of  notch 
sensitivity  may  preclude  the  design  of  TMC  components 
that  contain  holes  or  other  stress  concentrating  features. 

The  fatigue  resistance  of  TMCs  is  also  notch  sensitive. 
Under  cyclic  loading,  fatigue  cracks  initiate  and  grow 
within  the  matrix,  leaving  the  fibers  intact  in  the  crack 
wake.  There  exists  a  critical  peak  stress  below  which  the 
crack  growth  rate  approaches  a  steady-state  value,  indepen¬ 
dent  of  crack  length.  Above  the  critical  stress,  fiber  failure 
occurs  in  the  crack  wake,  leading  to  an  acceleration  in  the 
crack  growth  rate  and,  ultimately,  catastrophic  fracture. 
This  critical  stress  represents  a  threshold  below  which  the 
fatigue  life  is  infinite.  Both  experiments^^i  and  calcula- 
tions'^  '’’  indicate  that  the  threshold  stress  decreases  dramat¬ 
ically  with  increasing  notch  size.  The  fatigue  notch 
sensitivity  is  an  additional  concern  in  the  design  of  com¬ 
ponents  containing  stress  concentrations. 

One  approach  to  alleviating  the  notch  sensitivity  of 
TMCs  is  to  reinforce  components  locally  in  regions  sur¬ 
rounding  the  stress  concentrating  features.  Through  judi¬ 
cious  selection  of  the  reinforcing  material  and  the 
geometry,  it  is  anticipated  that  the  local  strength  and  fati^e 
resistance  could  be  brought  up  to  the  levels  corresponding 
to  the  TMC  alone,  rendering  the  material  notch  insensitive. 

A  simple  approach  to  manufacturing  reinforced  panel 
structures  involves  hot  pressing  TMC  plates  between  mon¬ 
olithic  sheets  of  the  Ti  alloy  itself  and  subsequently  ma¬ 
chining  away  the  excess  Ti  remote  from  the  stress 
concentrating  features.  Figure  1  shows  a  schematic  illustra- 
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tion  of  this  reinforcement  scheme  for  a  panel  containing  a 
through-thickness  hole.  Similar  schemes  have  been  used  in 
the  past  in  repairing  aluminum  aircraft  components  that 
contain  fatigue  cracks,  using  either  boron/epoxy  or  graph¬ 
ite/epoxy  composites.'*! 

The  objective  of  the  present  smdy  is  to  assess  the  utility 
of  Ti  cladding  in  improving  the  notched  properties  of 
TMCs.  For  this  purpose,  experiments  have  been  conducted 
on  composite  panels  with  two  different  clad  thicknesses  as 
well  as  a  panel  without  cladding.  The  focus  of  the  work  is 
on  the  ultimate  tensile  strength  and  the  resistance  to  fatigue 
cracking.  The  un-notched  tensile  properties  of  these  mate¬ 
rials  have  been  reported  elsewhere.'*' 

Section  II  provides  an  overview  of  models  that  have  been 
developed  to  describe  the  effects  of  notches  on  both  the 
static  tensile  strength  and  the  fatigue  resistance  of  TMCs. 
The  models  are  used  to  identify  the  constituent  properties 
that  govern  the  mechanical  behavior  of  the  composites  and 
to  provide  guidance  for  the  selection  of  critical  experiments 
to  assess  the  models.  The  overview  is  followed  by  a  de¬ 
scription  of  the  materials  and  test  procedures,  the  experi¬ 
mental  results,  and  comparisons  with  model  predictions. 


II.  BACKGROUND 

A.  Notched  Strength 

In  the  presence  of  notches  or  holes,  catastrophic  fracture 
of  TMCs  is  preceded  by  the  formation  of  a  localized  plastic 
strip  in  which  the  matrix  is  fully  yielded  and  most  of  the 
fibers  are  broken.'’'  As  the  remote  stress  is  increased,  the 
plastic  strip  extends  away  from  the  notch  tip,  in  a  manner 
analogous  to  a  bridged  crack  in  a  ceramic  matrix  composite. 
Consequently,  the  notched  strength  can  be  rationalized  in 
terms  of  a  bridging  (or  cohesive  zone)  model.  The  bridging 
traction  law  relevant  to  TMCs  is  illustrated  in  Figure  2(a). 
At  the  simplest  level,  it  is  comprised  of  two  rectilinear 
parts,  each  characterized  by  a  strength  and  a  critical  dis¬ 
placement.  The  strength  level  cr i  of  the  first  part  is  essen¬ 
tially  the  un-notched  tensile  strength  of  the  composite.  At 
this  stress,  the  fiber  bundle  fails  but  the  matrix  remains 
intact.  The  corresponding  displacement,  M],  depends  on  the 
width  of  the  plastic  strip  and  the  fiber  bundle  failure  strain. 
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Fig.  1 — Schematic  illustration  of  the  local  reinforcement  concept  for  a 
panel  containing  a  through-thickness  hole. 

The  bridging  stress,  in  the  second  part  of  the  traction 
law  is  dictated  by  the  strength  of  the  matrix.  At  a  critical 
crack  opening  displacement,  the  local  strain  reaches  the 
matrix  failure  strain,  leading  to  the  formation  of  an  un¬ 
bridged  matrix  crack.  The  notched  strength  is  simulated  by 
incorporating  the  two-level  bridging  law  into  a  fracture  me¬ 
chanics  model,  as  described  in  Reference  1 .  Moreover,  the 
total  (or  steady-state)  fracture  energy  is  taken  to  be  the  area 
under  the  traction  law. 

A  simpler  solution  to  the  strength  in  the  “long  notch” 
regime  can  be  obtained  using  a  single-level  rectilinear  law, 
similar  to  the  one  attributed  to  Dugdale'’!  and  Barenblatt'*' 
and  developed  by  Bilby  et  This  law  is  characterized 
by  a  single-valued  strength,  o-p,  and  a  critical  displacement, 
Mo,  with  a  toughness,  T  =  The  notched  strength  is 
predicted  to  vary  with  notch  length,  la^,  in  accordance 
witht’i 


where  E  is  the  Young’s  modulus. 

From  these  bridging  models,  a  characteristic  bridging 
length  emerges,  defined  by 

a,  =  TEIgI  [2] 

For  TMCs,  is  typically  ~5  to  10  mm.i'i  The  size  of  the 
notch  or  hole  relative  to  a*  determines  the  degree  of  notch 
sensitivity.  When  aja^  «  1,  the  bridging  zone  length  is 
large  in  relation  to  the  notch  size  and  the  material  is  notch 
insensitive,  the  strength  being  comparable  to  the  un-notched 
tensile  strength.  Conversely,  when  »  1,  the  strength 
diminishes  as  in  accordance  vrith  the  Griffith  equa- 


(a) 


Crack  Opening  Displacement 
(b) 

Fig  2 — Schematic  of  the  traction  laws  pertinent  to  (a)  the  notched  tensile 
strength  and  (6)  the  fatigue  resistance  of  TMCs. 

tion.  In  the  intermediate  regime,  the  solution  based  on  the 
single-level  rectilinear  law  is  expected  to  provide  a  reason¬ 
able  estimate  of  notched  strength. 

B.  Fatigue  Cracking 

Under  cyclic  loading,  cracks  initiate  and  propagate 
through  the  matrix,  but  the  fibers  initially  remain  intact.  The 
effects  of  these  fibers  on  the  crack  tip  stress  intensity  am¬ 
plitude,  A/f,,  can  also  be  modeled  using  crack  bridging  con¬ 
cepts.  Assuming  that  the  fibers  are  frictionally  coupled  to 
the  matrix  through  a  constant  interfacial  sliding  stress,  t, 
the  relevant  cyclic  bridging  traction  law  ist'“i 

^u  =  ^\^Gi  [3a] 

where  Am  is  the  crack  opening  displacement  amplitude,  Actj 
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Table  I.  Summary  of  Constituent  Properties 


Fiber  volume  fraction,/^  =  0.32 

Fiber  diameter,  £)  =  140  /um 

Young’s  modulus  of  matrix.  E„=  110  GPa 

Young’s  modulus  of  fibers,  Ef  =  400  GPa 

Poisson’s  ratio,  v  ^  0.2 

Orthotropy  factor,  A  =  0.925>^' 

Interface  sliding  stress,  t  =  10  to  15  MPa 
Paris  law  exponent,  n  —  A 
Paris  law  prefactor,  /3  =  3  X  10"“  m''/N'' 
Fiber  bundle  strength,  Sy  =  2500  MPa 


Fig.  3 — Cross  sections  of  the  clad  TMCs. 


is  the  corresponding  amplitude  in  the  bridging  stress,  and 
A  is  a  bridging  parameter,  defined  by 


D{\ 

4  Ef  tP 


[3b] 


with  D  being  the  fiber  diameter; /the  fiber  volume  fraction; 
E„  and  Ef  the  Young’s  moduli  of  the  matrix  and  fibers, 
respectively;  and  E  the  longitudinal  composite  modulus. 


This  traction  law  is  shown  schematically  in  Figure  2(b).  An 
extensive  set  of  solutions  for  the  crack  tip  stress  intensities 
in  terms  of  the  bridging  parameter.  A,  the  notch  size,  la^, 
and  the  applied  stress  amplitude,  Acr,  have  been  devel- 
opedi'*"'  and  used  to  simulate  fatigue  cracking  in  TMCs 
over  a  range  of  loading  conditions  and  notch  geome- 
tries.t--'^' 

The  preceding  bridging  model  has  also  been  used  to  cal¬ 
culate  the  threshold  stress  amplitude,  Act,*,  below  which 
fiber  failure  does  not  occur  for  any  crack  length.!^  '*'  Within 
this  regime,  the  crack  growth  rate  approaches  a  steady-state 
value,  independent  of  crack  length.  The  numerical  results 
for  Act,*  can  be  accurately  described  by  the  relationf^' 


6-77  g  fl|)T 

DS. 


Act,. 


■5y(l  -R). 


[4a] 


Am. 


'Sfi\  -  R). 


where  Sf  is  the  fiber  strength  (assumed  to  be  deterministic), 
R  is  the  stress  ratio  (minimum/maximum),  and  ^  is  a  di¬ 
mensionless  parameter  defined  by 


fE,E{\  -  v^) 

^  i\-P^ElA 


[4b] 


with  V  being  Poisson’s  ratio  and  A  an  orthotropy  factor  of 
order  unity. 

Inspection  of  Eq.  [4]  yields  a  second  characteristic  bridg¬ 
ing  length,  u],  defined  by 

al  =  DSf/6Tr^T  [5] 

The  ratio  a/u]  dictates  the  degree  of  notch  sensitivity  under 
cyclic  loading  conditions,  in  essentially  the  same  manner 
that  dictates  the  monotonic  strength.  For  typical  values 
of  the  parameters  in  Eq.  [4]  (Table  I),  the  bridging  length, 
a],  is  ~0.2  to  1  mm,  about  an  order  of  magnitude  smaller 
than  a,,.  Consequently,  failure  of  TMCs  is  expected  to  be 
more  sensitive  to  the  presence  of  flaws  under  cyclic  loading 
than  under  monotonic  loading. 


III.  EXPERIMENTS 

The  materials  used  in  this  study  were  comprised  of  a  six- 
ply  Ti-6A1-4V  alloy  reinforced  unidirectionally  with  —32 
vol  pet  of  SCS-6  SiC  fibers  (produced  by  Textron  Specialty 
Materials,  Lowell,  MA).  The  thickness  of  the  composite, 
2to,  was  1.3  mm.  The  panels  were  clad  on  both  sides  with 
the  Ti-6A1-4V  alloy,  with  the  clad  thickness  /  being  either 
0.37  or  0.64  mm  (Figure  3).  The  relative  clad  thicknesses 
were  t  =  tjt^  =  0.5  or  1.  In  some  instances,  the  cladding 
was  removed  by  grinding  and  the  properties  of  the  TMC 
alone  were  measured  also. 

Uniaxial  tension  tests  were  performed  on  straight-sided, 
15-mm-wide  specimens  containing  either  a  through-thick¬ 
ness  circular  hole  or  through-thickness  sharp  notch  at  the 
specimen  center,  all  produced  by  electrodischarge  machin¬ 
ing.  The  holes  were  either  0.6  or  3.2  mm  in  diameter  and 
the  notches  were  3-mm  long.  The  results  of  these  tests,  as 
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Fig.  4 — Trends  in  tensile  strength  with  notch  size.  The  triangles 
correspond  to  data  on  a  Ti-6AI-4V  alloy  reinforced  with  32  pet  Siema 
SiC  fibers;''!  all  other  data  are  for  the  composites  with  SCS-6  SiC  fibers. 


well  as  the  fatigue  tests  described  subsequently,  are  pre¬ 
sented  in  terms  of  the  stresses  calculated  on  the  basis  of 
the  area  of  the  unclad  TMC  material  alone,  the  relevant 
thickness  being  2to  rather  than  2  (t„  -F  4).*  Upon  perform- 

‘Although  in  the  present  experiments  the  cladding  is  present  along  the 
entire  length  of  the  specimen,  it  is  envisaged  that  local  reinforcement 
could  be  accomplished  by  machining  the  excess  cladding  in  regions 
remote  trom  the  stress  concentration,  as  illustrated  schematically  in  Fig. 

1 .  The  values  of  notched  strength  presented  in  terms  of  the  area  of  the 
unclad  composite  are  therefore  representative  of  the  load  bearing  capacity 
of  locally  reinforced  struchires. 

ing  a  force  balance,  the  remote  stress,  <j^,  can  be  related  to 
the  local  net-section  stress,  cr^,  through 

O'.  =  (r,,.  (1  +  4/4)  [6j 

The  critical  crack  opening,  tr^,  was  obtained  by  measur¬ 
ing  the  width  of  the  notch  prior  to  testing  and  then  repeating 
the  measurement  after  fracture.  These  measurements  were 
made  in  an  optical  microscope  at  a  magnification  of  200 
times.  In  addition,  the  width  of  the  plastic  zone  normal  to 
the  loading  direction  was  measured  using  optical  micros¬ 
copy.  This  was  accomplished  by  locating  the  point  at  which 
the  broad  side  surface  near  the  fracture  plane  was  no  longer 
in  focus  with  the  rest  of  the  surface. 

Measurements  of  toughness  were  made  using  the  edge- 
notched  work-of-rupture  specimen,  loaded  by  four-point 
bending.  The  toughness,  F,  was  calculated  from  the  rela- 
tionf'^i 


„  foP{v)dv 

r  =  ^ - 

t  (w  -  do) 


[7] 


where  P  is  the  applied  load,  v  is  the  load-point  displace¬ 
ment,  is  the  displacement  at  fracture,  t  is  the  panel  thick¬ 
ness,  w  is  the  specimen  width  (7  mm),  and  Uo  is  the  notch 
depth  (4  mm). 

Fatigue  crack  growth  experiments  were  conducted  on  15- 
mm-wide  specimens  containing  3-nim-long  center  notches. 
Experiments  were  conducted  at  several  stress  ranges,  Acr. 
The  stress  ratio  (minimum/maximum)  was  7?  =  0. 1  and  the 
cycling  frequency  was  5  Hz.  Crack  extension  was  measured 


using  a  traveling  stereomicroscope  connected  to  a  video 
recorder.  To  determine  whether  the  crack  front  was  straight 
through  the  thickness  of  the  clad  panels,  some  of  the  fa¬ 
tigued  specimens  were  given  a  heat-tinting  treatment  (2 
hours  at  400  °C),  pulled  to  fracture,  and  subsequently  ex¬ 
amined.  In  some  instances,  the  matrix  material  around  the 
crack  plane  was  dissolved  in  a  50  pet  HF  solution  following 
testing,  and  the  specimen  subsequently  examined  in  a  scan¬ 
ning  electron  microscope  in  order  to  establish  the  degree 
of  fiber  failure  in  the  crack  wake. 

The  interface  sliding  stress,  t,  was  measured  using  a  mul¬ 
tiple  fiber  pullout  technique.  In  the  technique,  two  coplanar 
notches  were  machined  into  the  cladding  of  a  straight  ten¬ 
sile  specimen,  with  care  taken  not  to  cut  or  damage  the 
fibers.  The  specimen  was  then  loaded  cyclically  at  a  low 
stress  level  (Acr  =  300  MPa)  such  that  fatigue  cracks  ini¬ 
tiated  and  propagated  from  the  notches,  but  not  in  regions 
remote  from  the  notches.  Following  ~50,000  loading  cy¬ 
cles,  the  two  eracks  linked  together  to  form  a  single  crack 
across  the  entire  section,  with  all  fibers  remaining  intact. 
The  test  was  then  intermpted  and  a  12.7-mm  extensometer 
mounted  across  the  crack  faces.  Additional  cycling  was  per¬ 
formed  at  progressively  increasing  stress  levels  until  the 
fiber  bundle  failed.  The  measured  stress-displacement  loops 
were  subsequently  used  to  determine  t.!'*’!  The  analysis  is 
presented  in  the  Appendix. 


IV.  NOTCHED  STRENGTH 

Figure  4  shows  the  trends  in  notched  tensile  strength,(7-;v. 
with  notch  or  hole  size,  la^.  The  results  obtained  in  a  pre¬ 
vious  study  on  a  similar  TMC  are  also  shown  for  compar- 
ison.i'i  The  results  indicate  that  there  is  a  critical  notch  size 
below  which  the  notched  strength  exceeds  the  un-notched 
strength  C4  of  the  TMC  alone.  The  critical  notch  sizes  are 
-1  and  -3  mm  for  clad  thicknesses,  4  of  0.5  and  1.0  mm, 
respectively.  Alternatively,  there  exists  a  critical  clad  thick¬ 
ness  for  a  prescribed  notch  size  needed  to  raise  the  notched 
strength  of  the  clad  material  up  to  the  un-notched  tensile 
strength  of  the  TMC  alone.  A  method  for  interpolating  be¬ 
tween  these  results  is  detailed  subsequently. 

Figure  5  shows  trends  in  the  plastic  zone  width,  h,  and 
the  critical  notch  tip  displacement,  with  the  panel  thick¬ 
ness,  t.  Both  h  and  increase  approximately  linearly  with 
t.  These  trends  are  consistent  with  the  expected  behavior  of 
thin  ductile  sheets  subject  to  plane  stress  conditions.  (Under 
plane  strain  conditions,  h  would  be  independent  of  t.)  The 
critical  displacement,  in  turn,  varies  linearly  with  h  (Figure 
5(c)).  In  essence,  h  represents  an  effective  gage  length 
within  the  plastic  zone  and  the  critical  displacement  is  ex¬ 
pected  to  follow  in  accordance  with 

U2  ~  h  [8] 

where  is  the  failure  strain  of  the  matrix.  The  failure  strain 
obtained  from  the  experiments  (Figure  5(c))  is  e„  =  ujh 
~  0.09,  essentially  the  same  as  the  reported  failure  strain 
for  Ti  alloys.t'^i 

The  results  of  the  work-of-rupture  tests  are  summarized 
in  Figure  6.  The  trend  in  fracture  energy  with  clad  thickness 
can  be  described  by  a  “rule-of-mixtures”  relation: 

r  =  (r„4  +  ro4)/(4  +  O  [9] 
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Critical  Notch  Tip  Displacement,  (pm)  Critical  Notch  Tip  Displacement,  (pm)  Plastic  Zone  Width,  h  (mm) 


(c) 

Fig.  5 — Influence  of  clad  thickness  on  (a)  the  plastic  zone  width  and  (b) 
the  critical  notch  tip  displacement,  (c)  The  data  in  (a)  and  (b)  plotted  as 
critical  displacement  vs  plastic  zone  width. 
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where  Fj  and  r„  are  the  contributions  from  the  TMC  and 
the  cladding,  respectively.  This  equation  implicitly  assumes 
that  the  two  contributions  are  independent  of  one  another. 
A  least-squares  curve  fit  of  Eq.  [9]  to  the  data  in  Figure 
6(b)  yields  the  results  Fq  =  43  kJ/m^  and  F„  =  106  kJ/m^. 
The  latter  result  is  consistent  with  the  plane-stress  fracture 
toughness  of  Ti  alloys  (typically  ranging  from  100  to  120 
kJ/m^i'^i). 

To  assess  the  utility  of  the  Dugdale-Barenblatt  model, 
the  notched  strength,  a-jv  (calculated  on  the  basis  of  the  total 
thickness  2(4  -f  4)  within  the  clad  region),  is  plotted 
against  the  parameter,  a/TE,  as  suggested  by  the  form  of 
Eq.  [1]  (Figure  7).  The  experimental  results  are  compared 
with  the  predictions,  using  as  a  fitting  parameter.  For 
sufficiently  high  values  of  a/TE  (>0.5  X  10"’  MPa"-),  a 
reasonable  correlation  is  obtained  between  the  measure¬ 
ments  and  the  theory,  using  a  bridging  stress  of  cto  =  900 
±  100  MPa,  comparable  to  the  yield  strength  of  Ti  alloy 
matrix.*  Interestingly,  the  strengths  calculated  using  the  to- 

*The  strengths  for  low  values  of  ajrE  are  predicted  more  accurately 
using  the  two-level  bridging  law.  However,  in  light  of  the  additional 
complexity  of  these  calculations,  along  with  the  expectation  that  hole  sizes 
relevant  to  engineering  components  will  be  >5  mm,  only  the  Dugdale- 
Barenblatt  solution  is  presented  here.  Additional  details  of  the  two-level 
bridging  law  are  found  in  Ref  1 . 

tal  composite  thickness  are  insensitive  to  the  clad  thickness, 
tjt^,  as  evidenced  by  the  collapse  of  the  data  in  Figure  7 
onto  essentially  a  single  band.  This  result  indicates  that  the 
bridging  processes  that  determine  the  notch  sensitivity  are 
not  strongly  affected  by  the  cladding.  The  main  effect  of 
the  cladding  is  to  simply  increase  locally  the  thickness  of 
material  that  can  support  load  around  the  hole,  leaving  a\. 
unchanged  for  a  prescribed  notch  length.  The  strength  cal¬ 
culated  on  the  basis  of  the  remote  stress,  cr,.,  thus  increases 
proportionally  with  the  clad  thickness,  1^4,  in  accordance 
with  Eq.  [6]. 

The  critical  clad  thickness,  tf,  required  to  attain  a 
notched  strength  equal  to  the  un-notched  ultimate  tensile 
strength  of  the  TMC  has  been  calculated  using  Eqs.  [1]  and 
[6],  and  the  results  are  plotted  in  Figure  8^For  this  calcu¬ 
lation,  the  effective  composite  modulus,  E,  is  calculated 
assuming  the  fibers  to  be  distributed  uniformly  through  the 
cross  section  of  clad  region,  with  an  effective  fiber  volume 
fraction,  / 

/  =  /o/(l+?)  [10] 

where  is  the  fiber  volume  fraction  in  the  unclad  TMC. 
Thus,  the  modulus  is,t®' 

£  =  £0  (1  -F  f£„/Eo)/(l  -ri  t)  [11] 

where  £„  is  the  Young’s  modulus  of  the  TMC  alone.  For 
hole  sizes  of  5  to  20  mm,  the  critical  clad  thickness  is 
predicted  to  be  in  the  range  tjt^  ~  1  to  2. 


V.  FATIGUE  CRACKING 

The  fatigue  characteristics  of  both  the  unclad  and  the 
clad  materials  were  similar  to  those  previously  reported  for 
other  TMCs.t-'^i  Notably,  fatigue  cracks  were  initiated 
readily  at  the  notch  root.  The  cracks  grew  stably  through 
the  matrix  and  initially  were  accompanied  by  fiber  bridging. 
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Fig.  6 — (a)  Load-displacement  curves  obtained  from  the  work  of  rupture 
tests,  (b)  Variation  in  fracture  energy  with  clad  thickness.  The  solid  line 
is  a  fit  of  Eq.  [8]. 


Fig.  7— Notched  sfrength,  ov,  plotted  against  a/TE.  The  solid  lines  arc 
predictions  of  the  Dugdale-Barenblatt  model. 


Fig.  8— Effects  of  notch  size  on  the  critical  clad  thicknc.ss.  The  predictions 
in  the  short  notch  regime  overestimate  the  critical  clad  thickness  and  arc 
thus  shown  as  dashed  lines. 


Fig.  9— (o)  A  matrix  fatigue  crack  and  (i)  the  underlying  fibers,  showing 
extensive  fiber  failure  in  the  crack  wake. 


In  some  specimens,  all  of  the  underlying  fibers  were  found 
to  be  intact;  in  others,  the  fibers  had  fractured  over  either 
part  or  all  of  the  crack  wake.  An  example  of  the  latter  is 
shovvTi  in  Figure  9.  Moreover,  the  heat-tinting  treatments 
indicated  that  the  crack  front  was  essentially  straight,  de¬ 
spite  the  nonuniformity  of  the  fiber  distribution  (Figure  10). 
Evidently,  crack  trapping  associated  with  the  higher  fatigue 
resistance  of  the  TMC  is  negligible. 

The  main  effect  of  fiber  bridging  was  to  cause  a  reduc¬ 
tion  in  the  crack  growth  rate  with  increasing  crack  length. 
Several  representative  crack  growth  curv'es  are  shown  in 
Figure  1 1 .  At  high  stress  levels,  the  onset  of  fiber  fracture 
resulted  in  a  subsequent  acceleration  in  crack  growth  and, 
in  some  instances,  led  to  catastrophic  fracture.  The  curves 
also  indicate  that  the  fatigue  resistance  increases  with  in¬ 
creasing  clad  thickness,  as  manifested  in  both  a  slight  re¬ 
duction  in  the  crack  growTh  rate  in  the  initial  stages  of 
cracking  (when  the  fibers  are  intact)  and  an  elevation  in  the 
number  of  cycles  needed  to  initiate  fiber  fracture.  The  com- 


2736— VOLUME  28A,  DECEMBER  1997 


METALLURGICAL  AND  MATERIALS  TR.ANSACTIONS  A 


418 


1  mm 


Fig.  10 — Surface  of  specimen  that  was  fatigued,  heat  tinted,  and  fractured. 

parisons  are  made  at  a  fixed  stress  amplitude,  again  calcu¬ 
lated  on  the  basis  of  the  composite  thickness,  2t^. 

Also  shown  in  Figure  11  are  crack  growth  simulations 
based  on  a  crack  bridging  model  developed  by  McMeeking 
and  co-workers.f‘'  '“  ">  In  this  model,  the  fibers  are  assumed 
to  be  fnctionally  coupled  to  the  matrix  through  a  constant 
interface  sliding  stress,  t,  and  the  bridging  traction  law  then 
obtained  using  a  shear  lag  analysis.  In  turn,  the  spatial  dis¬ 
tribution  of  fiber  stresses  along  the  plane  of  the  matrix  crack 
and  the  crack  tip  stress  intensity  range  are  calculated,  treat¬ 
ing  the  fibers  as  a  series  of  line  springs  acting  along  the 
crack  plane.  The  sliding  stress,  measured  from  the  fiber 
bundle  pullout  tests,  is  in  the  range  of  10  to  15  MPa  (refer 
to  the  Appendix  for  details).  The  crack  growth  simulations 
have  been  performed  using  the  measured  range  of  sliding 
stresses  along  with  the  material  properties  summarized  in 
Table  I.  The  fatigue  resistance  of  the  composite  was  as¬ 
sumed  to  follow  the  Paris  law,  with  numerical  coefficients 
equal  to  those  of  the  matrix  alloy.  These,  too,  are  given  in 
Table  I.  Good  correlations  are  obtained  between  the  exper¬ 
imental  data  and  the  simulated  curves.  It  should  be  noted 
that  the  beneficial  effects  of  the  cladding  are  rather  modest; 
over  the  range  of  clad  thicknesses  examined  here,  the  crack 
growth  rate  was  reduced  by  a  maximum  of  a  factor  of  ~2. 

The  cladding  also  plays  a  role  in  enhancing  the  fatigue 
threshold.  The  effects  can  be  incorporated  into  Eq.  [4],  as¬ 
suming  the  fibers  are  distributed  uniformly  within  the  clad 
region  and  reinterpreting  the  parameters  accordingly.  In  do¬ 
ing  this,  Eq.  [4]  becomes 


where  ^  is  the  dimensionless  parameter  defined  in  Eq^[4b], 
evaluated  using  the  eff^tive  fiber  volume  fi'action,/,  and 
the  effective  modulus,  E ,  through  Eqs.  [10]  and  [11].  Fig¬ 
ure  12(a)  shows  the  trend  in  the  calculated  threshold  stress 
with  normalized  notch  size,  At  stress  levels  above 

this  line,  fiber  fracture  is  predicted  to  occur  at  some  point 
during  crack  growth;  below  the  line,  the  fibers  are  predicted 
to  remain  intact  indefinitely.  Also  shown  are  the  data  from 
the  experiments,  the  open  symbols  representing  tests  in 
which  no  significant  fiber  failure  was  observed  and  the 


(«) 


ib) 


(c) 

Fig.  11— (a)  through  (c)  Influence  of  clad  thickness  on  fatigue  crack 
growth  rate. 


closed  symbols  representing  tests  in  which  some  or  all  of 
the  bridging  fibers  had  broken.  The  fiber  strength  (2.5  GPa) 
was  obtained  fi-om  the  fiber  bundle  pullout  tests.  The  data 
are  consistent  with  the  predicted  boundary  between  the  “fi¬ 
ber  fracture”  and  “no  fiber  fracture”  regimes,  as  indicated 
on  the  figure. 
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An  alternate  representation  of  the  predicted  effects  of 
cladding  on  the  fatigue  threshold  is  obtained  by  replotting 
the  results  in  Figure  12(a)  against  aja\,  rather  than  aSla\t 
(The  parameter  is  a  fimction  of  the  clad  thiclmess, 

tjto,  and,  consequently,  the  effects  of  tjt^  are  not  evident. 
Such  effects  are  illustrated  more  clearly  by  plotting  the  re¬ 
sults  against  aja\  since  it  does  not  depend  on  tjt^.)  In  this 
form,  a  series  of  threshold  lines  are  obtained,  each  corre¬ 
sponding  to  a  prescribed  value  of  clad  thickness,  tjt^.  and, 
through  Eqs.  [4b],  [10],  and  [11],  to  a  fixed  value  of 
(Figure  12(b)).  Though  it  is  evident  that  the  cladding  en¬ 
hances  the  fatigue  threshold,  the  threshold  cannot  be  raised 
to  the  level  corresponding  to  the  un-notched  TMC  (at  \(Tjf 
5/1  -  R)  =  1),  except  in  the  limit  of  tjt^  ->  a.  Therefore, 
cladding  cannot  render  the  composite  completely  notch  in¬ 
sensitive  under  cyclic  loading  conditions. 


VI.  CONCLUDING  REMARKS 

The  experiments  and  calculations  demonstrate  that  clad¬ 
ding  can  be  an  effective  means  of  local  reinforcement 
around  stress  concentrations,  raising  both  the  tensile 
strength  and  the  fatigue  threshold.  For  notch  sizes  of  ~1 
cm,  the  tensile  strength  of  the  clad  region  can  be  brought 
up  to  the  level  corresponding  to  the  TMC  alone  using  a 
relative  clad  thickness  of  tjt^  ~  1.2.  For  this  notch  size  and 
clad  thickness,  the  fatigue  threshold  is  elevated  by  a  factor 
of  ~2,  though  it  remains  well  below  the  threshold  of  the 
un-notched  TMC  alone.  Moreover,  the  associated  changes 
in  fatigue  crack  growth  rate  at  stresses  below  the  threshold 
are  modest.  Clearly,  the  cladding  is  more  effective  in  im¬ 
proving  the  notch  sensitivity  of  the  ultimate  strength  than 
that  of  the  fatigue  resistance. 

These  differences  can  be  understood  in  terms  of  the  me¬ 
chanical  properties  of  the  cladding  and  their  role  in  deter¬ 
mining  the  efficacy  of  the  bridging  processes.  Under 
monotonic  loading,  the  load  bearing  capacity  of  the  clad¬ 
ding  is  high,  the  ultimate  strength  (~1000  MPa)  being 
comparable  to  that  of  the  TMC  (-1500  MPa).  Conse¬ 
quently,  the  cladding  provides  a  substantial  enhancement  in 
the  notched  strength,  a^;  the  enhancement  is  proportional 
to  the  strength  of  the  cladding  and  its  thickness.  Evidently, 
the  cladding  does  not  have  a  strong  effect  on  the  charac¬ 
teristic  bridging  length,  a^,  because  of  the  similarities  in  the 
mechanical  properties  of  the  Ti  cladding  and  the  TMC  un¬ 
der  monotonic  loading.  Conversely,  under  cyclic  loading, 
the  cladding  cracks  along  with  matrix  within  the  TMC  and 
therefore  does  not  support  any  load  in  the  crack  wake.  Con¬ 
sequently,  the  fatigue  resistance  is  dominated  by  the  prop¬ 
erties  of  the  TMC.  The  main  effect  of  the  clading  on  the 
fatigue  threshold  comes  from  its  role  in  the  characteristic 
bridging  length,  a\,  through  Eqs.  [4]  and  [5].  Specifically, 
a\  increases  with  increasing  tjta,  which,  in  Uim,  reduces  the 
degree  of  notch  sensitivity.  However,  the  changes  in  the 
threshold  stress  with  the  clad  thickness  are  considerably 
smaller  than  those  involving  the  monotonic  strength. 

One  potential  approach  for  further  enhancing  the  fatigue 
resistance  while  maintaining  a  high  monotonic  strength  is 
to  replace  the  Ti  cladding  with  the  TMC  itself  (essentially 
increasing  the  cross  section  of  the  entire  composite  in  the 
region  around  the  stress  concentration).  However,  this  ap¬ 
proach  is  expected  to  be  more  difficult  to  implement  fol- 


Normalized  Notch  Size,  a  E  /  a'  E 

o^a 

(a) 


ib) 


Fig.  12 — (a)  and  (6)  Influences  of  clad  thickness  and  notch  size  on  the 
fatigue  threshold 


lowing  the  manufacturing  route  used  to  make  the  present 
panels,  mainly  because  of  difficulties  associated  with  ma¬ 
chining  the  excess  TMC  in  the  regions  remote  from  the 
stress  concentration  and  the  potential  problems  associated 
with  the  exposed  fibers  at  the  ends  of  the  cladding.  Alter¬ 
nate  manufacturing  routes  would  need  to  be  developed  to 
alleviate  these  problems.  Moreover,  problems  of  stress  con¬ 
centrations  associated  with  the  transition  region  need  to  be 
addressed. 


APPENDIX 

Analysis  of  hysteresis  loops 

Assuming  that  t  is  constant,  the  slip  length,  /,  along  the 
fiber-matrix  interface  is  given  by 


€  = 


CTrO  -f)E„D 
4tE 


[Al] 


where  oy  is  the  fiber  stress  in  the  crack  plane.  The  far-field 
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Sliding  Stress,  t  (MPa)  ^  Instantaneous  Compiiance,  d6/dP  (mm/N) 


A1 — Variation  of  instantaneous  compliance  with  applied  load. 


Load  Maximum,  P  (N) 


Fig.  A2 — Summary  of  sliding  stress  measurements. 


displacement,  S^,  due  to  fiber  sliding  is  obtained  by  inte¬ 
grating  the  additional  fiber  strain  over  the  slip  length, 
yieldingi“*i 


where 


AEfXO.  +  af 


a  = 


EAl  -f) 
Eff 


[A2] 


[A3] 


Upon  load  reversal,  the  pullout  displacement  becomes 


Da^  {o'^^  —  crj)'^ 
%Ejr{\  -I-  af 


[A4] 


where  is  evaluated  at  the  maximum  fiber  stress,  cr,„3„ 
prior  to  unloading,  using  Eq.  [A2].  Upon  reloading,  it  is 


S"  =  S  J. 

Op  +  af 


[A5] 


with  evaluated  at  the  minimum  fiber  stress  cr^j, 


The  measured  displacement,  S,  is  the  sum  of  two  com¬ 
ponents:  (1)  an  elastic  one,  d„  proportional  to  the  applied 
load,  jP;  and  (2)  the  inelastic  one,  S^,  proportional  to  P. 
Thus, 

S  =  C,  P  +  Q  F"  [A6] 

where  C,  is  the  elastic  compliance  of  the  cracked  body  over 
the  relevant  gage  length  and  is  a  material  property,  re¬ 
lated  to  T  by 


"  AEfT{\  +  a^)A^P 

with  A  being  the  cross-sectional  area  of  the  composite.  Dif¬ 
ferentiating  Eq.  [A6]  with  respect  to  P  yields 

dSidP  =  C,  +  ICP  [A8] 

The  instantaneous  compliance  dbIdP  is  thus  predicted  to  be 
proportional  to  the  applied  load,  subject  to  the  assumption 
of  a  constant  sliding  stress. 

A  typical  plot  of  the  instantaneous  compliance  is  shown 
in  Figure  Al.  The  linearity  in  the  curve  validates  the  as¬ 
sumption  of  a  constant  sliding  stress.  The  sliding  stress 
measurements  are  summarized  in  Figure  A2.  All  of  the 
measurements  lie  in  the  range  of  ~  10  to  15  MPa.  This 
range  is  comparable  to  the  values  previously  measured  in 
fatigued  specimens  by  both  fiber  pushout  (~20  MPa  in  a 
SCS-6  SiC/Ti-15V-3Cr-3Al-3Sn  compositeP'^i)  and  fiber 
pullout  (~10  MPa  in  a  Sigma  SiC/Ti-6Al-4V  compos- 
ite'”'),  but  is  considerably  lower  than  values  measured  in 
pristine  composites  (typically,  ~70  to  80  MPa  when  mea¬ 
sured  by  pulloutt^  '*'  and  ~120  to  140  MPa  when  measured 
by  pushoufi'^'  in  systems  reinforced  with  SCS-6  fibers).  The 
reduction  in  the  sliding  stress  has  been  correlated  with  dam¬ 
age  of  the  fiber  coatings  following  repeated  sliding.P'''*  ''^'®' 
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The  failure  modes  expected  for  transitions  between  metal-matrix  composites  and  monolithic  metals  have 
been  analysed,  with  special  emphasis  on  aluminium-matrix  (AMC)  materials.  The  results  have  been 
displayed  as  mechanism  maps  that  identify  parameter  ranges  within  which  each  failure  mode  predominates: 
the  variables  are  the  relative  dimensions  and  the  material  properties.  Both  metallurgically-bonded  and 
mechanically-bonded  attachments  have  been  considered.  The  implementation  of  the  maps  for  strength 
optimization  has  been  illustrated,  for  AMC/Al  transitions,  with  emphasis  on  the  avoidance  of  modes  that 
cause  abrupt  (rather  than  gradual)  failure.  ©  1997  Elsevier  Science  Limited 
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INTRODUCTION 

The  choice  of  materials  for  load-bearing  structures  is 
controlled  by  a  series  of  performance  indices  based  on 
such  properties  as  stiffness,  density,  strength,  toughness, 
cost,  etc.'.  These  indices  are  qualified  by  geometric  or 
shape  factors,  which  provide  an  important  additional 
contribution  to  the  structural  stiffness  or  strength'.  In 
some  cases,  the  structural  design  can  be  augmented  by 
using  reinforcements,  such  as  fibres,  in  judiciously 
selected  regions  of  the  structure^.  The  reinforcements 
increase  the  stiffness  and  strength  in  critical  regions. 
However,  the  effectiveness  of  the  concept  is  material-  and 
shape-dependent.  These  benefits  are  counteracted  (par¬ 
tially  or  fully)  by  degradation  mechanisms,  especially 
those  associated  with  the  transitions  between  the 
reinforced  and  unreinforced  regions  of  the  structure. 
These  mechanisms  must  be  identified  and  quantified  and 
used  as  input  to  analysis  of  the  performance  benefits  of 
selective  reinforcement  concepts. 

The  objective  of  the  present  investigation  was  to 
develop  guidelines  for  the  design  of  monolith/composite 
transitions,  with  emphasis  on  strength-critical  structures. 
This  was  accomplished  by;  (1)  identifying  the  mechan¬ 
isms  of  failure  in  transitions  subject  to  monotonic  tensile 


*  To  whom  correspondence  should  be  addressed 


loading:  (2)  devising  simple  models  based  on  net-section 
yielding,  shear  sliding  and  cracking  to  determine  the 
conditions  under  which  each  of  the  mechanisms  operate, 
with  a  view  to  developing  mechanism  maps  and  generic 
‘design  rules’  for  transitions;  and  (3)  conducting  detailed 
finite  element  method  (FEM)  calculations  to  assess  the 
fidelity  of  the  analytical  models  (Appendix  A).  Examples 
are  developed  for  A1  alloys  selectively  reinforced  with 
unidirectional  AI2O3  fibres^'^  (designated  AMCs). 

Two  transition  configurations  have  been  analysed 
(Figures  1  and  2).  In  the  first  configuration,  the  broad 
faces  of  the  composite  panel  are  assumed  to  be  well 
bonded  to  the  alloy.  This  configuration  is  subsequently 
referred  to  as  a  metallurgically-bonded  transition.  How¬ 
ever,  the  interface  between  the  end  of  the  composite 
panel  and  the  alloy  is  expected  to  be  weaker  than  the 
monolithic  material  itself:  a  result  of  processing  flaws.  To 
ensure  conservative  designs,  this  interface  is  assumed  to 
be  fully  debonded  following  processing.  The  second 
configuration  utilizes  monolithic  inserts  through  the 
composite  panel.  The  inserts  behave  as  pins  that  transfer 
load  from  the  alloy  to  the  composite.  This  configuration 
is  referred  to  as  a  mechanical  attachment.  A  worst-case 
situation  is  considered,  wherein  the  interfaces  between 
the  broad  faces  of  the  composite  panel  and  the  alloy  are 
assumed  to  be  fully  debonded,  such  that  all  of  the  load  is 
transferred  through  the  pins. 
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Figure  1  Schematic  of  metallurgically-bonded  transition 


Figure  2  Schematic  of  mechanical  attachment 


Simple  analytical  models  provide  information  regard¬ 
ing  the  relevant  non-dimensional  parameters  involving 
both  geometry  and  the  constituent  properties  that 
govern  the  failure  mechanisms.  These  enable  the 
construction  of  a  mechanism  map  that  represents  the 
regions  within  which  each  of  the  failure  modes  dom¬ 
inates,  with  material  properties  and  geometry  as 
variables.  The  emphasis  of  the  analysis  is  on  composites 
with  well-bonded  fibre-matrix  interfaces,  such  as 
AMCs^’^  Some  modifications  would  be  required  for 
composites  with  weakly-bonded  interfaces. 


METALLURGICALLY-BONDED  TRANSITIONS 
Failure  mechanisms 

For  strength-controlled  design  of  the  configuration 
depicted  in  Figure  1,  four  potential  failure  mechanisms 
must  be  considered.  Other  mechanisms  that  operate  in 
fatigue,  creep  and  thermomechanical  fatigue  are  not 
addressed  in  this  assessment.  The  four  mechanisms  are: 
(1)  shear-out  along  a  boundary  layer  at  the  composite- 
monolith  interface;  (2)  fracture  of  the  monolith  following 
debonding  at  the  reinforcement  ends;  (3)  plastic  yielding 
of  the  monolith,  resulting  in  a  limit  load;  and  (4)  tensile 
failure  of  the  composite.  For  the  analyses,  yielding  of  the 
matrix  within  the  composite  near  the  interface  was 
simulated  by  using  a  thin  ductile  interlayer.  The 
interlayer  was  taken  to  have  a  modulus  and  yield 
strength  equivalent  to  that  of  the  matrix  in  the 
composite.  Its  thickness  was  taken  to  be  1%  of  the 
reinforcement  thickness,  2t.  Since  the  layer  thickness  is 
much  smaller  than  all  other  dimensions,  it  does  not 
influence  the  failure  stress.  This  approach  is  consistent 
with  the  shear  behaviour  of  these  composites'*. 

Shear-out.  A  critical  parameter  governing  the  effec¬ 
tiveness  of  the  load  transfer  within  the  attachment  is 
the  ratio  of  composite  embedded  length,  h,  to  the  compo¬ 
site  thickness,  2r.  A  high  value  of  h/t  is  most  desirable  for 
a  high  load  capacity.  However,  elevations  in  hjt  increase 
the  amount  of  monolithic  material  needed  in  the  struc¬ 
ture.  This,  in  turn,  increases  the  structural  weight.  Con¬ 
sequently,  an  optimal  value  of  hjt  must  exist.  This 
optimum  is  dependent  on  the  properties  of  both  the  rein¬ 
forcement  and  the  monolith. 

A  simple  criterion  for  shear  failure  requires  that  the 
average  shear  stress  along  the  interfaces  exceed  the  shear 
yield  strength,  o-y/x/I,  with  cTy  being  the  lower  of  the 
tensile  yield  strengths  of  either  the  monolith,  (jy  ,  or  the 
matrix  within  the  composite,  cry .  The  corresponding 
strength  of  the  joint,  is 

ai=ayh/V3t,  (1) 

independent  of  the  overall  width,  2  W.  Comparisons  with 
numerical  results  (Figure  3,  Appendix  A)  validate  use  of 
this  simple  premise. 

Monolith  fracture.  Some  load  transfer  occurs  normal 
to  the  reinforcement  ends.  However,  the  interfaces  with 
the  monolith  are  expected  to  be  weaker  than  the  mono¬ 
lithic  material  itself,  because  of  processing  flaws  causing 
interfacial  debonding  at  moderate  stresses,  especially 
upon  cyclic  loading.  The  principal  influence  of  the 
debond  is  the  development  of  a  stress  intensity,  leading 
to  either  fatigue  cracking  or  fracture  across  the  monolith. 
Dimensional  considerations  indicate  that  the  magnitude 
of  the  energy  release  rate,  for  a  fully  debonded 
interface  is 

^E^W- =  g{EJE,,,t/W,^^,n-r)  (2) 

where  a  is  the  stress  on  the  composite,  E^  and  E^  \  are 
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Embedded  Length,  h/t 

Figure  3  Influence  of  embedded  length,  hjt,  on  limit  stress  for  shear- 
out.  The  analytical  solution  is  based  on  equation  (1) 
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Figure  4  Energy  release  rate  for  crack  growth  from  a  debonded  joint. 
Also  shown  for  comparison  are  the  FEM  results  for  monolithic 
materials,  and  corresponding  analytical  results,  from  ref.  5 


elastic  moduli  (Appendix  A),  and  Qj  are  the  misfit 
strains  arising  from  thermal  expansion  mismatch 
(Appendix  A),  and  g  is  a  function  to  be  determined  by 
calculation.  Setting  ^  (the  monolith  toughness) 
leads  to  a  prediction  for  the  strength  &2  of  the  joint 

^2  =  (3) 

Note  that  for  a  fixed  ratio,  t/W,  the  fracture  stress 
decreases  with  increasing  t.  The  results  of  calculations  for 
AMC/Al  joints  (Appendix  A,  Figure  4)  are  accurately 
described  by  the  fitting  function 

^E^W^jcP-i^  =  7.93  - \\.%tlW+\1.2{tlWf  (4) 

Comparison  with  results  for  monolithic  materials^ 
confirms  the  accuracy  of  the  FEM  results  over  the 
range  0.1  <tlW  <  0.5. 

Limit  load.  An  alternative  failure  process  is  one  in 


Figure  5  The  stress-displacement  response  of  a  metallurgically- 
bonded  transition  which  fails  by  plastic  collapse.  The  inset  shows  the 
development  of  the  plastic  zone 
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Figure  6  Trends  in  plastic  collapse  stress  with  thickness  ratio,  W/t 


which  the  monolithic  section  undergoes  yielding.  An  esti¬ 
mate  of  the  stress  at  which  this  occurs  is  obtained  by 
equating  the  net-section  stress  within  the  monolith  to 
its  yield  strength,  giving  the  result 

^2  =  a^{l/^^l)[W|t-\)  (5) 

In  the  absence  of  work  hardening,  03  represents  a  limit 
load  for  plastic  failure.  The  FEM  model  has  been  used  to 
evaluate  the  extent  of  plasticity  in  the  monolith  as  well  as 
the  limit  load  associated  with  complete  yielding.  A 
typical  result  is  shown  on  Figure  5.  Comparison  between 
the  FEM  calculations  {Figure  6)  and  equation  (5)  again 
establishes  the  utility  of  the  simple  model. 

Reinforcement  failure.  Another  possible  failure  mode 
is  tensile  fracture  of  the  composite.  This  is  expected  to 
occur  in  the  region  where  the  reinforcement  enters  the 
monolith.  The  associated  load  capacity,  is  governed 
by  the  ultimate  tensile  strength  (UTS)  of  the  composite 
and  the  stress  concentration  around  the  entry.  The  stress 
concentration,  in  turn,  is  governed  by  the  entry  angle  a, 
the  modulus  mismatch,  the  monolith  thickness,  the  misfit 
strain  Q,  and  the  degree  of  plasticity  near  the  entry. 

The  misfit  strain  usually  results  in  a  residual  tensile 
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Figure  7  Residual  stress  concentration,  both  in  the  presence  and  the 
absence  of  a  soft  interlayer 


Figure  8  Influence  of  applied  stress  and  entry  angle  on  stress 
concentration  around  entry  line 

stress  af  within  the  composite  near  the  entry.  This  stress 
scales  with  the  yield  strength  of  either  the  interlayer  or 
the  monolith  {Figure  7).  For  a  =  30°,  the  maximum 
residual  stress  (calculated  in  the  element  adjacent  to  the 
interlayer)  is  af/oy  «  0.8.  This  stress  decays  rapidly 
with  distance  from  the  entry.  For  typical  yield  strengths 
(Appendix  A)  the  maximum  residual  tension  is  substan¬ 
tially  lower  than  the  UTS  of  the  composite^'^. 

Upon  tensile  loading,  additional  stress  concentra¬ 
tions,  k^,  arise  at  the  entry  {Figure  8).  These  concen¬ 
trated  stresses  are  confined  to  a  relatively  small  region 
near  the  entry  and  decrease  in  relative  magnitude  as  the 
applied  load  increases,  because  of  yielding  along  the 
interlayers. 

Predicting  the  stress  at  which  the  composite  fails 
requires  knowledge  of  the  statistical  parameters  that 
govern  the  UTS  and  models  of  stress  redistribution 
around  failed  fibres.  A  conservative  approach  would 
equate  the  peak  stress  to  the  composite  UTS,  designated 
S,  such  that  the  failure  strength  becomes 

^4  =  S/k^  (6) 

with  k^  obtained  from  Figure  8.  For  local  load  sharing 
(LLS)  materials,  such  as  AMCs,  the  most  extreme 
situation  causes  the  UTS  to  scale  in  accordance  with 


Figure  9  Failure  mechanism  map  for  a  mctallurgically-bondcd 
transition 

weakest  link  statistics^’’.  A  procedure  for  estimating 
in  such  cases  is  presented  in  Appendix  B.  Typically,  kp,  is 
appreciably  smaller  than  the  peak  stress  concentration. 

Failure  maps 

One  method  of  representing  the  various  failure  modes 
and  their  dependence  on  the  attachment  geometry  is 
through  a  failure  mechanism  map.  Such  a  map  has  been 
constructed  for  Al/AMC  transitions  {Figure  9).  The  map 
shows  the  stresses  required  for  failure  and  the  transitions 
in  failure  mechanisms.  At  small  values  of  t/W  and  h/t, 
when  failure  occurs,  it  happens  by  shear  out,  bounded  by 
the  lower  dashed  horizontal  lines.  Smaller  h/t  result  in 
earlier  onset  of  this  failure  mode,  with  correspondingly 
lower  strength  levels.  Above  h/t  r;  17.5,  failure  occurs  by 
composite  fracture:  the  solid  horizontal  line.  Further 
increases  in  h/t  have  no  influence  on  strength.  As  t/W 
increases,  the  mechanism  changes  to  monolith  fracture. 
The  transition  now  depends  on  h/t  as  well  as  the  absolute 
thickness,  t.  At  yet  higher  t/W,  a  transition  occurs  to 
plastic  collapse  of  the  monolith.  Note  that  for  sufficiently 
small  f  ( <  3  mm),  fracture  of  the  Al  never  occurs. 
Instead,  there  is  a  direct  transition  to  plastic  collapse. 

Strength  optimization 

The  preceding  map  can  be  used  to  develop  guidelines 
for  geometries  that  maximize  strength.  The  preferred 
failure  mode  is  composite  fracture,  since  it  provides  the 
highest  load-bearing  capacity  for  a  prescribed  reinforce¬ 
ment  thickness.  However,  composite  failure  is  cata¬ 
strophic  and  the  failure  stress  is  stochastic.  It  is  then 
preferable  to  design  within  a  range  that  assures  gradual 
progression  in  eventual  failure. 

To  prevent  shear-out,  the  criterion  is 

CT,  >  CT4  (7) 
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Thickness,  t(mm) 

Figure  10  Trends  in  critical  value  of  Wit  needed  to  prevent  both 
fracture  of  the  composite  and  plastic  collapse  of  the  alloy 


which,  combined  with  equations  (1)  and  (6),  gives 


t~  k  \ 


In  the  present  case,  hjl  >  17.5. 

To  prevent  fracture  of  the  alloy 

02  >  Oi  (9) 

which,  combined  with  equations  (3),  (4)  and  (6),  yields 


Note  that  this  condition  involves  both  W jt  and  t. 

To  prevent  plastic  collapse, 

^3  >  (11) 


or 


Trends  in  the  critical  value  of  Wit  with  t  obtained 
from  equations  (10)  and  (12)  are  plotted  in  Figure  10, 
assuming  a  matrix  toughness  30  MPa  m'^^. 

Note  that  for  low  values  of  /  (<  3  mm),  the  critical  value 
is  independent  of  t  and  is  dictated  by  equation  (12). 
Conversely,  at  higher  values  of  t,  the  critical  value  of 
Wit  increases  with  increasing  t,  in  accordance  with 
equation  (10). 


MECHANICAL  ATTACHMENTS 
Failure  mechanisms 

For  the  configuration  in  which  monolithic  inserts  are 
used,  three  alternative,  though  analogous,  failure 
mechanisms  may  operate.  These  are  governed  by  the 
stresses  associated  with  the  pin  load  and  the  geometry 
{Figure  2).  The  mechanisms  are:  (1)  shear-out  of  the 
composite  along  the  fibre  direction;  (2)  tensile  fracture  of 


Normalized  Pressure,  p/oj 


Figure  11  Development  of  plastic  zone  with  pin  pressure  in  a 
mechanical  attachment 

the  composite;  and  (3)  shear  failure  of  the  pin.  Bearing 
failure  of  the  composite  has  been  excluded  as  an  unlikely 
mode  because  of  the  high  compressive  strength  of  AMCs 
relative  to  the  tensile  and  shear  strengths^.  The  failure 
loads  neglect  the  shear  resistance  of  the  composite- 
monolith  interface  and  are  thus  conservative.  Such 
contributions  could  be  incorporated  by  modelling  the 
interface  as  a  frictional  surface. 

Shear-out.  The  pressure  exerted  by  the  pin  causes 
shear  yielding  within  the  composite,  parallel  to  the  fibre 
axis.  The  length  of  the  associated  slip  zone,  Zp,  can  be 
estimated  by  equating  the  average  pin  pressure,  p,  to 
the  shear  force  supported  by  the  yielded  material.  The 
result  is 

rp  =  VZRpjay  (13) 

where  R  is  the  pin  radius.  Shear  failure  occurs  when  the 
slip  zone  reaches  the  end  of  the  composite  panel,  a 
distance  /  from  the  centre-line  of  the  pin.  The  pressure  at 
failure  is 

p,  =  a^llV3R  (14) 

The  corresponding  remote  stress  on  the  composite  is 

a,^^  =  {2lV3)ay^lld  (15) 

Shear  yielding  of  the  composite  has  been  simulated  in 
the  FEM  model  by  introducing  two  thin,  ductile, 
interlayers  between  the  equatorial  plane  of  the  pin  and 
the  end  of  the  panel  having  the  properties  of  the  matrix 
{Figure  11).  The  slip  zone  length  increases  in  approx¬ 
imate  proportion  with  the  pin  pressure.  As  the  slip  zone 
approaches  the  end  of  the  panel  [within  ~  27?],  it 
interacts  with  the  free  surface  and  its  growth  is 
accentuated.  The  corresponding  pin  pressures  {Figure 
12)  conform  well  with  the  analytical  result  [equation 

(14)]. 

Pin  failure.  When  the  pin  is  sufficiently  ductile,  its 
failure  is  expected  to  occur  in  shear,  parallel  to  the  broad 
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faces  of  the  composite  panel.  An  estimate  of  the  pressure 
Pi  at  which  this  occurs  is  obtained  by  equating  the  net- 
section  shear  stress  within  the  pin  to  its  shear  yield 
strength,  a^/V/>.  The  result  is 

The  corresponding  remote  stress  is 

a2.p  =  (n/8V3)a^(2Ji/df(cl/2r)  (17) 

A  numerical  simulation  has  been  performed  for  a 
related  2D  problem  in  which  the  pin  was  assumed  to  be 
square  in  cross-section  (with  dimension  27?)  and  in  a  state 
of  plane  strain  {Figure  A3,  Appendix  A).  The  calculated 
failure  pressures  {Figure  13)  compare  closely  with  those 
required  for  net-section  yielding  of  a  square  pin 


Tensile  fracture.  Another  failure  process  involves 
tensile  fracture  of  the  composite.  Should  efficient  stress 
redistribution  mechanisms  exist,  the  load  capacity  would 
be  insensitive  to  stress  concentrations  and  failure  would 


Figure  14  Comparison  of  mode!  predictions  for  composite  fracture 
from  a  mechanical  attachment 


Figure  15  Distribution  in  the  axial  tensile  stress  within  the  composite 
around  the  pin.  for  2R/d 

occur  when  the  net-section  stress  exceeds  this  strength. 
The  corresponding  failure  pressure  would  be 

p,^S{d/2R-\)  (19) 

with  the  associated  remote  stress  being  {Figure  14) 

a3,p  =  S(l -27?/r7)  (20) 

For  LLS  materials,  the  load  capacity  would  be  smaller 
and  the  stress  concentrations  need  to  be  calculated.  For 
this  purpose,  the  distributions  in  the  axial  stress,  c-/p, 
around  the  pin  have  been  computed  for  several 
geometries  {Figure  15).  The  maximum  stress  concentra¬ 
tion.  k^,  near  the  pin-composite  interface  {Figure  IS) 
increases  as  the  pin  size  (2/?/c7)  increases,  but  decreases 
as  yielding  develops,  upon  increasing  p/a^,  in  accor¬ 
dance  with  {p/oy  <  1.6) 

w(0.84-f  7?/e7)/(l -27?/(7)  (21a) 

=  ^'0 

and  {p/oy  >1.6) 

^■m  «^o[l  -0.16(p/a('-  1.6)'/')  (21b) 

As  with  metallurgically-bonded  joints,  a  conservative 
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Figure  16  Trends  in  the  maximum  stress  concentration  with  applied 
pressure,  p/<T*,  and  pin  size,  2Rld.  The  points  are  FEM  results  and  the 
solid  lines  are  curve  fits  [equation  (21)] 


Figure  17  Failure  mechanism  map  for  the  mechanical  attachment 


criterion  for  composite  fracture  would  be 
d^3,p  =  ‘5/^ni 

as  plotted  on  Figure  14,  with  p  =  k^jkQ. 

Failure  maps 

A  failure  mechanism  map  has  been  constructed  for  the 
mechanical  attachment,  analogous  to  that  for  the 
metallurgically-bonded  transition  {Figure  17).  In  the 
present  case,  the  map  is  constructed  using  coordinates  of 
strength,  a,  and  normalized  pin  size,  IR/d.  The  three 
mechanisms  described  in  the  preceding  section  are 
considered  separately.  (1)  The  conditions  for  shear-out 
[equation  (15)]  are  independent  of  2R/d  and  are  thus 
represented  by  a  family  of  horizontal  lines:  each  for  a 
prescribed  value  of  l/d.  (2)  The  stress  for  pin  failure 
[equation  (22)]  increases  monotonically  with  pin  size. 
This  failure  mode  is  represented  by  a  series  of  dashed 
lines,  for  djlt  =  20, 40  and  80.  In  this  case,  the 
mechanical  properties  of  the  pin  are  assumed  to  be  the 
same  as  those  of  the  monolithic  alloy.  (3)  The  conditions 
for  composite  fracture  have  been  computed  using  a  stress 
concentration,  represented  by  p  =  0.7. 


There  is  an  optimum  pin  size  for  the  attainment  of 
peak  strength,  in  the  range  IRfd  =  0.5— 0.7.  At  larger 
pin  sizes,  failure  occurs  by  composite  fracture.  At  smaller 
pin  sizes,  the  pin  itself  causes  failure.  Note  that,  in  the 
optimum  size  range,  the  strength  can  be  elevated  by 
increasing  //rf.  However,  for  this  optimum  to  be  realized, 
djlt  must  also  be  sufficiently  large,  i.e.  djlt  >  40.  When 
these  dimensions  have  been  achieved,  the  peak  strength 
of  the  joint  reaches  ~  330  MPa.  Such  strengths  are 
considerably  lower  than  those  for  the  metallurgically- 
bonded  joints. 


CONCLUDING  REMARKS 


Failure  mechanism  maps  have  been  developed  for  both 
metallurgically-bonded  and  mechanically-bonded 
attachments,  with  special  emphasis  on  AMC  materials. 
The  maps  indicate  that  metallurgically-bonded  transi¬ 
tions  are  preferred  over  mechanical  attachments  for 
maximum  strength.  However,  in  instances  where  metal¬ 
lurgical  bonds  cannot  be  produced  reliably,  the  mechan¬ 
ical  attachment  can  provide  a  viable  alternative,  subject 
to  judicious  selection  of  the  dimensions.  Moreover,  in 
order  to  achieve  an  overall  optimum,  the  two  approaches 
may  be  combined.  It  is  anticipated  that  the  combination 
attains  strengths  exceeding  that  of  the  mechanical 
attachment  alone,  as  well  as  enabling  improvement  in 
reliability. 
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APPENDIX  A 


Materials  properties  and  numerical  procedures 

The  monolithic  material  was  assumed  to  be  a  357  Al 
casting  alloy  in  the  T6  condition,  with  a  modulus 
£  =  70GPa,  a  yield  strength  (Ty  =  240MPa,  a  work 
hardening  coefficient  A  =  10,  and  a  thermal  expansion 
coefficient  q  =  20  x  10“^  K“' .  The  composite  comprised 
Al-2%  Cu  matrix  reinforced  unidirectionally  with  55% 
of  AI2O3  fibres.  The  relevant  constituent  properties  are: 
(i)  fibre  modulus  £f  =  380  GPa,  (ii)  matrix  yield  strength 
cTy  =  90  MPa,  (iii)  longitudinal  composite  strength 
UTS  =  1000  MPa,  (iv)  fibre  thermal  expansion  coeffi¬ 
cient  Of  =  7.1  X  10~*  K“’  and  (v)  matrix  thermal  expan¬ 
sion  coefficient  On,  =  20  x  10“^  K“'.  The  composite  was 
assumed  to  be  transversely  isotropic,  with  the  following 
thermal  and  elastic  constants®'®. 


1)  Longitudinal  modulus,  £1 1  • 

£„  =/£f+(l  -f)En. 

where  /  is  the  fibre  volume  fraction. 

2)  Transverse  modulus,  £22- 
1  +  277/  _ 


£22  = 


where 


77  =  ■ 


1  -  77/ 

Et/E^  - 


EdEr.  +  2 

3)  In-plane  shear  moduli,  and  G13: 

^  _  E22 

4)  Out-of-plane  shear  modulus,  G23: 
£f(l-b/)-f  £,,{!-/) 


(Al) 


{A2) 


(A3) 


(A4) 


G23  =  ■ 


(A5) 

(A6) 


£f(l-/)  +  £m(l+/)  L2(I+t/)J 

5)  Poisson’s  ratios: 

17|2  =  V22  =  u  =  0.27 

6)  Longitudinal  thermal  expansion  coefficient,  ql: 

aL  =  [yEfaf-f  (l-/)£n,aJ/£„  (A7) 

7)  Transverse  thermal  expansion  coefficient,  qj: 

Qt  =  (1  -f)o^m  +/'^f 

(Of  -  Q,„)/(l  -/)(£f  -  EJjuEt  +  (37/  -  2)£„] 
£„[£f-Kl-27^)£„] 

8)  Misfit  strains,  Dl  and  Qj. 

=  (Om  -  0!i)AT 

=  (^m  “  Qr)AT 
where  AT  is  taken  to  be  200°C. 


(A8) 


(A9) 


Typical  FEM  meshes  used  to  perform  the  calculations 
are  illustrated  in  Figures  Al,  A2  and  A3. 


Figure  (a)  Typical  FEM  mesh  used  to  analy!(?\hc  mctallurgically- 
bondcd  transition,  (b)  Detail  of  entry  point  (o  =  30’,  W/i  = 
4.h/t=  15) 


APPENDIX  B 

Stress  distributions  and  failure  near  corners 

When  the  constituent  materials  are  elastic,  the  stress  d 
near  a  corner  is  singular  and  has  the  general  form'® 

d  =  Hx-^F{e)  (A  10) 

where  x  is  the  distance  from  the  corner,  £  is  a  function  of 
the  polar  orientation,  A  is  a  singularity  exponent  that 
depends  on  the  elastic  mismatch  and  the  angle,  cr  (Figure 
1),  while  H  is  a  stress  intensity  factor  that  also  depends 
on  a  and  the  elastic  properties.  It  has  the  form 

H  =  HaL^  (All) 

where  cr  is  the  applied  stress,  .£  is  a  dimensionless 
parameter  and  L  is  a  length  scale  given  for  Figure  I  by 

L=W-i  (A12) 

To  extract  the  scaling  behaviour,  further  assessment 
makes  the  simplification  that  d  depends  only  on  radial 
distance  r  from  the  corner.  Then 

i- [fjfr  (A, 3) 

where  £  is  now  a  constant.  The  weakest  link  expression 
for  the  failure  probability.  $,  of  a  unidirectional 
composite  subject  to  longitudinal  stress  when  the  flaw 
population  satisfies  a  two-parameter  Weibull  form  is" 

-ln(l-4>)=-^Jrar(r)dr  (A14) 

where  b  is  the  width  of  the  composite,  Vg  the  reference 
volume.  So  the  scale  parameter  and  m  the  shape 
parameter.  Inserting  the  singular  field  from  (A13),  the 
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t  t  t 


(a)  (b) 

Figure  A2  (a)  Schematic  of  mechanical  attachment,  (b)  FEM  mesh  surrounding  the  pin  [shaded  region  in  (a)] 


Figure  A3  (a)  FEM  model  used  to  calculate  the  pressure  for  pin 
failure,  (b)  Detail  of  the  pin-composite  interface  region 

survival  probability,  d$,  within  an  element  dr  is 

- 1„(1  -  d»)  -  [^  (i)’(«rr] 

For  mX  <  2,  d$  increases  as  r  increases.  In  this  case,  the 
singular  stress  is  relatively  benign,  because  the  failure 
sites  having  highest  failure  likelihood  are  located  furthest 
from  the  entry  comer.  Conversely,  for  m\  >  2,  d$ 
increases  as  r  decreases,  causing  the  failure  site  to  be 
localized  to  the  corner. 

For  the  AI/AI2O3  system  (and  for  a  between  30°  and 
45°),  A  Ri  0.1  in  the  elastic  range".  Yielding  in  the  Al 
would  diminish  A,  analogous  to  the  HRR  field'^”*'*.  A  fit 


to  Figure  8  gives  A  ~  0.1  for  c/cTy  =  1.8  and  A  «  0.05  for 
ojcTy  «  3.5,  consistent  with  the  expected  role  of  plasticity 
in  reducing  A.  Moreover,  for  AI2O3  fibres,  m  w  5  (ref.  2). 
The  condition  m\<2  thus  applies. 

The  survival  probability  within  a  range  from  the 
entry  corner  when  mX<2  becomes 


-ln(l  -$)  = 


2nbrl 

{2-mX)Vo 


(A16) 


The  range  rt  within  which  the  singular  stress  exceeds  the 
applied  stress  can  be  estimated  from  (A  13)  (with  ff  — >  cr) 
as 


rb  «  L{HF)'/^  (A17) 


such  that  (A  16)  becomes 


-ln(l  -«>) 


(2  -  mX)Vo  VS( 


The  corresponding  survival  probability  within  rb  when 
the  stress  is  uniform  {a  =  a)  is 

Equating  the  survival  probabilities,  with  and  without  a 
singular  field,  the  strength  ratio  becomes 

fc^  =  a/a=(2-mA)'/'"  (A20) 

which  applies  when  1  <  wA  <  2,  and 

=  1  {A21) 


when  mX  <  1.  Hence,  for  AI2O3/AI,  there  is  no 
significant  effect  of  the  stress  concentration  on  the 
strength.  That  is,  there  is  a  negligibly  small  likelihood 
of  preferential  failure  of  the  composite  within  the  zone 
affected  by  the  comer  stress  concentration. 
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